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Abstract

This paper presents the recent progress in formulating and modeling local impact effects in concrete
targets struck by hard missiles. New research results in this area are also presented, these being part of the
UK nuclear safety program against impact threats on concrete structures in nuclear power stations
conducted under the auspices of Magnox Electric.

Failure mechanisms are classified based primarily on experimental evidence. First, a collection of
empirical formulae to predict the penetration depth, scabbing thickness and perforation thickness is
presented in both Imperial and SI units. The current status of various design codes is then summarized.
Based on a dimensional analysis, dominant non-dimensional parameters that may influence the local
impact effects on concrete targets are obtained and then used to present some of the test data.

Various nose shape factors are compared and a unique definition of the nose shape factor is suggested.
Analytical models and numerical simulation methods for penetration are summarized. Criticisms are made
for the current understanding of the effects of strain rate on the unconfined uniaxial compressive strength
of concrete-like materials based on measurements by the split Hopkinson pressure bar technique.
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1. Introduction

Concrete has been widely used over many years by military and civil engineers in the design and
construction of protective structures to resist impact and explosive loads. Potential missiles
include kinetic munitions, vehicle and aircraft crashes, fragments generated by military and
terrorist bombing, fragments generated by accidental explosions and other events (e.g. failure of a
pressurized vessel, failure of a turbine blade or other high-speed rotating machines), flying objects
due to natural forces (tornados, volcanos, meteoroids), etc. These missiles vary broadly in their
sizes and shapes, impact velocities, hardness, rigidities, impact attitude (i.e. obliquity, yaw,
tumbling, etc.) and produce a wide spectrum of damage in the target. This paper focuses on local
impact effects, as defined below, on concrete targets struck by a hard axisymmetric projectile at
normal incidence, the most efficient impact angle to maximize impact effects. The impact
velocities of concern in this paper fall in a range between the minimum impact velocity that
initiates one of the local impact effects identified and the maximum impact velocity that satisfies
the assumption of a rigid projectile, which is roughly between 10 and 103m/s.
The effects of the impact of a hard missile on a concrete target have been studied since the mid-

1700s mainly due to the continuous military interest in designing high performance missiles and
high performance protective barriers. The more recent requirement to assess the safety of concrete
containment vessels for nuclear reactors has also contributed considerably to the current
understanding of local impact effects on concrete targets. Both small-scale lab tests and full-scale
prototype tests have been used to study impact on concrete targets. These have led to various
empirical formulae and analytical models to predict the impact effects.
Kennedy [1] provided a review of the progress in concrete design aimed at resisting missile

impact effects. The terminology used when describing local missile impact effects was clarified and
the empirical formulae commonly used to predict the local missile impact effects were
summarized. This and other research suggested that seven phenomena are associated with
missile impact effects on concrete targets, as shown in Fig. 1, viz.

Penetration: Tunneling into the target by the projectile (the length of the tunnel is called the
penetration depth).
Cone cracking and plugging: Formation of a cone-like crack under the projectile and the
possible subsequent punching-shear plug.
Spalling: Ejection of target material from the proximal face of the target.
Radial cracking: Global cracks radiating from the impact point and appearing on either the
proximal or distal face of the concrete slab or both, when cracks develop through the target
thickness.
Scabbing: Ejection of fragments from the distal face of the target.
Perforation: Complete passage of the projectile through the target with or without a residual
velocity.
Overall structural responses and failures: Global bending, shear and membrane responses as well
as their induced failures throughout the target.

Among these seven missile impact effects, spalling, penetration, scabbing, cone cracking and
perforation are defined herein as local impact effects and these will be discussed in this paper.
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Fig. 1. Missile impact effects on concrete target, (a) Penetration, (b) Cone cracking, (c) Spalling, (d) Cracks on (i)

proximal face and (ii) distal face, (e) Scabbing, (f) Perforation, and (g) Overall target response.
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Four measurements are frequently used to quantify the local missile impact effects:

Penetration depth (x): The depth to which a projectile penetrates into a massive concrete target
without perforation.
Scabbing limit (hs): The minimum thickness of the target required to prevent scabbing.
Perforation limit (e): The minimum thickness of the target required to prevent perforation.
Ballistic limit (VBL): The minimum initial impact velocity to perforate the target.

Forrestal and Hanchak [2] also suggested another measurement for local missile impact effects,
viz. the penetration limit velocity, which was defined as the minimum striking velocity required to
embed the projectile in the target. This parameter is important in some applications, such as
anchors or for munitions that carry explosives, where the projectiles should become embedded in
the target in order to fulfill their designated function.
The definition of ballistic limit for pressurized structures could be extended to include the

minimum impact velocity for the occurrence of a through-thickness radial crack that leads to any
leakage of the pressurized gases or liquids. The ballistic limit for a pressurized structure (including
non-pressurized liquid and gas storage structures) should be the minimum impact velocity for
through-thickness radial cracking and perforation [3].
Previous reviews of local impact effects on concrete targets were presented by Kennedy [1],

Bangash [4], Williams [5] and Corbett et al. [6].
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There are three important means of studying local effects on a concrete target arising from
missile impact, namely experimental, analytical and numerical methods. Experimental data are
always of importance, extending our understanding of impact phenomena and validating
analytical and numerical models. However, this is not the prime focus of the present paper,
although data are cited at relevant places throughout the paper.
Empirical formulae based on experimental data are especially important in this field due to the

complexity of the phenomena. Some of these have been summarized in previous review papers.
Several design codes employ empirical formulae for the design of protective barriers. However,
particular empirical formulae, e.g. for penetration depth, scabbing and perforation limits, are
often formulated by curve-fitting test data and most of them are unit-dependent and limited by the
range of the validity, only being applicable strictly within the limits of the tests from which the
data were acquired, which pose certain difficulties. Firstly, the dimensional inhomogeneity of the
formulae makes it difficult and problematic to conduct a parametric analysis and to make
comparisons between different experimental results and between experiments and analytical
predictions. Secondly, the unjustified and unjustifiable limitation of the range of validity of
empirical formulae, due to the lack of understanding of the underpinning mechanics of the
problem, is a major drawback. Thirdly, the current definitions of the projectile nose shape factors
used in many empirical formulae are ambiguous, which introduces uncertainties in estimating
local impact effects. These issues will be discussed in Section 2.
Simple and accurate analytical models can be developed when the underpinning mechanics of

the local effects of the missile impact are understood. This approach offers the most efficient and
economic way of predicting these effects and helps to extend the range of validity of
experimentally based empirical formulae. Aspects of the penetration and perforation mechanics
of a hard (rigid) projectile are summarized in Section 3 and the limitation of the rigid projectile
assumption is also discussed there.
With the rapid developments of computational tools, computational mechanics and material

constitutive models, the numerical simulation of local missile impact effects becomes more reliable
and economic.
The major differences between a quasi-static constitutive model and a dynamic one of concrete are

encapsulated by the needs to understand inertia effects and the effects of strain rate on the
deformation and failure of the concrete target. The most popular method of taking account of strain-
rate effects is to use a dynamic increase factor (DIF) to account for strain-rate hardening effects on
both deformation and failure. The DIF is defined as the ratio between the unconfined dynamic
uniaxial compression strength and its corresponding quasi-static value. However, recent studies have
indicated that the DIF determined through dynamic compression experiments might be strongly
affected by radial confinement rather than strain-rate effect. This will be discussed in Section 4.
2. Empirical formulae and design codes

2.1. Empirical formulae

Below is a collection of empirical formulae for penetration depth, scabbing limit and
perforation limit. The scabbing and perforation limits are the minimum thickness of the target to
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prevent the corresponding failure for a given impact velocity. The ballistic limit for perforation is
defined here as the minimum impact velocity to perforate a target of a given thickness although
other definitions exist, as shown in Section 1. These formulae were collected and verified on the
basis of either the original publications or other publications. Where the original formula was
given in non-SI units, the corresponding formula in SI units is given herein except where
specifically stated. The notation used for major symbols throughout the paper and their respective
units in Imperial and SI units is given in Table 1. The conversion factors between SI and Imperial
units are shown in Table 2.
Table 1

Physical quantities and their units used in empirical formulae

Symbol Parameter Units

SI Imperial or US

Customary

x Penetration depth defined in Section 2 M Inch

e Perforation limit defined in Section 2 M Inch

hs Scabbing limit defined in Section 2 M Inch

E Elasticity modulus of projectile Pa psi

Es Elasticity modulus of steel Pa psi

M Mass of the projectile kg lb

d Diameter of the projectile M Inch

h Height of the projectile nose M Inch

R, Rs Radius of the projectile nose M Inch

H Thickness of the cone plug M Inch

H0 Thickness of the concrete target M Inch

ft Tensile strength of concrete Pa psi

fc Unconfined compressive strength of concrete Pa psi

r Percentage of reinforcement described by the percentage each

way in each face (% EWEF)

— —

a Aggregate diameter M Inch

V0 Projectile impacting velocity M/s ft/s

N* Nose shape factor — —

c Caliber–radius–head — —

Table 2

Conversion factors between SI and Imperial units

Imperial unit (Imp) SI unit Reciprocal (Imp/SI)

Length 1 inch (in) ¼ 2.54� 10�2m 39.370079

Mass 1 pound (lb) ¼ 0.453 kg 2.204623

Velocity 1 ft/s ¼ 0.3048m/s 3.28084

Force 1 lbf ¼ 4.448N 0.22481

Pressure 1 psi ¼ 6.895� 103 Pa 1.4504� 10�4
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Fig. 2. Variation of concrete penetrability KP with the unconfined compressive strength of concrete fc.

