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Summary--The one-dimensional, quasi-steady-state, modified Bernoulli theory of Tate I-J. Mech. 
Phys. Solids, 15, 287 (1967)] is often used to examine long-rod penetration into semi-infinite targets. 
In general, the time histories of penetration predicted by the Tate model can be in good agreement 
with those computed from numerical simulations. However, discrepancies exist between the model 
and numerical simulations at the beginning and at the end of penetration. From insights provided 
by numerical simulations, assumptions are made concerning the velocity and stress profiles in the 
projectile and the target. Using these assumptions, the time-dependent, cylindrically-symmetric, 
axial momentum equation is explicitly integrated along the centerline of the projectile and target 
to provide the equation of motion. The model requires the initial interface velocity--which can be 
found, for example, from the shock jump conditions--and material properties of the projectile and 
target to compute the time history of penetration. Agreement between the predictions of this 
one-dimetLsional, time-dependent penetration model are in good agreement with experimental 
results and numerical simulations. 

N O T A T I O N  

A vector potential for flow field 
c elastic wave speed in a bar [c=(E/p) 1/2] 

c o bulk sound speed 
D projectile diameter 

Di~ rate of deformation deviator tensor 
dO unit vector (in ~b-direction) in spherical coordinates 
G t shear modulus of target 
Ep Young's modulus of projectile 
E t Young's modulus of target 
J2 second invariant of stress deviator tensor 

k slope: of us -  up curve 
K0 bulk modulus at zero pressure 
K t bulk modulus of target 
L projectile length (for graphs of data, L implies initial projectile length) 

Lo initial length of projectile 
Ls lenglh of rigid projectile 
P deptlh of penetration 
r spherical radius 

r(z) z -  z~(t) + R 
R crate, r radius 

Rp projectile radius 
Rt target resistance (Tate model) 

s extent of plastic flow field in the projectile 
sli deviatoric stress 
sx~ shear stress 

t time 
u interface (penetration) velocity 

Up particle velocity 
u s shock velocity 

* This article is an expanded and revised version of a paper that was first presented at the 13th International 
Symposium on Ballistics, 1-3 June 1992, Stockholm, Sweden. 
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velocities in Cartesian coordinates (u z = axial velocity) 
velocities in spherical coordinates 
projectile (tail) velocity 
impact velocity 
flow stress 
projectile strength (Tate model) 
target flow stress 
coordinate system directions (z = axial coordinate) 
axial position of projectile/target interface (projectile nose position) 
axial position of projectile tail 
dimensionless extent of plastic flow field in the target 
strain 
proportionality constant 
Lam~ constants (/t = G) 
Poisson's ratio 
density 
projectile density 
target density 
polar angle 
axial stress, along the centerline, at the projectile-target interface ("Tate pressure") 
stress tensor 
shear stress 
projectile flow stress 

INTRODUCTION 

A one-dimensional model, independently proposed by Tate [1,2] and Alekseevskii I-3], has 
become the standard reference for long-rod penetration of thick targets in the velocity 
regime where the projectile erodes as it penetrates the target. The original Tate model 
assumes that the projectile is rigid, except for an infinitesimally thin region near the 
target-projectile interface where erosion is occurring. The behavior at this interface is 
controlled by Z, which is motivated by a modification of the Bernoulli equation: [1,2] 

1 2 1 2 E=~pp(V-U) +Yp=~ptu +R,. (1) 

In this equation pp and Pt are the projectile and target densities (respectively), v is the speed 
of the rear of the projectile, u is the penetration speed, Yp is the strength of the projectile, 
and R t is defined as the target resistance in the one-dimensional formulation. Physically, 
the penetration event is not one dimensional. Thus, in a one-dimensional model, some 
artificial means must be invoked to account for lateral confinement by the target. This is 
the role of R t in Eqn (1). Z--often referred to as the pressure along the centerline--is 
actually the axial stress, which is the hydrodynamic pressure plus a term due to the strength 
of the material [4]. 

The projectile is decelerated by a force transmitted from the interface along the length 
of the projectile. For the case where Yp < Rt, the stress the projectile can sustain is Yp, so 
with L the current length of the projectile, the deceleration and erosion rate (the time rate 
of change of projectile length) are given by 

dv  ppL-~= -Yp  (2a) 

dL 
- ( v - u ) .  (2b)  

dt 

For Yp < R t, there is a critical velocity given by [2(R t -Yp)/pp] 1/2 below which penetration 
no longer occurs; however, the projectile will continue to erode until it comes to rest. 
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Fig. 1. Penetration (nose) and tail velocity versus time for a tungsten-alloy (L/D= 10) projectile 
penetrating an armor steel target. 

For cases where Yp > Rt, there is a critical velocity given by [-2(Yp - Rt)/Pt] 1/2 below which 
the projectile behaves as a rigid body. For this case, the axial stess at the projectile-target 
interface, and the equation of motion, are given by: 

E =~ptv 2 + Rt, (3a) 

dv _(~ptv2 + Rt), (3b) ppLs-. ~ = 

where Ls is the length of the rigid-body projectile. 
In later work, Tate [-5-7] pointed out that a plastic zone exists within the projectile and 

only the length of the elastic portion of the projectile should be included in the deceleration 
of the tail. In Ref. [5], he provided expressions for the extent of plastic flow for both the 
projectile and the target, and in Ref. [,7], Tate provides an estimate for these extents. 
Additionally, in order for the model to be in better agreement with experimental data, 
Tate rewrote Eqn (2a) as ppL(dv/dt)= trv and let Yp = 1.7ap, where trp is the flow stress of 
the projectile [-6]. 

It has been demonstrated in Ref. [,4], by comparison with numerical simulation, that 
the Tate model provides a reasonably accurate picture of the time history of long-rod 
penetration, as seen in Fig. 1. This figure depicts the penetration velocity (the velocity of 
the projectile-target interface) and tail velocity, along the centerline, for a L/D= 10 
tungsten-alloy long rod (L---8.17 cm) impacting a steel target at an initial impact velocity 
of 1.5 km/s. The Tate model (dashed lines) predicts similar qualitative and quantitative 
behavior as a detailed time-dependent numerical simulation (solid lines), with only a few 
discrepancies. First, the Tate model does not account for the transient phase at the beginning 
of penetratior~. There are also two discrepancies near the end of the penetration event. The 
Tate model predicts that the rear of the projectile decelerates too late and too rapidly at 
the very end of penetration; and it predicts that the projectile is nearly fully eroded. It was 
argued in Ref. [-4] that this is a consequence of the model not explicitly accounting for a 
finite region of projectile deceleration. Numerical simulations show a residual portion of 
the penetrator remaining in the bottom of the impact crater, which is in agreement with 
experiment.* 

* The.dotted curves will be discussed later. 
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Due to the experience with the Tate model, and recognizing that the Bernoulli equation 
can be obtained from a momentum balance [e.g. see Ref. 4], the axial momentum equation 
has been more carefully examined. A series of assumptions have been made, many of which 
were motivated by analysis of the results of numerical simulations. From these assumptions, 
a penetration model is developed that includes transient effects. This new model appears 
to reproduce better the early and late-time behaviors seen in long-rod penetration. A desire 
was to retain the overall simplicity of Tate's model, and the model developed has the 
satisfying behavior of reducing to the original Tate model upon taking a certain limit. 

MOMENTUM BALANCE 

The projectile and target, considered axisymmetric, will be assumed to lie along the z- 
axis. The location of the interface between the projectile and the target is denoted zi(t), 
with zi(0)= 0. The rear of the projectile is denoted Zp(t), and zp(0)= - L o ,  where L o is the 
initial length of the projectile. The velocity along the centerline in the projectile and target 
is written uz(z). With these definitions, the interface velocity u and the velocity of the back 
end of the projectile v are given by 

dz i 
u=--=Uz(Zi), (4a) 

dt 

dzp 
v= dt = uz(zP)" (4b) 

The target is assumed to be semi-infinite. Figure 2 provides a schematic of the projectile 
and target at a time t > 0. 