Q.M. Li et al. / International Journal of Impact Engineering 32 (2005) 224–284 229
2.1.1. Modified Petry formula [1,7,8]
The Petry penetration formula was originally developed in 1910 and is the oldest available

formula. The modified Petry formula was one of the most common formulae used in the US to
predict the penetration depth x (inches) in an infinite concrete target. Its expression in Imperial
units is

x ¼ 12KpAp log10 1þ
V2

0

215; 000

� �
. (2.1)

The form of this expression results from the solution of the equation of motion in which the
instantaneous resisting force is expressed by a constant term and a drag-resisting component
depending on the square of the impact velocity, V2

0 (ft/s). Ap is the missile section pressure,
expressed as its mass per unit area,1 M/A (lb/ft2), where A (ft2) is the cross-sectional area of the
projectile. Kp is the concrete penetrability dependent on the concrete strength and the degree of
reinforcement. In the modified Petry I formula, Kp ¼ 0:00799 for massive plain concrete, 0.00426
for normal reinforced concrete and 0.00284 for specially reinforced concrete in which the front
and rear face steel are laced together with special ties. In the modified Petry II formula, Kp is a
function of the concrete strength [1,8], as shown in Fig. 2.
In SI units, the modified Petry formula is

x

d
¼ k

M

d3
log10 1þ

V2
0

19; 974

� �
. (2.2)

It is suggested that k be taken as 6.36� 10–4 for massive plain concrete, 3.39� 10�4 for normal
reinforced concrete and 2.26� 10�4 for specially reinforced concrete in modified Petry I. In
modified Petry II, k is a function of the concrete strength. The relationship between k and Kp is
given by k ¼ 0:0795Kp.
Based on the penetration depth calculated from the above formula, Amirikian [8] suggested

that the perforation and scabbing thicknesses could be obtained from

e

d
¼ 2

x

d
(2.3)
1Several empirical formulae wrongly used the term of weight per unit area.
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and

hs

d
¼ 2:2

x

d
. (2.4)

2.1.2. Ballistic Research Laboratory (BRL) formula for penetration and scabbing [1,9–11]
The BRL formula was developed in 1941 [12,13] to calculate the penetration depth in concrete

struck by a rigid projectile. A modified expression was given by [1,9,10]

x

d
¼

427ffiffiffiffiffi
f c

p M

d3

� �
d0:2 V0

1000

� �1:33

ðImperialÞ; (2.5)

x

d
¼

1:33� 10�3ffiffiffiffiffi
f c

p M

d3

� �
d0:2V1:33

0 ðSIÞ: (2.6)

Based on the above penetration depth, the perforation limit is given by Chelapati et al. [13] as

e

d
¼ 1:3

x

d
, (2.7)

and the modified BRL formula for scabbing is [1,14]

hs

d
¼ 2

x

d
. (2.8)

2.1.3. Army corps of engineers (ACE) formula [1,13,15]

Based on experimental results prior to 1943 from the Ordnance Department of the US Army
and the BRL, the ACE developed the ACE formula for penetration depth

x

d
¼

282:6ffiffiffiffiffi
f c

p M

d3

� �
d0:215 V0

1000

� �1:5

þ 0:5 ðImperialÞ; (2.9a)

x

d
¼

3:5� 10�4ffiffiffiffiffi
f c

p M

d3

� �
d0:215V1:5

0 þ 0:5 ðSIÞ: (2.9b)

The term M/d3 in Eq. (2.9) is called the missile caliber density. Based on the penetration depth
given above, the formulae for perforation and scabbing limits were given by

e

d
¼ 1:32þ 1:24

x

d
for 1:35o

x

d
o13:5 or 3o

e

d
o18, (2.10)

hs

d
¼ 2:12þ 1:36

x

d

� �
for 0:65o

x

d
p11:75 or 3o

hs

d
p18. (2.11)

The above perforation and scabbing formulae are based on regression analyses of data from
ballistic tests on 37, 75, 76.2 and 155mm steel cylindrical missiles. Additional data for 0.5 caliber
bullets were obtained in 1944 and the above formulae were modified to

e

d
¼ 1:23þ 1:07

x

d
, (2.12)
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hs

d
¼ 2:28þ 1:13

x

d
(2.13)

for the same range of validation parameters. However, Eqs. (2.12) and (2.13) differ only slightly
from Eqs. (2.10) and (2.11). Because large projectile diameters were used to formulate Eqs. (2.10)
and (2.11), they are more appropriate for missile impacts relevant to nuclear facilities.

2.1.4. Modified NDRC formula [1,16,17]

This formula was put forward in 1946 by the US National Defense Research Committee based
on the ACE formulae, further testing data and a penetration model for a rigid projectile
penetrating a massive concrete target, where it was assumed that the contact force increased
linearly to a constant maximum value when the penetration depth is small. The original
expression of the NDRC formula was given by equating the following G-function:

G ¼
KN�M

d

V0

1000d

� �1:8

ðImperialÞ (2.14)

to a function of x/d, i.e.

G ¼
x

2d

� �2
for

x

d
p2, (2.15a)

G ¼
x

d
� 1 for

x

d
42 (2.15b)

or

x

d
¼ 2G0:5 for GX1, (2.16a)

x

d
¼ G þ 1 for Go1. (2.16b)

In Eq. (2.14), N* is the nose shape factor (equal to 0.72, 0.84, 1.0 and 1.14 for flat, hemispherical,
blunt, and very sharp noses) and K is another concrete penetrability factor, similar to the concrete
penetrability Kp introduced in the modified Petry formula in Eq. (2.1), as a function of concrete
strength.
However, this NDRC study was stopped without completely defining the factor K due to the

reduction of interest in projectile penetration of concrete after 1946. The nuclear industry picked it
up later. Kennedy [17] defined the factor K in terms of fc by fitting this relationship to the
experimental data available for the larger missile diameters, i.e. K ¼ 180=

ffiffiffiffiffi
f c

p
, to obtain the

present modified NDRC penetration formula defined by a new G-function

G ¼
180N�M

d
ffiffiffiffiffi
f c

p V0

1000d

� �1:8

ðImperialÞ; (2.17a)

G ¼ 3:8� 10�5
N�M

d
ffiffiffiffiffi
f c

p V0

d

� �1:8

ðSIÞ (2.17b)

together with Eqs. (2.15a) and (2.15b) or (2.16a) and (2.16b).
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Perforation and scabbing limits e and hs, respectively, can be predicted by extending the ACE
formulae to thin targets [1], i.e.

e

d
¼ 3:19

x

d

� �
� 0:718

x

d

� �2
for

x

d
p1:35 or

e

d
p3, (2.18a)

e

d
¼ 1:32þ 1:24

x

d

� �
for 1:35o

x

d
o13:5 or 3o

e

d
o18 (2.18b)

and

hs

d
¼ 7:91

x

d

� �
� 5:06

x

d

� �2
for

x

d
p0:65 or

hs

d
p3, (2.19a)

h

d
¼ 2:12þ 1:36

x

d

� �
for 0:65o

x

d
p11:75 or 3o

hs

d
p18. (2.19b)

Eqs. (2.18b) and (2.19b) are the same as Eqs. (2.10) and (2.11).

2.1.5. Ammann and Whitney formula [1]
This formula was proposed to predict the penetration of explosively generated small fragments

at relatively high velocities. Originally this formula was defined in Imperial units by

x

d
¼

282ffiffiffiffiffi
f c

p N�
M

d3

� �
d0:2 V0

1000

� �1:8

. (2.20a)

In SI unit, the formula is expressed as

x

d
¼

6� 10�4ffiffiffiffiffi
f c

p N�
M

d3

� �
d0:2V1:8

0 . (2.20b)

This formula is in a similar form to the ACE formula and the NDRC formula. N* is the nose
shape defined in the NDRC formula. However, it is intended to predict the penetration of small
explosively generated fragments traveling at over 300m/s according to Kennedy [1].

2.1.6. Whiffen formula [18,19]
The study of penetration in the UK during wartime is reflected in the work of Whiffen [18].

Based on the extensive range of wartime data from penetration studies of fragments from
many types of bombs into reinforced concrete and extended investigations involving larger ranges
of projectile diameter and concrete aggregate size, the British Road Research Laboratory
suggested,

x

d
¼

870

f 0:5
c

 !
M

d3

� �
d

a

� �0:1
V0

1750

� �n

with n ¼
10:70

f 0:25
c

ðImperialÞ (2.21a)

or

x

d
¼

2:61

f 0:5
c

 !
M

d3

� �
d

a

� �0:1
V0

533:4

� �n

with n ¼
97:51

f 0:25
c

ðSIÞ, (2.21b)
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where a is the maximum aggregate size. This formula was assessed in the ranges of 800
ofco10,000(psi), 0.3oMo22,000(lb), 0.5odo38(in), 0oV0o1750(ft/s) and 0.5od/ao50 for
ogival projectile nose shapes of caliber radius between 0.8 and 3.5. The prediction accuracy is
about 715%. The corresponding ranges of application in SI units are 5.52ofco68.95(MPa),
0.136oMo9979.2(kg), 12.7odo965.2(mm), 0oV0o1127.8(m/s).
2.1.7. Kar formula [11,20]
The impact effects on concrete became an important issue for the safety of nuclear power plants

in the post-war period. Kar [20] revised the NDRC formula to obtain the following empirical
formula using regression analysis to account for the type of missile material in terms of Young’s
modulus E

G ¼
180N�M

d
ffiffiffiffiffi
f c

p E

Es

� �1:25
V0

1000d

� �1:8

ðImperialÞ, (2.22a)

G ¼ 3:8� 10�5
E

Es

� �1:25
N�M

d
ffiffiffiffiffi
f c

p V0

d

� �1:8

ðSIÞ; (2.22b)

where

x

d
¼ 2G0:5 for GX1 (2.23a)

and

x

d
¼ G þ 1 for Go1, (2.23b)

where E and Es are the Young’s moduli of the projectile and steel, respectively.
The perforation and scabbing limits account for both the size of aggregates, a, and the Young’s

modulus of the projectile. The perforation limit is given by

e� a

d
¼ 3:19

x

d

� �
� 0:718

x

d

� �2
for

x

d
p1:35, (2.24a)

e� a

d
¼ 1:32þ 1:24

x

d

� �
for 1:35o

x

d
p13:5, (2.24b)

where a is half of the aggregate size in concrete. The scabbing limit is given by

hs � a

d
b ¼ 7:19

x

d

� �
� 5:06

x

d

� �2
for

x

d
p0:65, (2.25a)

hs � a

d
b ¼ 2:12þ 1:36

x

d

� �
for 0:65o

x

d
o11:75, (2.25b)

where b ¼ ðEs=EÞ0:2. If the material of the projectile is steel, the penetration depth prediction
formula is identical to the modified NDRC formula.
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2.1.8. CEA–EDF perforation formula [21]

CEA and EDF in France started a large program in 1974 to develop reliable predictions on
ballistic performance of reinforced concrete slabs under missile impact [21]. Based on a series of
drop-weight and air gun tests, CEA–EDF suggested a perforation limit formula

e

d
¼ 0:82

M0:5V0:75
0

r0:125c f 0:375
c d1:5

(2.26)

in which SI units are required and rc is the density of the concrete.
The ballistic limit Vp(m/s) is given by

Vp ¼ 1:3r1=6c f 0:5
c

dH2
0

M

� �2=3

(2.27)

when e ¼ H0 in Eq. (2.26). Fullard et al. [22] extended Eq. (2.27) to non-circular missile cross-
section and reinforced concrete, i.e.

Vp ¼ 1:3r1=6c f 0:5
c

pH2
0

pM

� �2=3

ðrþ 0:3Þ0:5, (2.28)

where H0 is the thickness of the target, p is the perimeter of the missile cross-section and r is the
percentage of reinforcement, as shown in Table 1. Eq. (2.28) is valid for 20oV0o200(m/s) [21].
2.1.9. UKAEA formula [23]
Based on extensive studies of the protection of nuclear power plant structures in the UK, Barr

[23] suggested the following further modification to NDRC, directed mainly toward the lower
impact velocities more relevant to the nuclear industry:

G ¼
180N�M

d
ffiffiffiffiffi
f c

p V0

1000d

� �1:8

ðImperialÞ (2.29a)

or

G ¼ 3:8� 10�5
N�M

d
ffiffiffiffiffi
f c

p V0

d

� �1:8

ðSIÞ (2.29b)

which are the same as Eqs. (2.17a) and (2.17b). The dependence of the non-dimensional
penetration depth on the G-function in Eq. (2.29) is

x

d
¼ 0:275� ½0:0756� G�0:5 for Gp0:0726; (2.30a)

x

d
¼ ½4G � 0:242�0:5 for 0:0726pGp1:0605; (2.30b)

x

d
¼ G þ 0:9395 for GX1:065 (2.30c)
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or

G ¼ 0:55
x

d
�

x

d

� �2
for

x

d
o0:22, (2.31a)

G ¼
x

2d

� �2
þ 0:0605 for 0:22p

x

d
o2:0, (2.31b)

G ¼
x

d
� 0:9395 for

x

d
X2:0. (2.31c)

The parameter ranges of this formula for which the accuracy of the penetration prediction has
been assessed are 25oV0o300(m/s), 22ofco44(MPa) and 5000oM/d3o200,000(kg/m3). Within
these ranges the accuracy of the prediction of the normalized depth of penetration x/d is 720%
for x/d40.75 and +100% to –50% for x/do0.75.
For the scabbing limit, Barr proposed [23,24]

hs

d
¼ 5:3G0:33, (2.32)

where G is calculated from either Eq. (2.29a) or Eq. (2.29b) depending on the units employed. A
simple rearrangement of this formula yields the critical velocity to generate scabbing from the
target. The accuracy of this formula in the ranges of parameters of 29oV0o238(m/s),
26ofco44(MPa), 3000oM/d3o222,200(kg/m3) has been assessed as 740% for 2.0ohs/do5.56.
The perforation velocity in SI units is further modified according to the CEA–EDF perforation

formula (Eq. (2.27)) and Fullard [25] (Eq. (2.28)) to

Vp ¼ Va for Vap70m=s (2.33a)

and

Vp ¼ Va 1þ
Va

500

� �2
" #

for Va470m=s; (2.33b)

where

Va ¼ 1:3r1=6c k1=2
c

pH2
0

pM

� �2=3

ðrþ 0:3Þ1=2 1:2� 0:6
cr

H0

� �� �
(2.34)

in which, p and cr are the perimeter of the missile cross-section and rebar spacing, respectively.
kc ¼ f c for fco37MPa and kc ¼ 37MPa for f cX37MPa. This formula has been assessed
for the parameter ranges of 11oVpo300(m/s), 22ofco52(MPa), 0.0oro0.75(% EWEF),
0.33oH0/(p/p)o5.0, 150oM/(p2H0)o104(kg/m3) and 0.12ocr/H0o0.49. (Eq. (2.33) should be
replaced by Eq. (2.28) when cr/H040.49).
The perforation formulae given by Eqs. (2.33) and (2.34) are only applicable for flat-nose

projectiles. Hemispherical nosed projectiles with a diameter approximately equal to the target
thickness showed that such projectiles required up to 30% higher velocities to perforate a
reinforced concrete target than a flat-faced projectile having the same mass and diameter. Similar
observations were obtained for other projectiles with sharp noses. Thus, Barr [23] suggested using
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the above formulae for a flat nose to give conservative estimates for the perforation behavior of
non-flat-nosed projectiles.

2.1.10. Bechtel formula [4,26–29]

This formula for the scabbing limit was developed by Bechtel Power Corporation and is based
on recent test data applicable to missile impacts on nuclear-plant structures. The formula is
restricted to essentially hard projectiles such as a solid steel slug or rod. It can also be used with
caution for a hollow pipe projectile.

hs

d
¼

15:5M0:4V0:5
0

f 0:5
c d1:2

ðImperialÞ (2.35a)

or

hs

d
¼ 38:98

M0:4V0:5
0

f 0:5
c d1:2

 !
ðSIÞ: (2.35b)

The predictions based on the Bechtel formula basically agree with the predictions based on the
Stone and Webster formula [29].
According to Sliter [29] and Bangash [4], the Bechtel formula for the scabbing limit for steel

pipe missiles is

hs

d
¼

5:42M0:4V0:65
0

f 0:5
c d1:2

ðImperialÞ (2.36a)

or

hs

d
¼ 13:63

M0:4V0:65
0

f 0:5
c d1:2

 !
ðSIÞ: (2.36b)

2.1.11. Stone and Webster formula [29,30]
This formula was proposed to calculate the scabbing limit. Because it is non-dimensional, it has

the same form for Imperial and SI units, i.e.

hs

d
¼

MV2
0

Cd3

� �1=3

(2.37)

in which the dimensional coefficient C is dependent on the ratio of the target thickness (H0) to the
projectile diameter (d). For solid projectiles, C in Imperial units varies between 900 and 950 for
H0/d between 1.5 and 3.0. If SI units are used, C varies from 0.35 to 0.37 when H0/d varies from
1.5 to 3.0. Thus, a linear relationship may be employed, i.e. C ¼ 33:3ðH0=dÞ þ 850:0 in Imperial
units, or C ¼ 0:013ðH0=dÞ þ 0:330 in SI units. The range of test parameters for this formula is
20.7(MPa)pfcp31.0(MPa) and 1.5phs/dp3.0. The Stone and Webster formula agrees with all of
the experimental results shown in [29].
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2.1.12. Degen perforation formula

Degen [31] suggested the following formula to determine the perforation limit based on a
statistical analysis of the experimental data in [21,32–34], i.e.

e

d
¼ 0:69þ 1:29

x

d

� �
for 2:65p

e

d
p18 or 1:52p

x

d
p13:42 (2.38a)

and

e

d
¼ 2:2

x

d

� �
� 0:3

x

d

� �2
for

e

d
o2:65 or

x

d
o1:52, (2.38b)

where x is determined from the modified NDRC formula. The valid ranges of the Degen
perforation formula are 28.4ofco43.1(MPa), 25.0pV0p311.8(m/s), 0.15oH0o0.61(m) and
0.10odo0.31(m).

2.1.13. Chang formula [35]
Consider a flat ended steel cylinder impacting a reinforced concrete panel, Chang suggested a

perforation limit e

e

d
¼

u

V0

� �0:25
MV2

0

d3f c

 !0:5

(2.39)

and scabbing limit hs,

hs

d
¼ 1:84

u

V0

� �0:13
MV2

0

d3f c

 !0:4

, (2.40)

where u is a reference velocity, u ¼ 200 ft=s or 61m/s, depending on the chosen system of units.
These formulae were proposed based on a range of the test data in the limits 16.0pV0p311.8(m/s),
0.11pMp342.9(kg), 50.8pdp304.8(mm) and 22.8pfcp45.5(MPa). Actually, Chang [35] was
the first researcher to use dimensionally homogeneous equations in the presentation of empirical
formulae.