A central theme of the model presented in this paper is the use of the momentum balance 
along the z-axis. The z component of the general Eulerian momentum equation is 

(5) 

Z 
y 

~(Z,) ~ u 

Fig. 2. Schematic of projectile and target with coordinate notation. 
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On the axis itself, where x = y  =0,  ux = uy= 0 by symmetry. Since the x and y directions 
are equivalent we may write 

Otrx= + Oar= = 20ax=. (6) 
Ox Oy Ox 

The momentum balance along the centerline simplifies to: 

Ou=. 1 O(u=) z c~a== 28a:,~=0. (7) 
PTit p az 

We would now like to integrate the momentum balance equation along the centerline 
over the target and projectile, or [%(0, + oo]. Assuming that the change in density in both 
the target and projectile is negligible,* then integration of Eqn (7) gives: 

Z i + O0 Zi  Ou=~ . ~ Ou~, . 1 z 1 I +~° I +~° r + ~ a  
P p /  - , : -az+P~l  -w-az+zppU~[ +zptu~l -trz~ - 2 |  ~ ~Zdz=O. 

Jz.(Jt Jz, at z I=. e [z, z. J=. Ox 
(8) 

Since the target material for large z is not participating in the penetration event, u=(+ ~ ) =  0 
and a==(+ ~ ) = 0 .  Also, the rear surface of the projectile is a free surface and hence stress 
free, so trzz(Z p) = 0. Combining these with the definitions in Eqn (4) yields: 

('=~Ou ('+~Ou z 1 z z 1 2 ('+°°Oa,,= p p l  ----~Zdz+p,I -z-dz+-pp(U - v  ) - - p t u  - 2  / - - d z = O .  (9) 
J=p Ot Jz~ ot 2 2 Jz, Ox 

To integrate the equation further, assumptions must be made concerning the velocity 
profile Uz(Z) and the shear stress behavior. 

THE M O D E L  

Additional physics or mechanics usually needs to be incorporated to make a model 
more realistic:. The following assumptions are made based on the examination of numerical 
(hydrocode) simulations of long-rod impacts that we have performed for numerous impact 
simulations at different impact velocities and with various materials: 

1. A ve]tocity profile along the centerline in both the projectile and the target is 
specified. 

2. The back end of the projectile is decelerated by elastic waves, with a magnitude 
proportional to the yield strength of the projectile. These waves reflect off the rear of the 
projectile, and this free surface reflection decelerates the rear of the projectile. At the 
front of the projectile, they reflect off the plastic zone rather than the target-projectile 
interface. 

3. A shear behavior in the target material is specified. As will be seen, this is not 
independent of assumption 1. It will be shown that the results are quite sensitive to 
this term. 

With suitable expressions resulting from the first and third assumptions, the axial 
momentum equation can then be integrated to obtain an equation of motion for the 
location of the interface between the target and the projectile. The second assumption 
provides an equation for the deceleration of the rear of the projectile. 

* It is not being assumed that the materials are incompressible, merely that the density changes are sufficiently 
small that the density terms can be pulled out of the integrals. 
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These assumptions, with the momentum equation, do require two additional pieces of 
information than that required for the Tate model--namely, an initial interface velocity, 
and an expression that relates the crater radius to the impact velocity. The first is obtained 
from the equations for one-dimensional plate impact (the particle velocity in the 
Rankine-Hugoniot relations)• The crater radius as a function of impact velocity is obtained 
from experimental data. Lastly, an independent procedure is required to determine the 
extent of plastic flow within the target material; a cavity expansion solution is used to 
estimate the extent of plastic flow, and this is discussed in the Examples section and the 
Appendix• 

Assumption 1. A velocity profile in the projectile 

The solid line in Fig. 3 is the velocity profile along the centerline, from a numerical 
simulation, of a long-rod tungsten projectile penetrating a semi-infinite steel target• The 
velocity in the projectile is constant over most of the projectile length, except for a small 
region near the target-projectile interface. This velocity profile will be approximated by a 
bilinear expression, or two straight lines. Let s be the extent of the plastic zone along the 
axis over which the velocity changes (with constant slope). The velocity in the projectile 
may be written as: 

{i - (z  - zi)  (zi - s)  ~ z < zi  
uz(z)  = s (10) 

Zp<<.z < ( z i - s ) .  

The partial derivative with respect to time of this velocity profile is needed in Eqn (9). As 
v, u, s, and zi(t) only depend on time, and since dzi(t)/dt- u the partial derivative of Eqn (10) is: 

u (zi-s)<~z<zi (11) ~Uz(z  ) ( z  z , ) +  v - u  
= s 

Zp~Z<(Zi--S ). 
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Fig. 3. Axial velocity profile along projectile/target centerline. The dashed lines are from Eqns (10) 
and (14). 
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Fig. 4. Projectile at times t and t + At depicting notation. 

The dot represents differentiation with respect to time; the dot over [-(v-u)/s] (the first 
expression in the second term on the right hand side of Eqn(ll))  implies that the whole 
term is differentiated with respect to time. Equation (9) requires the integration of Eqn (11) 
over the range (Zp, Zi): 

c?t \ s / 2 "  
(12) 

Figure 4 depicts the projectile at two times, t and t + At. Some of the relevant notation is 
indicated in the figure. 

Assumption 1 (continued). A velocity profile & the target 

The behaviour of the velocity in the target is more complicated. Velocity fields in 
numerical simulations have a hemispherical behavior, and due to this, a flow field written 
in spherical coordinates is used. A "derivation" of this flow field can be found in Ref. [-8]. 
Letting 

r(z) = z -  zi(t) + R, (13) 

where R is the crater radius, the following form of the velocity in the target is assumed 

.(z,=lS ] R <~ r(z) < ctR 

r(z) >1 aR 

(14) 

This profile is plotted in Fig. 3 as the dashed line, as well as the projectile velocity profile, 
Eqn(10). The assumed profile displays a similarity to that from the numerical 
simulation. Although the target is assumed semi-infinite, the velocity profile is only over 
a finite domain. The furthest extent in the target is z=zi  + ( a - 1 ) R .  In some sense, aR 
might be viewed as the extent of the plastic zone in the target, and so, for example, its 
time derivative would equal the speed at which the plastic zone expands. Obtaining the 
extent as well as the rate of increase of the plastic zone in the target is nontrivial. In the 
examples several different procedures for determining ct will be presented. 

Just as in ~the projectile case, the integral of the partial of velocity with respect to time 
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is needed over the range (Zi, -~- 00): 

Ou~ fi ( / c~R \ 2 1 } . 2u (~R) 2 

+ ~ L ( ~ q ~ 9 [ \ r ~ f -  }-t 2 l(r(z))Zj, 

I +°° 8U= d z ('~t~ Ou= ~ -  I 2Ru = / - - d r = f i R - - +  " 
,Jz, -&- JR ~t ~+1  ~ - + i ~  +u2" 

R<~r<<.~R, (15) 

(16) 

It has been assumed that the crater radius R is constant. 

Assumption 2. The deceleration o f  the rear o f  the projectile 

The projectile is decelerated by elastic waves. If we were being completely consistent, 
these elastic waves would be represented as small velocity fluctuations in the assumed 
projectile velocity profile, travelling up and down the length of the projectile. Finely-zoned 
numerical simulations clearly show the "step" deceleration of the rear of the projectile--see 
Fig. 1. However, in order to keep the model simple, only the average momentum behavior 
of the projectile is described by the velocity profile, Eqn (10), and a second equation is 
written to describe the deceleration of the rear of the projectile. 

The stress wave travelling the length of the projectile will satisfy the wave equation for 
a bar (in the frame of motion of the projectile, at velocity v): 

2 2f = c  (17) 
6~t 2 63Z 2 

wheref i s  the displacement and c is the wave speed, in this case the elastic bar wave speed 
(Ep/pp) 1/2. An elastic wave travelling from the front to the rear of the projectile can be 
represented as 

f = f ( z  + ct). (18) 

From this, the particle velocity of the wave (the actual speed of the material in the wave 
front) and the strain on the wave can be determined: 

particle velocity =-0f= cf', 
dt 

0 f  , 
strain = e = ~zz = f "  

(19a) 

(19b) 

The stress wave is elastic, and the stress associated with it is found from Hooke's law as 

- ap = Epe = Err', (20) 

where ap/> 0 is the magnitude of the stress wave in the projectile, with the minus sign 
due to the fact that the wave travelling from the front to the rear of the projectile is 
compressive. Thus, the stress of the elastic wave, which is the flow stress of the projectile 
during eroding flow, gives rise to a particle velocity of 

particle velocity = cf' = ce = - cap. (21) 
Ep 

When the elastic compressive wave reflects from the rear free surface of the projectile, 
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it returns in tension, with a wave of the form - f ( z - c t ) .  The change in particle velocity at 
the rear surface of the projectile is then 

Av= - c a P - c  a p=  - 2c  ap (22) 
Ep Ep  Ep '  

or the change in particle velocity at the free surface is twice the particle velocity of the 
wave--a  well known result. 

The elastic-plastic interface is a reflective boundary because of the nonlinear material 
response. The elastic wave cannot simply be superimposed on the plastic response because 
of the materia]L nonlinearity, and some reflection of the elastic wave occurs when the elastic 
wave returning from the rear of the projectile arrives at the elastic-plastic interface. 
Therefore, the compressive wave travels from the plastic interface, reflects as a tensile wave 
off the free surface at the rear, and returns to the plastic interface, where it reflects as a 
compressive wave, and the cycle continues.* The travel time of the wave is the distance 
divided by the wave speed. Due to erosion and change in the size of the plastic zone, the 
distance of the return trip is less. If At is the time of the round trip of the wave, then 

). (23) 

To get a continuous approximation for the deceleration of the rear of the projectile, 
Eqns (22) and (23) give 

dv.~ Av [- C20"p (1  1 ['A, 1 r a' \ - I  
- - ~  lim - - =  lim / ( v - u ) d t + - : -  i ~ d t l /  
dt at~oAt A,-,oL Ep(L-'~-s)\ + ~ - t J o  cAtJo / I  

- aP .rl+(VTU)+~]. (24) 
pp(L- s)L 

Equation (24) is the equation of motion of the rear of the projectile. It does not depend 
on the full length of the projectile, but rather on a reduced length, due to the wave reflecting 
off the elastic-plastic boundary within the projectile. Using the elastic-plastic boundary 
for the wave reflection, instead of the projectile-target interface, produces better agreement 
with the results from numerical simulations and was essential to obtaining reasonable 
final stage penetration results. Finally, note that the erosion rate increases the rate of 
projectile deceleration since L decreases with time. 

Assumption 3. The assumed stress behavior in the target 

This is actually the central and most difficult part of all penetration models. The 
fundamental question being addressed at this point is, "How does the target resist 
penetration?" The idea behind what is done here is as follows. Let us first suppose that 
the three-dimensional flow fields in the target can be determined. Then, if the target is 
behaving in ~. perfectly plastic manner, the stesses can be calculated from the von Mises 
flow rule. These stresses are then used to calculate the stress term in Eqn (9). 

The actual derivation is comprised of two parts: (1) a derivation that results in an 

* In numerical simulations, only the first several elastic step decelerations are discernible in the tail velocity. 
Our  interpretation of this is as follows. The elastic-plastic interface is not a perfectly reflecting interface, and 
some of the waw. • "leaks" through and a portion of this transmitted wave then reflects from the projectile-target 
interface, the amount  reflected being proportional  to the impedance mismatch. The complicated wave interactions 
between the elastic-plastic interface and the projectile-target interface "smears" the elastic deceleration wave. In 
addition, the nose of the projectile is decelerated because of its interaction with the target, providing further 
deceleration waves to the elastic portion of the projectile. Therefore, after the first few reflections, the deceleration 
waves are more continuous, thereby resulting in a continuous deceleration history for the projectile tail. 
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expression for the shear stress gradient in terms of gradients of the velocity field; and (2) 
the formulation of a velocity flow field that permits the direct evaluation of terms in the 
velocity gradient. 

Evaluation o f  the stress 9radient in terms o f  a plastic f low field. First, the stresses will 
be calculated assuming we know the flow field. In plasticity theory stress deviators sij in 
the material are given by [9]: 

si.i = 2Dis, (25) 

where 2 is a constant and 

l f  Oui Oui\ 
D i s : ~ t ~ x j + ~ x  J ,  (26) 

is the rate-of-deformation deviator tensor (since we are assuming perfect plasticity, hence 
incompressibility, the rate-of-deformation tensor is equal to its deviator). The von Mises 
yield surface is given by 

2 
siflij - 2J z = ~ Yt 2. (27) 

Equations (25) and (27) give 

2 2 
SijSij = • DijOij ='~ Yt 2 (28) 

and this provides an expression for the stress deviators in terms of the flow, namely 

2y. 
sij=,~Dij_ ~/~Yt Dij. (29) 

The information necessary to evaluate the last term in Eqn (9) is the derivative of the 
shear axz = sxz along the centerline x = y = 0. As the flow is incompressible, the following 
relations hold 

OUx = Ou__jy = 1 Ouz (30) 
3x Oy 2 ~gz' 

which then gives for the inner product of the deformation rate 

¢~uy 2 
(31) 

where the symmetry between x and y has been used. 
The specific shear stress of interest is 

(32) 

When the derivative is calculated, since it is along the centerline, a number of simplifications 
arise. First, since DoDij is even with respect to x and y, the derivative of D~j with respect 



A time-dependent model for long-rod penetration 29 

ID 
"0  
:3 
( - -  .,,,-,,,,. 

5. n. 

>,. 

0 
0 
(D 

> 

4 

A 
A A A ~ 4 4 ~  

AA 44444 
im~~W~4444 

V V V V V ~ ~  

V 

I"% .~' w~ ~ I~ ~ ~ ,...4 

(~o) Z 

0 0 0 0 0 ~ 0 ~  
0 0 ~ 0 ~ ~  
0 ~ ~  

x-x-~-=: '=- :  ~"='="='x- x- ~, I~ ~, a a ,  4 4 4  

4 4 ~  

W 

7 

0 
cO 

II 

0 
i n  

II 

0 

..= 

d 
0 

m 

=b 

(too) Z 



30 J .D .  Walker and C. E. Anderson Jr 

to x along x = 0 is zero. This gives 

(33) 

Second, u= =-0 along the centerline, so OUx/OZ =0 there. Third, u= is even in x, and so 
~uJdx = 0 along the centerline. Fourth, u r is even in x and so ~uSOx = 0. These last three 
observations allow calculation of D u along the centerline. Finally, if we exchange the order 
of the partials for the mixed term in Eqn (33), Eqn (30) may be used. All these lead to 

2 az 2)1==o. (34) 

It is expected that OUz/dZ < 0, that is, the velocity of the flow field in the target decreases 
monotonically as one moves into the target away from the projectile nose. Thus, the 
absolute value in the denominator can be replaced with -8u=/Oz. This gives 

--x~ dr = "tin - "~ 
t3x ==o 6 dz ,=R 3 JR \ dx2 / dz )lx_o dr '_  

(35) 

where r(z) was defined in Eqn (13). To evaluate the integral in Eqn (35) requires information 
about the flow field. 