2.1.14. Haldar–Hamieh formula [36]
Haldar and Hamieh [36] suggested the use of an impact factor Ia, defined by

Ia ¼
MN�V2

0

d3f c

(2.41)

to predict the penetration depth, i.e.

x

d
¼ �0:0308þ 0:2251Ia for 0:3pIap4:0, (2.42a)

x

d
¼ 0:6740þ 0:0567Ia for 4:0oIap21:0 (2.42b)

and

x

d
¼ 1:1875þ 0:0299Ia for 21:0oIap455. (2.42c)
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In this formula, N* is the nose shape factor defined in the modified NDRC formula, Ia is
dimensionless, and therefore, any consistent set of units for M, V0, d and fc is valid.
Based on the above formulae for penetration depth, it was suggested that the perforation limit

could be calculated using the NDRC formula. The scabbing limit is determined by the NDRC
formula if Ia is less than 21; if Ia exceeds this value, the following formula should be used:

hs

d
¼ 3:3437þ 0:0342Ia for 21pIap385. (2.43)

2.1.15. Adeli–Amin formula [10]

The impact factor Ia defined by Haldar and Hamieh [36] was adopted by Adeli and Amin [10] to
fit Sliter’s [29] data collections on penetration, perforation and scabbing, i.e.

x

d
¼ 0:0416þ 0:1698Ia � 0:0045I2a for 0:3oIao4, (2.44a)

x

d
¼ 0:0123þ 0:196Ia � 0:008I2a þ 0:0001I3a for 4pIao21, (2.44b)

e

d
¼ 1:8685þ 0:4035Ia � 0:0114I2a for 0:3oIao21 (2.45)

and

hs

d
¼ 0:9060þ 0:3214Ia � 0:0106I2a for 0:3oIao21, (2.46)

which are subject to the following restrictions, i.e. 27oV0o312(m/s), 0.7oH0/do18,
0.11oMo343(kg), dp0.3(m) and x/dp2.0.

2.1.16. Hughes formula [37]

Hughes [37] assumed that the penetration resistance first increased linearly (same as the
assumption used in the NDRC formulae) and then decreased parabolically with the penetration
depth, and suggested the following formulation for the penetration depth:

x

d
¼ 0:19

NhIh

S
, (2.47)

where Nh is a projectile nose shape coefficient, which is 1.0, 1.12, 1.26 and 1.39 for flat, blunt,
spherical and very sharp noses, respectively. They were obtained by fitting Eq. (2.47) to the
predictions of the NDRC penetration formula for a given nose shape over its whole range of
applicability. Ih is a non-dimensional ‘‘impact factor’’ defined by

Ih ¼
MV2

0

d3f t

, (2.48)

‘‘Ih’’ was obtained through a dimensional analysis and any consistent set of units for M, V0, d and
ft is valid. Hughes [37] employed the tensile strength of the concrete instead of its compressive
strength (fc) as used in [36], which seems inappropriate because the penetration resistance is
dominated by the compressive strength of the concrete target. However, the ratio between the
tensile strength and the compression strength of concrete is normally a constant, and therefore,
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either using ft or using fc for the impact factor only causes a difference of constant. Hughes [37]
also accounted for the influence of the strain rate on the tensile strength of concrete by
introducing a dynamic increase factor (DIF) S so that the tensile strength ff was replaced by Sft.
The dynamic tensile strength was then converted into the dynamic compressive strength by
multiplying by a constant coefficient. It should be noted that the strain-rate effect on the tensile
strength of concrete is different from the strain-rate effect on the compressive strength of concrete.
Therefore, if the coefficient S is determined through dynamic tensile test, it may lead to incorrect
predictions. This problem was avoided when Hughes [37] eventually obtained S through an
empirical calibration with penetration results, i.e.

S ¼ 1:0þ 12:3 lnð1:0þ 0:03IhÞ. (2.49)

The perforation and scabbing limits are predicted by

e

d
¼ 3:6

x

d
for

x

d
o0:7,

e

d
¼ 1:58

x

d
þ 1:4 for

x

d
X0:7 (2.50a,b)

and

hs

d
¼ 5:0

x

d
for

x

d
o0:7,

hs

d
¼ 1:74

x

d
þ 2:3 for

x

d
X0:7, (2.51a,b)

where x/d is determined by Eq. (2.47). The formulae were verified in the range of available test
data for Iho3500. However, they are conservative when Iho40 and H0/do3.5.

2.1.17. Healey and Weissman formula [11]
This formula was proposed to predict the penetration depth and it is very similar to the

modified NDRC formula and the Kar formula:

G ¼
206:5N�M

d
ffiffiffiffiffi
f c

p E

Es

� �
V0

1000d

� �1:8

ðImperialÞ; (2.52a)

G ¼ 4:36� 10�5
E

Es

� �
N�M

d
ffiffiffiffiffi
f c

p V0

d

� �1:8

ðSIÞ; (2.52b)

where

x

d
¼ 2G0:5 for GX1 (2.53a)

and

x

d
¼ G þ 1 for Go1, (2.53b)

which are the same as Eqs. (2.16a) and (2.16b).
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2.1.18. The IRS formulae for penetration and complete protection [4]

The IRS formula for penetration is expressed as

x ¼ 1183f �0:5c þ 1038f �0:18c expð�0:82f 0:18
c Þ. (2.54a)

The units of the x and fc are cm and kgf/cm2. The IRS formula for total protection of a target
against penetration, perforation and scabbing is

SVOLL ¼ 1250f �0:5c þ 1673f �0:18c expð�0:82f 0:18
c Þ, (2.54b)

where SVOLL is the minimum wall thickness (cm) to provide complete protection.
In SI units, Eqs. (2.54a) and (2.54b) can be expressed as

x ¼ 3703:376f �0:5c þ 82:152f �0:18c exp½�0:104f 0:18
c � (2.55a)

and

SVOLL ¼ 3913:119f �0:5c þ 132:409f �0:18c expð�0:104f 0:18
c Þ. (2.55b)

2.1.19. Criepi [38]

The penetration depth in CGS units (i.e. cm–gram–second) and SI units are given, respectively, by

x

d
¼

0:49N�Md0:2
ðV0 � 10�6Þ2 114� 1:47ðf c � 10�6Þ

� 	
ðf c � 10�6Þ2=3

ðd þ 1:25HrÞHr

ðd þ 1:25H0ÞH0

� �
(2.56a)

and

x

d
¼

0:0265N�Md0:2V2
0ð114� 6:83� 10�4f 2=3

c Þ

f 2=3
c

ðd þ 1:25HrÞHr

ðd þ 1:25H0ÞH0

� �
(2.56b)

in which Hr ¼ 20 cm in Eq. (2.56a) (or 0.2m in Eq. (2.56b)) is the reference thickness of the slab.
The perforation and scabbing limits, which are determined by non-dimensional numbers and

therefore independent of a particular unit system, are given by

e

d
¼ 0:90

u

V0

� �0:25
MV2

0

d3f c

 !0:5

(2.57)

and

hs

d
¼ 1:75

u

V0

� �0:13
MV2

0

d3f c

 !0:4

, (2.58)

where u ¼ 61m=s is the reference velocity. Eqs. (2.57) and (2.58) are modified from Chang’s
formulae for perforation and scabbing limits.

2.2. Empirical formulae of local impact effects on concrete targets in R3 Impact Assessment

Procedure based on UMIST work [39,40]

As part of the General Nuclear Safety Research (GNSR) program, UK Nuclear Electric (NE)
initiated a major research program on the impact behavior of reinforced concrete structures in
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1985 by establishing the R3 Concrete Impact Working Party. Impact experiments were
conducted at the Structural Test Centre (STC at Cheddar), Rogerstone Power Station and
at the Horizontal Impact Facility (HIF) at the Winfrith Technology Centre (WTC). A collection
of formulae were proposed to predict critical kinetic energies of missiles for identified local
impact effects on reinforced concrete slabs [39], which have been implemented into the R3
Impact Assessment Procedure for nuclear facilities [40]. Due to the complexity and
uncertainty associated with local failures, the methodology employed in [39] is based on the
formulation of empirical equations correlated with test results. The proposed empirical formulae
are summarized below. The penetration formula in [39] with consideration of nose shape effect is
given by [40]

x

d
¼

2

p

� �
N�

0:72

MV2
0

std
3
, (2.59)

where the nose shape factor N* is 0.72 for a flat nose, 0.84 for a hemispherical nose, 1.0 for a blunt
nose and 1.13 for a sharp nose (the same nose factor definition will be used in other empirical
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Fig. 5. Comparison between calibration and validation experimental data [29,42,150] with cone cracking, scabbing and

perforation formulae of reinforced concrete targets with H0=dX5 in Section 2.2 [39].
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Section 2.2 [39].
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formulae for cone cracking, scabbing and perforation) and

stðPaÞ ¼ 4:2f cðPaÞ þ 135:0� 106 þ ½0:014f cðPaÞ þ 0:45� 106�V0ðm=sÞ (2.60)

is the rate-dependent characteristic strength of concrete. Eq. (2.59) has been verified for
50odo600(mm), 35oMo2500(kg), 0ox/do2.5 and 3oV0o66.2(m/s).
The critical kinetic energies of the projectile to cause cone cracking (Ec), scabbing (Es) and

perforation (Ep) are given as follows.
2.2.1. H0/do5
Cone cracking has been defined in Section 1. This is an important local failure mode that should

be considered if the concrete structure is used to store pressurized gases or liquids. The critical
kinetic energy for cone cracking is

Ec

Zstd
3
¼ �0:00031

H0

d

� �
þ 0:00113

H0

d

� �2

0o
H0

d
p2

� �
, (2.61a)
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Ec

Zstd
3
¼ �0:00325

H0

d

� �
þ 0:00130

H0

d

� �3

2o
H0

d
o5

� �
, (2.61b)

where the influence of the nose shape can be neglected.
The critical kinetic energy for scabbing is

Es

Zstd
3

N�

0:72
¼ �0:005441

H0

d

� �
þ 0:01386

H0

d

� �2

, (2.62)

where the influence of the nose shape factor is included in the same way as in the penetration
formula, Eq. (2.59), as the correlation was derived from flat-nosed missile data.
The critical kinetic energy for perforation is

Ep

Zstd
3
¼ �0:00506

H0

d

� �
þ 0:01506

H0

d

� �2

0o
H0

d
p1

� �
, (2.63a)

Ep

Zstd
3
¼ �0:01

H0

d

� �
þ 0:02

H0

d

� �3

1p
H0

d
o5

� �
. (2.63b)
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It was noted in [41] that Eqs. (2.62) and (2.63a) are valid for ðH0=dÞX0:40 and
ðH0=dÞX0:34, respectively. R3 Impact Assessment Procedure [40] also gives a warning that
test data from which these formulae were derived have a minimum H0/d value of 0.5, and
therefore, where assessments are required for H0/dp0.5 the derived critical energies must be
treated with caution.
The nose shape effects on perforation cannot be neglected. Experiments conducted with

hemispherical nosed missiles with a diameter approximately equal to target thickness (H0=d � 1)
have shown that such missiles required up to 30%more velocity to perforate a reinforced concrete
barrier than flat-faced missiles having the same mass and diameter. The relatively small amount of
experimental data on conical nosed missiles also indicates higher perforation velocities
(approximately 15% in experiments with H0=d � 1:0 and 11% in experiments with
H0=d � 0:6) [40]. Thus, it was recommended by BNFL [40] that the perforation formulae (Eq.
(2.63) and (2.66)) developed for flat-nose missiles should be used to estimate the perforation of
non-flat-nosed missiles when there exist insufficient data on missile nose shape effects to formulate
nose specific empirical correlations.