Evaluation of the gradients of the plastic flow field. Incompressible flows can be obtained 
from the curl of a vector potential, since the divergence of the curl of any vector field is 
zero. Since the flow in the target around the projectile nose has a spherical quality to it 
(see Fig. 5), it is easiest to create a potential that produces such flow fields in spherical 
(r,c~,O) geometry. In particular, a potential that gives rise to the type of material motion 
seen in the numerical calculations is [8]: 

A =f(r)sin(O)d~. (36) 

In this and following equations, r is the spherical radius and 0 is the angle measured from 
the z-axis. Taking the curl of Eqn (36) gives a flow field of the form 

ur(r,O) = 2fcos(0), (37a) 
r 

uo(r,O) = 1 d(rf)sin(O)" (37b) 
2 dr 

The velocity field given by Eqn (37) is shown in Fig. 6 ( f  is given in the footnote on the 
following page). 

The z component of velocity is given by, using cos(P) = z/r; sin(P) = x/r; r = ~Z  ~ + x 2 

u= = u,cos(0)- uosin(O) 

r , .   38, 

The prime denotes differentiation with respect to r. This provides enough information to 
complete the integral term on the right hand side of Eqn (35). First, the denominator term is 

= (39) 
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Fig. 6. Velocity field from Eqn (37), ~t = 3, R = 1 cm. 

since r = z when x = 0. The numerator term is given by 

=2 a__(S, xz  2 3Sxz2"~ : , f'~ I 
, ,  

,:< 
= 2 t { 7  r '  )1,<oo 

' 1 : + + 4  
\ z"  z~/ \ ZlZ 

4d(f_~,  
-7g\7/ (40) 

where the fact that the evaluation is along the line x = 0 has been used several times. Thus, 
the integrand of the right hand side integral of Eqn (35) is equal to 2/z; therefore, the whole 
integral becomes 

fR~a~s I y I~u I "=~R x,[ dz tin = 2-:In(g). (41) 
Y 

--~-xlx=o = 6  [-&-zl~=R 3 

What is truly remarkable about this result is that few assumptions on the flow field have 
been made: (1) the flow field is monotonically decreasing along the axis, and (2) it has a 
certain reasonable hemisperical behavior. From these assumptions follow the result that 
the shear term in the momentum balance only depends on the extent of the flow field (~t) 
and the slopes of the velocity at the front end and back end of the flow field. We emphasize 
that this resul~t is for a plastic flow field, and the flow field properties should reflect plasticity 
behavior. For example, the derivation implies, because of the first term on the right hand 



32 J.D. Walker and C. E. Anderson Jr 

side of Eqn (41), that the axial plastic flow velocity cannot tangentially touch the zero axis, 
as it is not permissible for the derivative of the flow field to become zero. 

The assumed velocity profile in the target, Eqn (14), can be represented in terms of the 
potential, Eqn(36);* further, Eqn(14) monotonically decreases with distance from the 
projectile-target interface. Thus, we may choose to tie together our assumed velocity flow 
field with the flow field for the shear stess. (This connection is not necessary, but it is 
convenient. In addition, this approach provides for an element of self-consistency.) The 
slope of the velocity profile in the target is 

du u (~R) 2 
a z -  2~ 2 - 1  z s ' (42) 

and evaluating this at z = R and z = ~R gives 

fZ R3Sx---~z[ dz = ~ l n ( ~ 3 ) - ~ l n ( c t ) = -  ~ln(~) Yr. 
~x {x=O 

(43) 

This completes the assumed stress behavior. The final result is simple and elegant, and a 
minimum of assumptions were made along the way. 

The extent of the plasticity flowing zone in the projectile 

The extent of the plastic flow in the projectile is defined by the length s at the front of 
the projectile (measured from the projectile-target interface). For simplicity, the shear term 
will be ignored. The attempt to determine the extent of plastic flow in the projectile is 
based on the following observation from many numerical simulations with many materials: 
the slope of the velocity profile along the centerline is smooth at the material interface, 
e.g. Fig. 3. In other words, the velocity profile is not only continuous, the first derivative 
along the axis is also continuous.t It is therefore possible to derive an expression for s, as 
well as for its time derivative. 

The slope of the assumed velocity profile in the target was calculated in Eqn (42). If this 
is evaluated at the interface, and set equal to the change in velocity in the projectile divided 
by the length s, then 

u - v  u g2 
- (44) 

s - - 2 ~ 2 - -  1 R" 

Equation (12) requires s and d [ (u -  v)/s]/dt. From Eqn (44) we can solve for s: 

s R ( v  (45) 

and the time derivative, which is 

4  ,20 u , , t  ,46> 
(~2--  1 ) R (  2 ct2--1 

We have now calculated all the terms in the model, and are ready to combine them. 

* Specifically, f(r) is given by ur[(ctR/r) 2-1]/[2(~ 2-1)]. In fact, the original "derivation" of Eqn (14) is based 
upon incompressible plastic flow with a hemispherical behavior [8]. 

t This can be shown rigorously by assuming incompressible flow and a no sfip condition at the projectile/target 
interface (see Appendix A). 
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THE MOMENTUM BALANCE EQUATION 

If we insert the terms obtained in the previous paragraphs into the original momentum 
balance, Eqn (9), we obtain: 

1 2 =~pp(v--U) (~ptU2 + ~ln(ct)Yt }. (47) 

The deceleration of the tail of the projectile is given by Eqn (24), and the time rate of 
change of the length of the projectile is the difference between the penetration speed and 
the speed of the tail. These two equations, along with Eqn (47) completely determine the 
model: 

I v-u ~) 
(48) 

pp(L - s) c c J  

L =  - ( v - u ) .  (49) 

It is informative to take a certain limit of the above equations. If the two measures of 
spatial extent, R and s, are allowed to go to zero, i.e. R ~ 0  and s--}0, and the Young's 
modulus for tlhe projectile is allowed to become very large, so c--.oo, then Eqns (47-49) 
become 

• 1 2 1 2 7 
-- p pvL -F-~ p p(V -- ti) ---- ~ pt u -F ~ln(ct)Yt, (50a) 

= trp (50b) 
ppL' 

L= -(v-u). (50c) 

These equations are Tate's original model, Eqns (1-3), with the target resistance given by 

R t = ~ln(0t)Y t. (51) 

Also note that Yp in the Tate model is identified with the flow stress trp of the projectile. 
(In Refs [5-7], Tate differentiates between the Yv in Eqns (1) and (2a). In Eqn (2a), Yp is 
identified as op, whereas in Eqn (1), Yp= 1.7ap.) 

This model predicts, at the very minimum, an R t that varies with the extent of the plastic 
flow zone and the flow stress Yt of the target. An alternate view is that the second, third, 
and fourth terms in Eqn (47), along with the term (7/3)ln(0t)Y t define a time-varying Rt, as 
suggested by Anderson et al. [10]. 

INITIAL IMPACT CONDITIONS 

The initial penetration velocity u is obtained from the Rankine-Hugoniot shock jump 
conditions. For simplicity, we have assumed that the Hugoniot of the materials can be 
expressed by ~: linear relationship between the shock velocity u, and the particle velocity Up: 

u, = Co + kup, (52) 

where Co and k are material parameters. Equating the shock pressures, P =  poUsUp, at the 
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interface for the projectile and target, and denoting the initial impact velocity as Vo, then 
the initial penetration velocity is given by: 

t [ b - ( b  2 -4ac)l/2]/2a, (53) Id ~ Up= 

a = k ~ -  k~(p~/pg) ,  

b= 2kVvo + C p+ t t p Co(Po/Po), 

C = CPVo + kPvg. 

The superscripts distinguish target and projectile parameters, and the subscript "0" denotes 
initial values. 

Equation (53) provides the initial penetration velocity for the model. However, we note 
here that for long-rod penetration, the final results are not extremely sensitive to this initial 
value, i.e. the model results achieve the same quasi-steady state velocity independent of 
the initial penetration velocity. 

EXAMPLES 

The behavior of the model will be demonstrated with a series of examples. This will also 
be an opportunity to discuss the problem of determining ct. Table 1 lists the material 
constants used in the example problems. 

Example 1: Rigid penetration 

Although the original intent of the model was for eroding long-rod penetration problems, 
examining rigid penetration allows us to focus on target response, and in particular on ~. 
For rigid-body penetration, v = u, and Eqn (47) collapses to 

2Ru 
f i { p p L + p t R ~ + l l t + P t ~ ( c t + l ) 2 = -  I~ptu2 + ~ln(ct) Ytt. (54) 

It is clearly seen that the value of ct is central to the penetration model. Figure 7 shows a 
comparison with the experiments of Forrestal et al. [11,12] for ~t=4.94, 8.1, and 11.2 (the 
choice of these values is explained below). In these experiments, hemispherical nosed, 
maraging steel projectiles, 74.7 mm long (D = 7.10 mm), were fired into 6061-T651 aluminum 
targets; a reasonable value for the flow stress Yt of the aluminum target is 380 Mpa [12]. 
The projectile remained rigid during penetration. 

The cavity expansion technique of Refs [11-14] provides one way of estimating an a 
priori value for ~. In this technique a cavity is expanded from zero initial radius at a 
constant velocity. The technique calculates a velocity for the interface between the resulting 
plastic zone and an outer elastic zone; ~R is the extent of the plastic zone when the cavity 
has been expanded to the crater radius R. This problem has been examined in both 
cylindrical and spherical (incompressible) coordinates, and the resulting expressions are 
[14,13]: 

(_x/~et  ~1/2 
~¢yl = \2(1 + vt)YtJ 

(55a) 

Table 1. Material constants 

p K E G c o k 
Material (g/cm 3) (GPa) (GPa) (GPa) (km/s) ( - )  

Aluminum (6061-T6) 2.71 72.8 68.9 27.3 5.35 1.34 
Armor steel 7.85 166.7 206.8 76.9 4.50 1.49 
Tungsten alloy 17.3 302.1 327.5 124.1 3.85 1.44 
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Fig. 7. Comparison of penetration model to experimental data for rigid penetration (dashed lines 
are for constant ~, solid line is from the model). 

(2Et y/3 
~sph = \ ~ t t /  (55b) 

For v=0.3, tire difference in these expressions is really just in the exponent, since 

x/~/2(1 + 0.3)----0.666173 ... ~ 2/3. These equations give, for the problem above, values of 
11.2 and 4,94 for the cylindrical and incompressible spherical cases, respectively, using a 
value of 380 MPa  for Yr. From the figure, it is seen that the cylindrical cavity expansion 
value provide:; a somewhat better fit with the experimental data. The value of ~=8.1 
provides a "best-guess" fit to the experimental data. 

A constant c~ underpredicts the depth of penetration as a function of velocity at velocities 
above 1 km/s, as can be seen in the ~=  8.1 curve (this is readily apparent in the next 
example). A velocity-dependent ~ results from the cavity expansion solution when 
compressibility effects are included. The equation for • is (see Appendix B): 

2 JOt 0 ~ 2 u 2  _ 2 

(l+ptu-~dgt--Pt°t2u2=(l+yt/ 2 G t )  x / ~ t  Pt u' (56) 

where K t and G t are the bulk and shear modulus of the target, respectively. The solid curve 
in Fig. 7 used Eqn (56) and Yt = 380 MPa. Agreement between the experimental values and 
the model is quite good. The time evolution of ~t is shown in Fig. 8 for two different impact 
velocities. The extent of the plastic zone grows with time; this prediction is in agreement 
with the predictions of Ravid and Bodner in their two-dimensional rigid penetration model 
1-15]. 

Example 2. Eroding long-rod projectiles 
This example brings up another issue we have not addressed. When the penetration is 

rigid, the crater diameter is equal to the projectile diameter. This is not the case for eroding 
flow. The diameter of the crater changes as a function of impact velocity. As an example, 
consider Fig. 9, where the normalized crater radius is plotted versus impact velocity for 
L/D= 22.9 tungsten rods into steel targets; the crater data are from Ref. [16]. The crater 
radius can be approximated by a quadratic fit, shown as the solid line in Fig. 9, in terms 
of the impact velocity (in km/s): 

R = Rp(1 + 0.287Vo + 0.148Vo2). (57) 
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Fig. 8. Variation of ~t with time for rigid penetration. 
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Fig. 9. Normalized crater radius versus impact velocity: Silsby data 1-16]. 

Equation (57) is used to estimate the crater radius R as a function of the impact velocity 
for tungsten alloy rods into armor steel. R is calculated from the initial impact velocity 
and is held constant throughout the calculation.* 

The penetration data from Silsby [16]--L/D=22.9, L=12.18cm or 15.58cm--are 
plotted in Fig. 10. The dashed curves in Fig. 10 are for constant ct. The values of ct calculated 
from the spherical and cylindrical cavity expansion expressions, Eqns (55), are 4.86 and 
10.5, respectively. A value of Yt = 1.2 GPa represents an estimate of the flow stress of armor 
steel at fairly large strain, after some work hardening has occurred. The smaller the value 
of ~, the more rapid the increase in penetration in the 0.5-2 km/s region; but, for ct = 4.86, 
the increase occurs at too low a velocity as compared with the experimental data (for 
smaller values of 0t, the rapid increase in penetration depth occurs even sooner with velocity). 
As the value of ~ becomes larger, the initial rise in the curve shifts to the fight, but becomes 
too shallow. This again implies the need to use an ~t that depends on the penetration 

* The crater radius as a function of the impact velocity is the only empirical data used by the model. All other 
parameters are material constants such as the density, elastic moduli, and shock parameters. However, as we 
show, Eqns (57) and (60) apply to a number of materials, and are recommended for eroding penetration in the 
absence of experimental data. 
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Fig. 10. Comparison of normalized penetration to experimental data for eroding penetration, data 
from Silsby [161 (dashed lines are for constant ~, solid lines are from the model). 

velocity, and in fact, it was the serious discrepancy of penetration into steel that led to the 
development of Eqn (56). 

At some point the rate of cavity expansion is greater than the low pressure elastic wave 
speed and 0t wiltl become less than 1.0. Therefore, Eqn (56) requires an additional modification 
to increase the stiffness of the bulk modulus K t with increasing velocity. Physically, the 
bulk modulus increases with material compression; and material compression increases 
with penetration velocity. We use an heuristic expression to estimate how K t increases 
with increasing penetration velocity, as follows. Under uniaxial strain conditions, the shock 
velocity is related to the particle velocity by the equation us---Co + kup, where c o is the bulk 
sound speed and k is the dependent slope. The ambient bulk modulus Ko is given by the 
product of the density and the square of the sound speed: Ko = poC2o. Therefore, we relate the 
dynamic bulk modulus of the target with the shock velocity: 

k p (58) 

Equation (58) is for one-dimensional impact. The concern here is with cylindrical cavity 
expansion, and the geometric divergence would suggest that Eqn (58) is probably too stiff 
with penetration velocity, so the square root of the term within the parenthesis is taken:* 

The solid line in Fig. 10 represents the use of Eqn (56) with Eqn (59). Agreement is fairly 
good over the entire velocity range. Figure 11 shows how ct varies with time for eroding 
penetration for four different impact velocities. In contrast to rigid penetration, where 0t 
increases continuously with time, 0t is nearly constant for most of the penetration history: 
ct does change rapidly during the final deceleration phase of penetration as v approaches 
u, and v and u both go to zero as the projectile comes to rest. It is noted that Fig. 11 [i.e. 
Eqn (56) in conjunction with Eqn (59)] states that the extent of the normalized plastic zone, 
as represented by ~, decreases with increasing penetration velocity. This conclusion has 
been verified through numerical simulations [17]. The numerical simulations show that 

* For further discussion, see the end of Appendix B. 
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Fig. 11. Variation of ~ with time for eroding penetration. 

the physical extent of the plastic zone, as represented by ~R, actually increases with 
increasing penetration velocity, but the crater radius grows at a faster rate than the plastic 
zone thereby resulting in a decrease in c~. However, for the cases presented here, the model 
predicts a (steady-state) ~R roughly independent of impact velocity, where R is from Eqn (57) 
and ~ is from Eqn (56). 