2.2.2. H0=dX5

Ec

std
3
¼

p
4

H0

d

� �
� 4:7

� �
, (2.64)

Es

std
3

N�

0:72
¼

p
4

H0

d

� �
� 4:3

� �
(2.65)

and

Ep

std
3
¼

p
4

H0

d

� �
� 3:0

� �
. (2.66)

In the above formulae, st is given by Eq. (2.60) and Z is determined by

Z ¼

3

8

d

Cr

� �
rt þ 0:5 if

d

Cr
o

ffiffiffiffiffi
d

dr

s !
;

3

8

ffiffiffiffiffi
d

dr

s !
rt þ 0:5 if

d

Cr
X

ffiffiffiffiffi
d

dr

s !
;

8>>>>>><
>>>>>>:

(2.67)

where d is the diameter of the projectile, dr is the diameter of the reinforcing steel bar, Cr is the
rebar spacing and rt is the total bending reinforcement (rt ¼ 4r with r being % EWEF,
defined as r ¼ pd2

r=4H0Cr, where H0 is the thickness of the concrete target). The scabbing and
perforation models are applicable for 22odo600(mm), 1oMo2622(kg), 0oV0o427(m/s),
19.9ofco78.5(MPa), 0oro4(% EWEF) and 50.8oH0o640(mm).
The collections of test data were documented in a database in [42], which consists of 39 tests at

Rogerstone, 100 tests at STC (Cheddar) and several hundred at HIF/WTC together with other
published test data assembled by UKAEA, Bechtel, CEA, EDF, EMI, etc. These data were
analyzed and selected to calibrate and validate the proposed empirical formulae [39].
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In [3], the penetration formula, Eq. (2.59), was compared with the experimental data and the
semi-analytical formulae (to be presented in Section 2.5), as shown in Fig. 3, where very good
correlation was observed. Calibration data and the proposed empirical formulae for cone
cracking, scabbing and perforation are shown in Fig. 4 (for H0=do5) and Fig. 5 (for H0=dX5).
The validation data and the corresponding empirical formulae for scabbing and perforation are
shown in Figs. 6 and 7, respectively, for H0do5 while the validation data and the corresponding
empirical formulae for scabbing and perforation are shown in Fig. 5 for H0=dX5. In Figs. 4–7, it
is evident that the proposed empirical formulae give good predictions for the critical kinetic
energy of the missile, above which, the corresponding local impact failure of cone cracking,
scabbing or perforation occur.

2.3. Non-dimensional numbers and scaling

When a non-deformable projectile strikes a concrete target, the penetration process is normally
much shorter than the period of the overall structural response of the target and the penetration is
a local effect. Therefore, the dependence of the penetration depth can be generally expressed
by [43]

x ¼ f ðM;V0; d;N
�;rc; f c;Ec; a; r; mmÞ, (2.68)

where rc, Ec and f c are the density, Young’s modulus and unconfined compressive strength of the
concrete target, respectively. a is the characteristic size of the aggregate, r is the average amount of
reinforcement in percentage (% EWEF) and mm is the sliding friction coefficient between the
projectile and the concrete during penetration. M and V0 are the mass and the impact velocity of
the projectile, d is the projectile shank diameter and N* is the ‘‘nose shape factor’’, which will be
further discussed in Section 2.4. In Eq. (2.68), the strain-rate effect is not included. This will be
discussed in Section 4.
When rear boundary effects are neglected in the penetration analysis, no geometrical dimension

of concrete thickness needs to be introduced. Furthermore, the following observations can be
made [43]:
(i)
 Most of the published empirical formulae do not explicitly account for the amount of
reinforcement and aggregate. In the penetration tests presented by Sliter [29], where the value
of d/a varies from 0.5 to 50, only a weak dependence was observed, specifically penetration
depth is proportional to (d/a)0.1. Meanwhile, it was shown that light to moderate
reinforcement (i.e. 0.3–1.5% EWEF) has little effect on penetration and scabbing, while,
very heavy reinforcement (i.e. 1.5–3% EWEF) improves only perforation resistance.
(ii)
 Little nose erosion was observed when the impact velocity is below 800m/s, e.g. Forrestal et
al. [44,45] and the interface friction between the projectile nose and the concrete target plays a
secondary role in the penetration process. Consequently, the friction effect is neglected in
most of the analytical and empirical formulae.
(iii)
 Young’s modulus of the target material has a secondary effect on the penetration depth (see
[46–48]). For concrete, Young’s modulus varies over a narrow range, and thus, its influence
on penetration depth can be neglected in Eq. (2.68) and it does not appear in any empirical
formulae.
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A dimensional analysis based on Eq. (2.68) and the above discussion leads to [43]

x

d
¼ f

MV2
0

d3f c

;
M

rcd
3
; N�

 !
. (2.69)

The first term in Eq. (2.69) has been already noted as the impact factor

In ¼
MV2

0

d3f c

, (2.70)

and has been used by Chang [35], Hughes [37] and Haldar and Hamieh [36] in their empirical
formulae. The second term in Eq. (2.69) is denoted by

l ¼
M

rcd
3
, (2.71)

which may be interpreted as the ratio between the missile section pressure, defined by M/d2, and a
characteristic areal density rcd for the target. Both the missile section pressure and the areal
density have been widely used in penetration and perforation mechanics [10,35–37,49,50].
However, both of them have dimensions, and therefore, empirical formulae based on them
separately are unit-dependent.
The two non-dimensional numbers, I� and l, were related to Johnson’s [51] damage

number (FJ ¼ rcV
2
0=f c), which is commonly used to classify the severity of an impact event,

by [43]

FJ ¼
In

l
. (2.72)

2.4. Nose shape descriptions

The effect of projectile nose shape on the local impact effects, especially on penetration depth,
has been considered in many of the empirical formulae such as the modified NDRC, Ammann
and Whitney formula, Haldar formula, the Kar formula and the Hughes formula. However, the
definitions of the nose shape factor in each formula are different. Table 3 from [43] is shown for
comparison purposes. Most of the listed definitions to describe the effect of nose shape are
ambiguous and are limited to a few regular shapes.
It is assumed that the normal and tangential resistance stresses on the nose of a projectile are

determined by [48,52]

sn ¼ Sf c þ BrV2
n (2.73a)

and

st ¼ mmsn, (2.73b)

where B and S (the expression of S will be given in Section 2.5) are constants, Vn is the
component of the projectile velocity in the normal direction of the nose. It has been
shown that the total penetration resistance depends on a non-dimensional number N*
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Table 3

Nose shape factors used in empirical formulae of penetration depth [43]

Nose shape

parameter

Value Definition

NNDRC
a 0.72 Flat

0.84 Blunt

1.0 Spherical

1.14 Sharp nose

NHughes
b 1.0 Flat

1.12 Blunt

1.26 Spherical

1.39 Sharp nose

NSandia
c 0:56þ 0:183C Ogive (C ¼ R=d is the caliber–radius–head (CRH))

0:56þ 0:25C Conical (C ¼ h=d, where h is the length of the nose head)

NACE
d 0.56 Flat (nose caliber ¼ 0) and the nose caliber is defined by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C� 1=4

p
0.65 Hemisphere (nose caliber ¼ 0.5) C ¼ r=d, where r is the radius of the

sphere

0.82 Cone (nose caliber ¼ 1)

0.82 Tangent ogive (nose caliber ¼ 1.4)

0.92 Tangent ogive (nose caliber ¼ 2)

1.0 Tangent ogive (nose caliber ¼ 2.4)

1.08 Cone (nose caliber ¼ 2)

1.11 Tangent ogive (nose caliber ¼ 3)

1.19 Tangent ogive (nose caliber ¼ 1.5)

1.33 Cone (nose caliber ¼ 3)

N*e Eq. (2.74) Any nose shape [52,48]
1
3C�

1
24C2

Ogival nose (0oN�o0:5) where C is the CRH

1
1þ4C2

Conical nose (0oN�o1:0) where C ¼ h=d, where h is the nose length

1� 1
8C2

Blunt/spherical nose (0:5oN�o1:0) where C ¼ R=d and R is the

radius of the sphere

aFor modified NDRC [1], UKAEA [23], Ammann and Whitney formula [1], Haldar and Hamieh [36] formula, Kar

[20] formula.
bFor Hughes [37] formula.
cFor Sandia formula [53].
dUS ACE formula [49].
eFor Li–Chen formula [43].
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defined by [48]

Nn ¼ �
8

d2

Z h

0

yy03

1þ y02
dx, (2.74)

where y ¼ yðxÞ describes the generator curve of the projectile nose based on the coordinate system
shown in Fig. 8. This gives a natural, analytical definition of the nose shape factor, which will be
used subsequently.
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Fig. 8. Nose shape definition of a projectile [48].
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Expressions for N* for various nose shapes are [48]

Nn ¼
1

3c
�

1

24c2
(2.75a)

for an ogival nose, where C ¼ R=d is the caliber–radius–head (CRH) and R is the radius of the
ogive nose. Eq. (2.75a) is exactly the same as those derived from Eqs. (20a)–(20d) in [54] for an
ogival-nose shape. For a conical nose,

Nn ¼
1

1þ 4c2
, (2.75b)

where C ¼ h=d and h is the nose length and

Nn ¼ 1�
1

8c2
(2.75c)

for a blunt/spherical nose, where C ¼ Rs=d and Rs is the radius of the sphere. It is obvious
that the smaller the nose factor N*, the sharper the projectile nose. In general, the nose
factor N* must be in the range of 0oN�p1 and the definitions in Eqs. (2.75a)–(2.75c)
are consistent. For example, N� ¼ 1 for a flat nose according to either Eq. (2.75b) or
Eq. (2.75c) and N� ¼ 0:5 for a hemispherical nose according to either Eq. (2.75a) or Eq. (2.75c).
This definition of projectile nose shape avoids the ambiguity of conventional nose shape
definitions, which is a shortcoming of many empirical formulae in penetration and perforation
mechanics.