Although the assumption of nearly constant density is still valid, compressibility effects, 
as reflected in ~, cannot be ignored in the resistance of the target material to penetration. 
The decrease in ~ with velocity from Eqn (56) is due to the fact that energy is stored in 
elastic compression in addition to being dissipated in plastic work. Some of this elastic 
energy is converted to plastic work upon unloading from the compressed state, but this 
unloading occurs later in the penetration process and therefore doesnot readily contribute 
to penetration resistance [17]. These findings strongly suggest that compressibility of the 
target needs to be taken into account in penetration models for higher impact velocities. 

Silsby's data are relatively sparse in the conventional ordnance range. Penetration data 
for L/D = 10 tungsten alloy rods, 8.17 cm long inclusive of the hemispherical nose 1-18], 
shot into armor steel are shown in Fig. 12. The tungsten alloy used in these tests is somewhat 
stronger than that used by Silsby and an appropriate dynamic flow stress is approximately 
2.0 GPa. A value of 1.2 GPa is again used as an appropriate flow stress for armor steel. 
The predictions of the analytical model are in excellent agreement with the experimental 
data. 

Example 3. Steel and tungsten alloy projectiles into armor steel 

One last set of examples is shown. Hohler and Stilp have accumulated a wealth of 
experimental data for tungsten alloy and steel projectiles impacting armor steel targets 
1-19] for different target hardnesses (BHN 255 and BHN 295) and projectiles with two 
different aspect ratios (L/D = 1 and 10). The tungsten alloy (WA) projectiles had a density 
of 17.0 and 17.6 g/cm 3. The steel alloy projectile (C110Wl) was reported to have a Brinell 
hardness of BHN 230. 

First, it is necessary to relate the normalized crater radius with the impact velocity. The 
various symbols in Fig. 13 denote the different materials and different projectile aspect 
ratios. The Hohler-Stilp data indicate that the normalized crater radius is linear with impact 
velocity, in contrast to Silsby's data (Fig. 9). Within the data scatter, little distinction can 
be made between the steel and tungsten alloy data, or between the two target hardnesses. 
The L/D = 1 crater data are slightly below the L/D = 10 data, but, for engineering purposes, 
we will assume that the relationship between impact velocity and crater radius is independent 
of aspect ratio. A linear least squares curve fit through the L/D= 10 data, with the 
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Fig. 12. Penetration versus impact velocity for eroding projectiles; model is solid line, data from 
Anderson and Morris [18]. 
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Fig. 13. Normalized crater radius versus impact velocity: data from Hohler and Stilp 1-19]. 

assumption that the R/Rp is 1.0 at Vo = 0, is (Vo is in km/s) 

R = Rp(1.0 + 0.70Vo). (60) 

Figure 14 shows normalized penetration data for L/D = 10 projectiles into two hardnesses 
of armor steel. For  the tungsten alloy projectiles, ap = 2.0 GPa; for the steel projectiles, 
ap= 1.2GPa. The triangles are for an armor steel with a Brinell hardness of 255 
(Yt = 1.2 GPa)., and the data represented by the square data are for an armor steel with 
BHN 295 (Yt = 1.4 GPa). Again, the values for ap and Yt represent reasonable dynamic 
values for the projectile and target materials. Figure 15 depicts similar data for L/D= 1 
tungsten alloy and steel projectiles into armor steel. Material constants were the same as 
for the L/D= 10 cases. 

Overall, ag~reement is quite good between the model and the experimental data. For  the 
L/D= 10 data, the model overpredicts the depth of penetration at very low velocities 
(v o ~< 1.0 km/s). The blunt nose shape of the projectiles used in the experiments is the likely 
source of this discrepancy. Walker and Anderson [20], using numerical simulations, show 
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that it takes approximately two projectiles diameters of eroding penetration before the 
effects of nose shape disappear. Although nose shape effects were only investigated at an 
impact velocity of 1.5 km/s in this study, it was demonstrated that a hemispherical nose 
penetrates more easily (deeper penetration at equivalent times) than a blunt nose projectile 
at early times. 

The analytical model does quite well at the low impact velocities for the LID = 1 projectiles. 
Craters for small LID impacts tend to be hemispherical in shape, so the hemispherical flow 
field of the analytical model appears to represent a good approximation of the flow pattern 
for small LID impacts. The model tends to overpredict penetration for the LID = 1 steel 
projectiles at the higher impact velocities. A curve fit for crater radius for the LID = 1 data, 
instead of the LID = 10 data, has little influence on the normalized depth of penetration, 
and therefore does not change this observation. 

Comparison of velocities and projectile residual length 
The original motivation for the model was to match the velocity profiles seen in the 

target and projectile. If the model was working well, good agreement with the 
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time-dependent interface and rear projectile velocities is expected. These velocities, versus 
time, are shown as the dotted lines in Fig. 1. The solid curves are from the numerical 
simulation. ~ i,; calculated from Eqn (56), Yt = 1.15 GPa, and ap= 1.8 GPa (chosen to match 
the 7.17 cm depth of penetration of the simulation). The present model provides a reasonable 
approximation of the initial transient phase of penetration. The final deceleration of the 
tail occurs a little too late at the end of penetration, but the deceleration of the tail of the 
projectile doe:~ have approximately the correct slope (this can be contrasted to the 
deceleration of the tail in the Tate model which is far too steep). The penetration and tail 
velocities versus the position of the nose of the projectile (depth of penetration) for the 
numerical simulation, the Tate model, and the present model are shown in Fig. 16. As 
already discussed, the deceleration at the end of penetration approximately parallels that 
of the numerical simulations. Agreement looks somewhat better in Fig. 16 than in Fig. 1 
at the end of penetration because the penetration depth does not change substantially 
when the projectile has a low penetration velocity. 

It is noted that the penetration velocity of the present model lies slightly below that of 
the numerical simulation in both Figs 1 and 16. This is a consequence of requiring that 
the total depths of penetration be the same for comparison purposes. On the other hand, 
using Yt = 1.20 GPa, and ap = 1.8 GPa, the quasi-steady state penetration velocities of the 
model agrees with those of the numerical simulation, but the projectile penetrates to 7.4 cm 
(instead of 7.1'7 cm, a difference of 3%). Again referring to Figs 1 and 16 it might be thought 
that slightly increasing the initial penetration velocity of the model would shift the 
penetration velocity slightly higher and therefore provide better agreement with the 
numerical simulation. However, the penetration velocity emerges from the initial transient 
with approximately the same quasi-steady-state penetration velocity. This is expected since 
the physics ot' the model (e.g. the densities and strengths of the projectile and the target, 
and the initial impact velocity) essentially dictate the quasi-steady flow conditions. 

Finally, the present model predicts a finite residual projectile at the end of penetration, 
although the rod has eroded more than observed in experiments at the same impact velocity. 
The model predicts approximately 0.4 cm of projectile remaining at the bottom of the 
crater. This is approximately half of that observed in experiments. This can be contrasted 
with the Tate model which predicts nearly complete erosion of the projectile. 