2.5. A semi-analytical penetration formula

As most of the formulae for perforation and scabbing limits are based on penetration
depth, it is important to predict penetration depth correctly. Li and Chen [43] further
developed Forrestal et al.’s [44] model and proposed semi-analytical formulae for the
penetration depth into a concrete target, which is dimensionally homogeneous and defines the
nose shape factor analytically (see Eq. (2.74)). They are applicable for a wide range of penetration
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depth. Their results are

x

d
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðkp=4NÞ

 �

1þ ðI=NÞ

 � 4k

p
I

s
for

x

d
pk (2.76a)

and

x

d
¼

2

p
N ln

1þ ðI=NÞ

1þ ðkp=4NÞ

� �
þ k for

x

d
4k, (2.76b)

where

I ¼
In

S
¼

1

S

MV2
0

d3f c

 !
(2.77a)

and

N ¼
l

Nn
¼

1

N�
M

rcd
3

 !
(2.77b)

are the impact function and the geometry function and N* is given by Eq. (2.74) or one of
Eqs. (2.75a)–(2.75c). S is an empirical function of fc (in unit of MPa) and is given by [43]

S ¼ 72:0f �0:5c . (2.78)

Eq. (2.76b) reduces to the results obtained by Forrestal et al. [45] for an ogival-nose projectile.
Eqs. (2.76a) and (2.76b) are applicable for x=dX0:5.

k ¼ 2:0 was suggested by Forrestal et al. [44,45] and Frew et al. [55] for deep penetration when
x=dX5:0, and is supported by the instrumented experiments in [56] and penetration experiments
with a wide range of projectile diameters [57]. For small-to-medium penetration depths for
x=do5:0, Li and Chen [43] recommended

k ¼ 0:707þ
h

d

� �
, (2.79)

where h is the length of the projectile nose.
In the case of shallow penetrations when x=do0:5, the penetration depth is given by

x

d
¼ 1:628

1þ ðkp=4NÞ

 �

1þ ðI=NÞ

 � 4k

p
I

 !1:395

, (2.80)

where k is given by Eq. (2.79).
Normally, Nb1 and Eqs. (2.76a) and (2.76b) can be simplified to [43]

x

d
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kI=p

1þ ðI=NÞ

 �

s
for

x

d
pk (2.81a)
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and

x

d
¼

2

p
N ln 1þ

I

N

� �
þ

k

2
for

x

d
4k (2.81b)

and the corresponding form for Eq. (2.80) is

x

d
¼ 1:628

4kI=p
ð1þ ðI=NÞÞ

� �1:395

. (2.82)
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Fig. 9. Dependence of dimensionless penetration depth x/d on impact function I for concrete targets [48]: Experimental

data are based on Forrestal et al. [44,45], Frew et al. [55], which were listed in Li and Chen [43].
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Fig. 10. Dependence of non-dimensional penetration depth x/d on impact function I for x/d up to 6.0 [43]:

Experimental data are based on Sliter [29].
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When I=N51, which is not uncommon in a penetration problem, Eqs. (2.81a) and (2.81b) can be
further simplified to [43]

x

d
¼

ffiffiffiffiffiffiffiffiffi
4k

p
I

r
for

x

d
pk (2.83a)

and

x

d
¼

k

2
þ

2I

p
for

x

d
4k. (2.83b)

For deep penetration, Chen and Li [48] recommended a simplified formula of x=d ¼ 0:5I
to predict the penetration depth, which is shown in Figs. 9 and 12. The corresponding form of
0

0.3
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0 0.2 0.4 0.6 0.8 1
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d
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Barr
k = 0.707

Modified (k = 0.707)
k = 2.77

Fig. 11. Comparison between experimental data and analytical predictions in Section 2.5 for small penetration [43]:

Experimental data are based on Sliter [29].

0

5

10

15

20

I

x/
d

N = 25.75[Qian et al.(2000)]

N = 78.35[Qian(1997)]

x/d = 0.5I

0 10 20 30 40

Fig. 12. Dependence of dimensionless penetration depth x/d on impact function I for trancated-ogive-nose projectile

penetrating into concrete targets [43]: Experimental data are based on Qian [151] and Qian et al. [152].
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Eq. (2.80) is

x

d
¼ 1:628

4k

p
I

� �1:395

. (2.84)

These formulae have been validated against a large collection of experimental data from shallow
penetration to deep penetration. Figs. 9–11 demonstrate the comparison between the
experimental results from various sources and the analytical predictions in [43]. For both deep
and small penetration depth (Figs. 9 and 10), the analytical predictions show very good agreement
with experimental results. For very small penetration depth (Fig. 11), the analytical formulae are
0
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CZ samples
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Barr
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Fig. 13. Dependence of penetration depth x/d on impact function I [Li and Chen (2001)]: experimental data are based

on Luo et al. [153].
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Fig. 14. Dependence of penetration depth x/d on impact function I [Li and Chen (2001)]: experimental data are based

on Dancygier and Yankelevsky [154].



ARTICLE IN PRESS

Q.M. Li et al. / International Journal of Impact Engineering 32 (2005) 224–284254
able to bound the scatter in the experimental data between a lower bound and an upper bound.
The above formulae are also able to predict penetration depth for a wide variation of nose shapes
including truncated nose shape (as shown in Fig. 12) and for high strength (Fig. 13) and fiber-
reinforced (Fig. 14) concrete targets [58–60]. Similar formulae have been proposed based on the
same model for predicting penetration depth into metal and soil targets for various projectile nose
shapes and a wide range of impact velocities, as shown in [48,61].

2.6. Theoretical underpinning of modified NDRC formula

As noted above, empirical formulae for penetration depth into a concrete target are normally
formulated from curve-fitting test data and most of them are expressed in unit-dependent forms,
and, therefore, cause difficulties when trying to compare them. A direct comparison of various
empirical formulae was first made by Kennedy [1], and then by Yankelevsky [50] in Fig. 15 and
Berriaud et al. [21] in Fig. 16, where the projectile parameters are fixed. It was shown that the
modified NDRC formula could be considered as representative among the empirical formulae for
predicting penetration depth for impact velocities up to 300m/s. As each empirical formula is
based on experiments, its validity can generally be guaranteed only within its test range. However,
over a broader range of projectile geometries and impact velocities, the modified NDRC formula
gives good overall agreement with experimental data. Therefore, the modified NDRC formula has
been recommended in several publications (e.g. [1,6,29]) as a reliable, representative empirical
formula to predict the penetration depth of a non-deformable projectile into a concrete target.
The US Air Force manual, ESL-TR-87-57 [62], also recommends the use of the modified NDRC
formula for penetration. Although other influential design codes in the US and the UK, such as
the US Army manual TM-5-855-1 [63] and the British Army manual [64], recommend the ACE
formula [5,15] and Barr’s [23] formula for penetration, respectively, their expressions are very
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Fig. 15. Comparison between various empirical penetration formulae [50].
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close to the modified NDRC formula [5]. Thus, it is useful to examine whether the modified
NDRC formula can be supported analytically. A justification of the modified NDRC formula is
summarized as follows, based on [43].
Eqs. (2.83a) and (2.83b) are re-expressed in a form analogous to Eqs. (2.17b), (2.15a) and

(2.15b), i.e.

G ¼
0:88� 10�5 MV2

0

f 0:5
c d3

, (2.85)

where

G ¼

x

ð
ffiffiffiffiffiffi
2k
p
Þd

� �2

for
x

d
pk;

x

d

� �
�

k

2
for

x

d
4k;

8>>><
>>>:

(2.86a,b)

using SI units. When k ¼ 2, Eqs. (2.86a) and (2.86b) are the same as Eqs. (2.15a) and (2.15b). The
ratio between the G-functions in Eqs. (2.17b) and (2.85) is rG ¼ 4:32NNðd=V0Þ

0:2, which satisfies
3:11ðd=V0Þ

0:2prGp4:92ðd=V0Þ
0:2 from flat to very sharp nose shapes. If the projectile diameter is

in the range of 0.02(m)odo0.5(m) and the impact velocity is in the range of 30(m/s)o
V0o1000(m/s), the rG value is between of 0.36 and 2.17. Therefore, the ratio between the non-
dimensional penetration depths predicted, respectively, by Eqs. (2.17b), (2.15a), (2.85) and (2.86a)
will be in the range between

ffiffiffiffiffiffiffiffiffi
0:36
p

and
ffiffiffiffiffiffiffiffiffi
2:17
p

, or between 0.60 and 1.47 for x=do2.
Simultaneously, the ratio between the non-dimensional penetration depths predicted, respectively,
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by Eqs. (2.17b), (2.15b), (2.85) and (2.86b) will be limited to the range 0.36–2.17 for x=dX2. It
should be noted that those lower and upper bounds of the penetration ratio between the modified
NDRC penetration formula and the semi-analytical formula in [43] correspond to extreme
situations. In a practical penetration problem, rG is normally more close to unity, which implies
that the semi-analytical penetration formula based on the cavity expansion theory offers a
theoretical underpinning and justification for the modified NDRC penetration formula.
It has been shown by Kennedy [1] that the predicted perforation limits based on the modified