The discrepancies at the end of penetration are most probably due to the assumption 
that beyond the plastic region the projectile is in an uniaxial state of stress. Near the end 
of penetration, much of the residual projectile can be flowing plastically, and the resulting 
small portion of projectile which is elastic is probably in a much more complicated state 
of stress. How to model this final phase of penetration, as the more complex flow and 
stress state affect both the penetration and tail velocities, requires further study. 
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S U M M A R Y  

A pene t r a t ion  mode l  has  been presented  tha t  includes t rans ient  effects. The  mode l  agrees 
with bo th  rigid and  e roding  project i le  pene t r a t ion  data .  A l though  not  discussed in this 
paper ,  the mode l  predic ts  a L / D  effect for penet ra t ion;  tha t  is, project i les  with large aspect  
ra t ios  do  no t  pene t ra te  as efficiently, as measured  by P / L ,  as project i les  with small  aspect  
rat ios.  The  L / D  effect is not  pred ic ted  by most  o ther  ana ly t ic  models ,  but  it is observed  
in exper iments  1-21,22]. The  mode l  requires  the ca lcula t ion  of  the extent  of  the plas t ic  zone 
in the target ,  which is es t imated  f rom compress ib le  cyindr ical  cavi ty  expans ion  theory.  The 
m e t h o d  being used to calculate  ct has the expected qual i ta t ive  behav io r  and  leads to good  
agreement  with exper iment ,  but  fur ther  research on this topic  would  be welcomed.  
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A P P E N D I X  A - - P R O O F  O F  T H E  C O N T I N U I T Y  O F  T H E  V E L O C I T Y  G R A D I E N T  

A T  T H E  P R O J E C T I L E / T A R G E T  I N T E R F A C E  

It is shown in this appendix that a no-slip boundary condition for an interface between incompressible materials 

implies Eqn (44) in the main text. 
Theorem. For two incompressible materials meeting at a no-slip boundary, the spatial slope of the velocity 

in the direction normal to the boundary is the same for both. 
Proof. Pick a point on the interface between the two materials. We assume that a tangent plane to the 

interface at that point exists. Pick two orthogonal vectors of unit length which span the tangent plane, tl and 
t2. The normal to the tangent plane can be found by the cross product, n = t l  x t2. These three vectors form an 
orthonormal set x~hich spans 3-space, and we change coordinate systems into the coordinate system in which 
these are the coordinate directions, with variables tl, t 2 and n. 

At the point in ,question, one material is on the + side (n>0) and one material is on the - side (n<0). The 

velocity for the material above the plane is, 

V + = V ~ t l  +V~t2+Vn+n (A.1) 

with a similar expression from the velocity below the plane, V-.  Since the interface is no slip, the velocities along 
the interface match everywhere. For the point in question, this requires that both the velocities match and the 
partials of the velocity in the tangent plane match (we have assumed that the velocity field is smooth enough 
that the first order spatial derivatives exist): 

V~ + = Va-, V2 + = V2- (A.2) 

and 

OVI+-dV(  dV2" - d V 2  (A.3) 

Ot 1 Otl '  c3t2 at 2 

Incompressibility of the flow field says that the divergence of the velocity field is zero, or 

~v; ~ +ov; +ov2 =o.  

t3ta Ot 2 On 
(A.4) 

Thus, the partials in the tangent plane of an incompressible velocity field determine the normal partial: 

~v. + ~v? ~v; 
On Ot I Ot 2 " 

(A.5) 

Equations (A.5), (A.4) (for V-)  and the no-slip assumption, Eqn (A.3), yield 

av~ ÷ ~v.- 
= (A.6) 

On On 

Therefore, the normal component of the spatial derivatives of the velocity field must match, or, in other words, 
the spatial slope of the velocity in the direction normal to the interface is the same for both materials. QED. 

A P P E N D I X  B - - T H E  C O M P R E S S I B L E  C Y L I N D R I C A L  C A V I T Y  E X P A N S I O N  

S O L U T I O N  

This appendix describes the compressible cylindrical cavity expansion solution used to calculate a (the extent 
of the plastic zone) in the main text. The derivation here is similar to that in [13], where a derivation was 
performed for a spi~erical cavity expansion. References [23-24] derive expressions for a cylindrical cavity expansion. 
However, we make a number of assumptions in order to arrive at a relatively simple analytic formula for ~t. 
There are some notational differences between this appendix and the main text. 

The geometry c f the problem is that of opening up a cylindrical cavity at a constant radial velocity V located 
inan  infinite expanse of material (Fig. B1). It is assumed that the space divides into three regions: a region where 
the material is plastically deforming, near the cavity; a region of elastic response; and a region of material which 
is as yet undisturbed. The plastic region is assumed to obey a Tresca yield condition. A number of assumptions 
are made which makes the problem tractable, but which also enforce a certain type of solution. 
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Fig. B1. Geometry for cavity expansion. 

In cylindrical coordinates, the equations of mass and momentum conservation are 

~tar v'~ Dp 
+ ; )  = 

~ r r  ~rr - -  frO0 DV 
F = p - - .  (s.2) 

ar r Dt 

Here a o are the stresses, which are positive in tension, p is the material density, and v is the radial velocity. These 
equations will be solved in each of the regions. The material velocities at each of the region boundaries will then 
be matched. The material velocity at the cavity wall is V, the cavity expansion velocity. In the presentation here, 
it is assumed that the velocity of the elastic-plastic interface c is constant, but this assumption need not be made 
and a constant velocity would result from the solution of the problem. The material displacement at the furthest 
edge of the elastic region is zero. 

The major assumption is to look for a simlarity solution, meaning one of the form 

r 
f(r,t) =f(~) where ~ =--,  (B.3) 

ct 

wherefrepresents displacements, velocities, and/or stresses. Thus, the solution looks similar to itself when plotted 
for all time. Based on this assumption, the problem regions are defined with their boundary conditions: 

Plastic region. The region extends from the cavity boundary to the elastic-plastic interface. At the cavity 
boundary, the material has a constant material velocity V, and ~ = V/c. The material is assumed to be compressible 
and flowing in this plastic region, obeying a Tresca yield condition, and V/c <<, ~ <~ 1. 

Elastic region. Here (1 ~< ~ ~< ctJc , where c L is the longitudinal elastic wave speed) the material is assumed to 
have small displacements and to obey Hooke's law. The material velocities at the elastic-plastic interface (~ = 1) 
are assumed to be equal. The actual physical boundary condition is the Hugoniot jump conditions, but to impose 
this would require an integration of the density expression, which is quite tedious. As the dimensionality increases, 
the "matching velocities" approximation improves: it is very good for 3-D problems, it is acceptable for 2-D, and 
it is unacceptable for I-D. In fact, the similarity solution technique in 1-D states that the stresses and densities 
are piecewise constant; therefore, in l-D, the boundary conditions must contain a jump in the velocity for a 
solution to exist. 

Undisturbed region. The boundary between the elastic region and the undisturbed material (~ = ct/c), which 
propagates at the longitudinal elastic wave speed, has matching material displacements; that is, the material 
displacement is zero at this interface. 

The following paragraphs outline the solution to the problem, with each of the boundary conditions being 
dealt with in roughly reverse order. 
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The elastic region 
In the elastic region, the strains are small, and the stresses are given by Hooke's law: 

t3u u 
t , , =~ r ,  t0o---,r t ~ = 0  (B.4) 

or,, = (2+ + 2/x)e,, + 2too, aoo = ).t,, + (2 + 2/X)eoo, o=z = 2(t,, + too) (B.5) 

where u is the radial displacement, and 2 and /x are the Lam6 constants. Putting these expressions into the 
momentum equation and assuming the convective term is small (so that Dv/Dt~ O2u/Ot2), gives 

/" 1 0 \ 1 02U 
gt (B.6) 

where cl~ = (2 + 2#)/p. 
Under  the similarity transformation, with li = u/ct, Eqn (B.6) becomes 

42(1 _ f12~2)fi,, + ~ii' - fi = 0, (B.7) 

where/7 = C/CL and the prime denotes differentiation with respect to 4- A solution is seen to be ti = ~. Using this 
solution, Eqn (B.7) can be reduced in order by substitution ii = ~c(~), giving 

- 1  
2 + ¢[ln(/ ')] '  = 2 2" (B.8) 

1 - t i C  

Some algebra, and use of Dwight ( #  151.1 and #363.01) [25], yields the general solution of Eqn (B.7): 

~ = C l ~ - C 2 { f l ~ l n ( l + ~ )  ~ ~  ~-~ J (B.9) 

where cx and Cz are arbitrary constants. Matching the boundary condition of zero material displacement ( a=0)  
at the outer edge of the elastic region (~ =ctJc= 1///) gives cl =0.  