NDRC formula are in reasonable agreement with the predictions from other empirical formulae.
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Fig. 17. Comparison between various empirical perforation formulae [50].
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This was supported by Yankelevsky [50], as shown in Fig. 17. However, most of the empirical
formulae for perforation limit did not consider the influence of the concrete reinforcement on the
perforation, which has been confirmed as an important factor in the R3 Impact Assessment
Procedure [40]. Fig. 18 shows the comparison of the perforation ballistic limit based on the
empirical perforation limit formulae of the modified NDRC, the CEA/EDF and the one proposed
by Reid and Wen [39] and adopted by R3 Impact Assessment Procedure [40]. The targets had an
H0=d value of 2.05 and were subjected to impact by flat-nose missiles. It can be seen from Fig. 18
that both the CEA/EDF formula and the formula in [39] closely follow the experiments and the
latter performs better than the CEA/EDF perforation formula for the perforation of plain
concrete targets (i.e. r ¼ 0). However, the modified NDRC formula gives nearly constant values
for the perforation ballistic limit for all the reinforced concrete targets and it significantly
overpredicts and underpredicts the perforation ballistic limits with lower levels and higher levels
of reinforcement, respectively. This is understandable since the influence of reinforcement has not
been taken into account in the modified NDRC formula. Fig. 19 shows the comparison between
the modified NDRC, CEA/EDF and empirical formulae in [39] for the perforation ballistic limit
of concrete targets with a constant level of reinforcement (i.e. r ¼ 0:25 EWEF) under impact by
flat-ended projectiles. The experimental data from UKAEA are also shown in the figure. It implies
that both the formula in [39] and the modified NDRC formula closely follow the experiments.
However, the accuracy of the predictions by the CEA/EDF perforation formula decreases with
the increases of target thickness and the impact velocities.
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Fig. 19. Comparison between the experimental data [42] and perforation ballistic limits based on the empirical

perforation limit formulae of the modified NDRC, the CEA/EDF and the one presented in Section 2.2 [39,40] when

r ¼ 0:25.



ARTICLE IN PRESS

Q.M. Li et al. / International Journal of Impact Engineering 32 (2005) 224–284258
2.7. Design codes

Many available military protective design guidelines recommend the use of empirical
approaches for the assessment of penetration, scabbing and perforation. For instance, the US
Army manual, TM-5-855-1 [63], recommends the use of the ACE formula for penetration. The
Air Force manual, ESL-TR-87-57 [62], recommends the use of the modified NDRC approach for
penetration (Eqs. (2.14)–(2.16)) and the ACE formulae for perforation and scabbing (Eqs.
(2.10)–(2.13)). The design manual of the US Department of Defense Explosive Safety Board,
ARLCD-SP-84001 [65], recommended modified NDRC formulae (Eqs. (2.14)–(2.19)). The most
recent British Army manual [64] uses UKAEA formulae (Eqs. (2.29)–(2.32)) for penetration and
scabbing and the CEA–EDF formula (Eq. (2.26)) for perforation. Consistent results over the
ordnance velocity range were observed for these different approaches and the main differences
begin at the lower impact velocities in non-military applications [5].
In the R3 Impact Assessment Procedure [40], the UMIST formulae, i.e. Eqs. (2.59)–(2.67), were

used for predicting penetration depth, scabbing and perforation limits of concrete targets. These
formulae work for the lower to intermediate impact velocity range. For low velocity impact, the
penetration depth can be predicted by using Eqs. (2.76a) and (2.80) based on the semi-analytical
model [43] and Sliter’s [29] experimental data collection.
3. Analytical models

3.1. Basic assumptions

This paper focuses on the local impact effects of a hard (rigid) projectile on a concrete target
and is based on the assumption that the deformation and the failure of the projectile are
negligible. Oblique impact and possible ricochet are not included. The deformation and damage
of the projectile may become important either when the impact velocity is high or when the
hardness of the projectile is low. These are not considered in the present paper, although,
generally, deformable body impact is a significant and relatively new area of study (e.g. [66]).
However, the transition from the rigid projectile regime to the deformable projectile regime with
the increase of impact velocity will be discussed in Section 3.4.
Normal impact is assumed throughout the paper. However, the impact could be moderated

when the projectile hits the target obliquely or when it penetrates into a soft medium (e.g. soil) and
the projectile trajectory deviates from a straight line due to the occurrence of instabilities or due to
variable mechanical properties (e.g. density) of the target.
The concrete target is idealized as a homogeneous material for simplicity in most analytical

models. The overall target response is normally neglected and most models focus on local impact
analysis. However, the overall target response might play an important role in local missile impact
effects for low impact velocities and/or high structural flexibilities. Despite the challenges of these
problems, the inhomogeneity of the concrete target and the influence of the overall structural
response on local impact effect will not be considered in the present paper. Focus will be placed on
three important issues associated with these models, viz. the formulation of penetration resistance,
multi-stage models and the limitation of the rigid projectile assumption.
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3.2. Formulation of the penetration resistance of target

The critical issue in an analytical penetration model is to formulate the resultant penetration
resistance force, FR, applied on the projectile by the target medium during the penetration
process. The linear motion of the rigid projectile is then governed by Newton’s second law:

M
dV

dt
¼ �FR, (3.1)

with initial conditions

V ¼ V0 at t ¼ 0 (3.2a,b)

and

X ¼ 0 at t ¼ 0,

where V ¼ dX=dt, X and V are the instantaneous penetration depth and projectile velocity.
Eqs. (3.1) and (3.2) control the motion of the projectile and, thus, the penetration depth.
The penetration resistance has been formulated as a function of the projectile velocity to include

the dynamic effects in a penetration process. Often, the penetration resistance takes the form of a
binomial function of the instantaneous projectile velocity [67,68],

FR ¼ FRðVÞ ¼ A1 þ A2V þ A3V
2, (3.3)

where A1, A2 and A3 can be treated approximately as constant parameters determined by the
geometry of the projectile nose and the mechanical properties of the target. Experimental
determination of function FR(V) in Eq. (3.3) is possible from deceleration-time data in
instrumented penetration tests (e.g. [56]). However, this kind of test is normally very expensive;
thus, it is still necessary to develop analytical models to predict the penetration resistance. It has
been shown by Forrestal et al. [56] that a two-term penetration resistance (i.e. A2 ¼ 0 in Eq. (3.3))
gave excellent agreement with instrumented experimental results, which, however, underestimated
the experimental results for a 39MPa concrete target when the CRH of the projectile becomes
large.
The early work of Robins and Euler in the eighteenth to nineteenth centuries took A1 and A2

equal to zero, which was further developed by Allen et al. [67] to relate the coefficient of the
penetration resistance for sand to the drag coefficient as in aerodynamics. This led to

FR ¼
1
2

CdArV2, (3.4)

where A is the presentation area on a plane normal to the flight line, r is the density of the target
medium and Cd is the drag coefficient, which can be treated as a constant over a wide velocity
range for granular medium, although, more accurately, it should be formulated as a function of
the projectile velocity.
Poncelet (1788–1867) suggested a more realistic expression of the resistance function

FR ¼ Aðaþ bV2Þ (3.5)

in which A is the cross-sectional area of the projectile nose (A ¼ A0 when the projectile nose is
completely embedded into the target, where A0 is the cross-sectional area of the projectile shank)
and a and b are constants to be determined by the geometry of the projectile nose and the
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mechanical properties of the target. Support for the theoretical foundation of the Poncelet
formula will be further illustrated through dynamic cavity expansion theory in this section.
A linear expression for the penetration resistance was suggested by Wen [69,70]:

FR ¼ Aðaf c þ b
ffiffiffiffiffiffiffi
rf c

p
V Þ, (3.6)

where fc is a measure of the quasi-static target material strength and a and b are constants that are
determined either theoretically or experimentally. Values of a, b and fc were recommended for
four common nose shapes and various target materials and reasonable agreement between
predictions and experimental data were obtained for a collection of penetration and perforation
tests [69,70].
Dynamic cavity expansion theory offers a theoretical foundation for the Poncelet resistance

function, Eq. (3.5). The pioneering work of Bishop et al. [71] employed quasi-static equations for
the expansion of cylindrical and spherical cavities to estimate the resistance force applied on the
conical nose when it punches slowly into a metal target. Hill [72] and Hopkins [73] developed the
dynamic cavity expansion equations for an incompressible target material, which was applied by
Goodier [74], including target inertia effects, to predict the penetration depth of a rigid sphere into
metal targets.
In the last decade, the dynamic cavity expansion theory has been applied to study deep

penetrations for metal, concrete and soil targets [43,44,46,47,75,76]. Li and Chen [43] further
extended Forrestal’s concrete penetration model [44,75] to projectiles of general nose shapes and
two independent non-dimensional parameters were introduced to determine the penetration
depth. When the interface friction between the projectile nose and concrete medium is neglected,
the axial resistance force on the projectile nose is [43,44]

FR ¼ cx for xokd (3.7a)

during cratering (related to spalling) and

FR ¼
pd2

4
ðSf c þNnrV2Þ for xXkd (3.7b)

during tunneling, where

c ¼
pd

4k

ðNnrV2
0 þ Sf cÞ

1þ ðpkd3=4MÞNnr

 � , (3.8)

S and k are given by Eqs. (2.78) and (2.79) and N* is given by Eq. (2.74).
The penetration formulae obtained are shown in Section 2.5, which have been verified by a

large collection of experimental data for various projectile nose shapes, impact velocities and
target materials [43,48].
The dynamic cavity expansion theory has also been developed further to accommodate

different material characteristics. For instance, Xu et al. [77] developed an elastic-cracking
resistance force model based on the dynamic spherical cavity expansion theory when considering
the post-test observation that concrete cracks in the region surrounding the projectile. Durban
and Masri [78] studied the dynamic cavity expansion phenomenon in pressure-sensitive
elastoplastic media based on the Drucker-Prager plasticity model, which has been used as a
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constitutive equation to describe the non-elastic deformation of a range of geo-materials and
concrete.
In addition to the projectile velocity, penetration depth has been considered in the formulation

of the penetration resistance function, i.e.