We are now in a position to write the solution to the problem. The strains in terms of zi are simply 

e,,=fl', eoo=fi/~ (B.10) 

which allows calculation of the stresses. Recalling that u = ctf~, which gives Ou/Ot = c(a-~ft') for the material 
velocity, the solution in the elastic region is: 

IJ~ J' 

- -  : - -  2CC 2 - - ,  
~t /~ 

. - (  . . . .  /# 1 -t- d l  --]~2¢2 x~ ~ ~  
a" = zc2/sltz +' lnt  ?~ )+# ~ - ~ I '  (BAD 

aoo=2CB{(2+ll)ln( l + ~ ) - # ~ } ,  

~ )' 

where fl~ = r/(cLt). 
On the elastic-plastic region interface (~ = 1), the material is assumed to be at yield. The Tresea yield criteria is 

area x - -  O'mi n = O'00-- O'lr = Y, (B.12) 

where Y is the flow stress, and the fact that  the hoop stress is in tension (hence positive) and the radial stress is 
in compression (hence negative) has been used. The yield condition allows c 2 to be found: 

Y # 
C2= 4U l~/]'~---fl 2. (B.13) 
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To match the boundary condition at the elastic-plastic region interface we need the material velocity at the 
interface. This is 

0~ ¢:1 _cY.2l~ (B.14) 

This completes the solution in the elastic region. 

The plastic region 

Within the plastic region the convective term of Dv/Dt cannot be ignored. It is also assumed that the Tresca 
yield condition always holds. Thus, the equations are: 

\& r/ \~t ~r)' 
(B.15) 

~a,, Y ['c3v 3v'~ 
~ - r  + r = p t ~ + v ~ ) .  (B.16) 

In the plastic region, we assume the stresses are large compared with the deviators, and so use the approximation 
P/Po-1 ~, -a, , /K,  where K is the bulk modulus, to link Eqns (B.15) and (B.16). Under the similarity change of 
variables, and using this approximation, the mass and momentum conservation become: 

v 1 
v' +~=~K -C¢ +V)a,; (B.17) 

Y 
~,, - - 7  = P( - c~ + v)v' .  (B .  18) 

Again, prime refers to differentiation with respect to ~. These equations combine to give 

(, . 
- -  = - - c - - .  ( B . 1 9 )  

K 

If it is assumed that 1 - Y/K ~ 1 (a very good approximation for metals) and that v can be dropped from the 
- c ~ + v  expression (notice c~ and v are equal at the cavity boundary, but as one moves into the plastic region 
c~ increases while v decreases), then Eqn (B.19) can be written as 

1 pc2.2"~ , v Y 

-T< )9 ( B . 2 0 )  

If p' is assumed small, Eqn (B.20) yields the simple solution 

y V/-~pc2 _ ~2 
~ =  - - - - + C  3 

peg ¢ (B.21) 

(Equation (B. 16) could now be integrated using Eqn (B.21) if it was desired to know the radial stress.) The arbitrary 
constant % may be determined by appling the boundary condition at the inner wall of the cavity (~ = V/c), where 
the material velocity is a constant V: 

Y/p + V 2 
C3---- 

.v/-~-p_~ 
The velocity at the interface between the elastic-plastic region is then given by 

(B.22) 

~=a pc ckp  
(B.23) 

The elastic-plastic interface 

Now, we can join the plastic and elastic solutions at the elastic-plastic boundary. To reiterate, the choice is 
to go with an approximate boundary condition: the material velocities are assumed to be the same on both sides 
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of the interface. Then, from Eqns (B.14) and (B.23), and after some algebra, we obtain 

2 pC2 
(pV2+ Y ) ~ =  Y(1 +~-# ) ~ P  V2 (B.24) 

which is Eqn (56)in the main text. 

Summary 

The value of interest is the ratio of the extent of the plastic zone to the extent of the cavity, which we are 
calling ct. At time ;!, the plastic zone has radius ct, and the cavity has radius Vt, and so the ratio is ~t=c/V. There 
are two interesting limits to Eqn (B.24). The first is the limit in which the plastic region is incompressible. To 
obtain this, we siraply let K--* + ~ and 

2U.  
lim ~= iim c =  [_._. 

~ + ~  x~+®V "q Y 
(B.25) 

This limit is velocity independent, which is why it was necessary to examine the compressible cavity expansion 
to determine the velocity dependence of ct. 

The second limit of interest is the low velocity V limit. This limit is much more subtle, and requires the 
expansion of the ,;quare root terms in Taylor's series: 

(PV2+ Y)~/KCI-~Pc-~-K) ~Y(I+p¢2"~'//-~(I-IpV2"~\ 21~]~\ 2 K ] (B.26) 

The reason for the subtlety is that c/V goes to a constant ratio, and therefore it is necessary to keep both the 
V 2 and the c 2 terms. Distributing, simplifying, and dropping the c 2. V 2 terms leaves 

el, a -  ylpc2.~ - yI-pV2+ Y pc2 (B.27) 
2 K 2 K 2It' 

yielding 

lim • = lim c = ~ K .  
w o  w o V  ~1 1/lt+l/K 

(B.28) 

This agrees with Eqn (B.25) in the incompressibility limit. 
As a final result, we bound c. Equation (B.24) can be rewritten as 

pv 2 1+ pc2 1 -+- - -  
2# Y 

If Y<2#, which is true for all materials known to date, then 

1 + pV2 1 -+ -pV2 

Y 2# 

(B.29) 

(B.30) 

With f defined as 

X 
I+-- 

2# :(x)- (S.31) 

differentiation provides 

1 X 
- -  l + m  

df_ 2,u 
dx 2(K - x) 3/2 

(B.32) 

Equation (B.32) ,qhows that f is a strictly increasing function of x. Combination of Eqn (B.29) and Eqn (B.30) 
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Fig. B2. ~t versus cavity expansion velocity. 

glvesf(pc 2) >f(p V2), which therefore implies c > V [this shows that Eqn (B.24) agrees with the initial assumptions 
about the plastic region]. This, combined with the requirement that the term under the square root be positive, 
yields the following inequality: 

V < c < V / ~ .  (B.33) 

Thus, the velocity of the plastic front is greater than the cavity expansion velocity and less than the bulk sound 
speed of the solid. Equation (B.33) clearly shows that some stiffening of the bulk modulus is needed for impacts 
in which the penetration velocity is greater than the low pressure bulk sound speed of the target material, 

Co = ~ .  The heuristic expression in Eqn (59) of the main text provides 

V < c < ~ V. (B.34) 

This stiffening provides values of c up to penetration velocities of V= co(k~2 + x/1 + k2/4) (roughly 2c o for most 
materials). For higher penetration velocities, one can use Eqn (58) of the main text which says 

V <c <co +kV. (B.35) 

This provides values for c for all penetration velocities if k > 1, which is true for most materials. 
Equations (B.24) and (59) of the main text (the heuristic stiffening of the bulk modulus) allow calculation of 

• . Figure (B.2) shows ~t versus (penetration) velocity for aluminum and steel, using the values in Table 1 of the 
main text, and flow stresses of 380 MPa and 1.2 GPa, respectively. ~t is seen to have a strong dependence on 
velocity, especially in the 0-2 km/s regime. 