FR ¼ FRðx;VÞ. (3.9)

Strictly speaking, Eq. (3.7) belongs to this type. A polynomial function of x and V was
introduced in Murff and Coyle [79] for penetration into clay:

FR ¼ A1 þ A2xþ A3x
2 þ A4V þ A5Vxþ � � � (3.10)

where coefficients Ai were determined from experimental data for different projectile diameters,
nose lengths and impact velocities.
An approximate penetration theory, based on a separable form of Eq. (3.9), was employed to

help the establishment of the modified NDRC formula [1,16], viz.

FR ¼ g
x

d

� �
f ðV Þ, (3.11)

where the function g, which is non-dimensional, is given by

g
x

d

� �
¼

x

2d
for

x

d
p2:0;

1 for
x

d
42:0

8><
>: (3.12)

and

f ðVÞ ¼
1466

ffiffiffiffiffi
f c

p
N�

V

12; 000d

� �0:2

ðImperialÞ (3.13a)

or

f ðVÞ ¼
121:7

ffiffiffiffiffi
f c

p
N�

V

1000d

� �0:2

ðSIÞ; (3.13b)

where N� is the nose shape factor defined in the modified NDRC formula in Section 2.1.4.
Eqs. (3.11)–(3.13) together with Eqs. (3.1) and (3.2) lead to the modified NDRC penetration
formula introduced in Section 2.1.
Riera [80] suggested an alternative function, the b-function, of the normalized penetration

distance. The resistance function was independent of V, i.e. in Eq. (3.11), f ðV Þ ¼ 1 and

g
x

d

� �
¼

pd2f c

4
b

x

d

� �
, (3.14a)

where

b
x

d

� �
¼

b1 � b2 expð�cx=dÞ

N�
, (3.14b)

where N* is the nose factor introduced in the modified NDRC formula. Based on Eqs. (3.1), (3.2)
and (3.14), the penetration formula was given in terms of the impact factor introduced in [36] and
b1, b2 and c were obtained through a regression method by fitting experimental data on
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penetration depth in [36] to give

Ia ¼ 194:59
x

d

� �
� 322:27 1� exp �0:598

x

d

� �h i
, (3.15)

where Ia is defined in Eq. (2.41).
Based on the rigid projectile assumption, an analytical method, using the ‘‘differential area

force law (DAFL)’’, was proposed by the AVCO Corporation in the early 1970s to provide
explicit formulations for the normal and tangential stresses on the projectile surface [81]. These,
together with the six independent linear and angular momentum equations for the rigid body as
well as their respective initial conditions, control the dynamics of a projectile during penetration.
The DAFL approach was adopted and modified by the US Army Waterways Experiment Station
(WES) to provide 2D (PENCO2D) and 3D (PENCRV3D) codes for projectile trajectory analyses
[82–84].
Finally, instead of modeling the trajectory of a rigid projectile when the projectile deformation

is negligible, Sandia National Lab has combined the dynamic cavity expansion theory with a finite
element code (PRONTO-3D) to study the deformation and damage of the projectile [85], where
an analytical force function derived from the dynamic cavity expansion theory was used to
represent the target and the projectile was simulated by an explicit FE code PRONTO-3D. This
methodology avoids the target discretization and any contact algorithms, and has been verified
for metallic and geo-material targets [66,86–88].
Analytical models based on the formulation of penetration resistance are efficient, accurate and

capable of predicting the penetration depth into various targets. It has been shown in Section 2
that the dynamics of the projectile motion during penetration can be determined analytically and
the nose geometry of the projectile can be included in the model. Since the interactions between
the projectile and the target occur on the surface of the projectile, the DAFL method greatly
extended the capability of the analytical model into more general simulations of projectile
trajectory and deformation.

3.3. Multi-stage models for perforating a concrete target

When penetration is not the only local failure mechanisms, a combined analysis based on multi-
stage models, which were first applied for metallic targets, as shown in the review paper by
Corbett et al. [6], may describe the perforation process of a concrete target.
Yankelevsky [50] proposed a two-stage model to predict the perforation limit of a concrete

target. The first stage is dynamic penetration, where a disk model developed in the author’s
previous work [89] was used to calculate the stress field and the penetration resistance in front of
the projectile nose. The second stage is plug formation and the shear-out of the plug. Transition
from stage one to stage two occurs when the total penetration resistance in front of the projectile
nose equals the shear resisting force offered by the remaining thickness of the target, as shown in
Fig. 20 [90], i.e.

FR ¼ tfAs cos a, (3.16)

where As is the surface area of the cone plug and a is the cone slope angle, which will be further
discussed in Section 3.4. This classification into two mechanisms agrees with experimental
observations that there are clear distinctions between the penetration and plugging processes.
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Using the same methodology, Li and Tong [90] combined the shear plug model
with the penetration model for cratering (Eq. (3.7a)) and tunneling (Eq. (3.7b)) to
formulate the perforation of the concrete target. The normalized perforation limit (e) can be
determined by

e

d
¼

H

d
þ

x

d
, (3.17)

where the non-dimensional penetration depth x/d is given in Section 2.4 by Eqs. (2.76)–(2.84) and
the non-dimensional plug thickness H/d is predicted by

H

d
¼

1

2 tanðaÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2S tanðaÞ

3I 1þ ðI=NÞ

 �

kp 1þ ðkp=4NÞ

 �

 !1=2
vuut

� 1

0
B@

1
CA x

d
pk (3.18a)

and

H

d
¼

1

2 tanðaÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffi
3
p

S tanðaÞ
q

� 1

� �
for

x

d
4k. (3.18b)

The non-dimensional perforation ballistic limit, VBL=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d3f cn=M

q
, where fcn is the nominal

strength of the concrete target (here f cn ¼ 40MPa as the unconfined compressive strength of a
normal strength concrete is used), is determined by

VBLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d3f cn=M

q ¼

ffiffiffiffiffiffiffiffiffi
kpS

3

r ffiffiffiffiffiffi
f c

f cn

s
1

2S tanðaÞ
ðY � 1Þ

� �

for

VBLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d3f cn=M

q p
ffiffiffiffiffiffiffiffiffi
kpS
p

2

ffiffiffiffiffiffi
f c

f cn

s
(3.19a)

and

VBLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d3f cn=M

q ¼
ffiffiffiffi
S
p

ffiffiffiffiffiffi
f c

f cn

s
p
2

H0

d
�

k

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
p

S tanðaÞ þ 1

q
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for

VBLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d3f cn=M

q 4

ffiffiffiffiffiffiffiffiffi
kpS
p

2

ffiffiffiffiffiffi
f c

f cn

s
, (3.19b)

where

Y ¼
3S2

16k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

8kffiffiffi
3
p

S
1þ

2kffiffiffi
3
p

S
þ 2

H0

d

� �
tanðaÞ

� �s
� 1

( )2

. (3.20)

Here, NbI and Nb1 are assumed, where I and N are impact and geometry functions defined by
Eqs. (2.77a) and (2.77b). These conditions can be expressed explicitly by V05

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Sf c=r

p
and

ðM=rd3
Þb1. It should be noted that the expression of Y in [90] is incorrect, which should be

replaced by Eq. (3.20), as shown in [41]. S and k are given by Eq. (2.78) and Eq. (2.79),
respectively, and H0 is the target thickness. In calculations, a representative value of a ¼ 701
based on Dancygier’s [91] experimental results for normal and high strength concrete is used. It
was found that the perforation limit is insensitive to the cone slope angle. This model was verified
using test data from [29,92], as shown in Fig. 21.
A two-stage model was also recommended by the UKAEA [23] for through-thickness cone

cracking. The impact velocity to initiate through-thickness cone cracking, Vcc, may be estimated
by the following equations:

V cc ¼ 9:4� 10�2
ffiffiffiffiffi
f c

p dH2
0

M
þ

H3
0

M

� �1=2

for 0:50oH0=dp1:82 (3.21a)

and

V cc ¼ 0:117
ffiffiffiffiffi
f c

p
ðH3

0=MÞ1=2 for 1:82oH0=do4:0, (3.21b)
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Fig. 21. Variation of dimensionless ballistic limit with t/d for different fc [90] (T: test results from Hanchak et al. [92]).
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which were validated for 26ofco35(MPa), 24,000oM/(d2H0)o1.5� 106(kg/m3) and 2.0o
Vcco4.5(m/s).
In the range 1:82oH0=do4:0, penetration and then a cone crack were produced at the cone

cracking velocity, Vcc. For 0:50oH0=dp1:82, cone cracking occurred from the beginning and
was not preceded by penetration.
Multi-stage models have not considered possible scabbing on the distal surface of the target. It

has been shown in [3] that experimental results and empirical formulae support the contention
that the scabbing limit is generally greater than the perforation limit, i.e.

hs4e. (3.22)

This indicates three possibilities: (a) if H04hs, both scabbing and perforation do not occur, (b) if
hs4H04e, scabbing occurs without perforation and (c) if hs4e4H0, both scabbing and
perforation occur.
Because scabbing removes material from the distal side of the target, it could play an important

role in the initiations of both perforation and cone cracking. This issue should be further
investigated.

3.4. Cone crack angle [3]

The determination of the cone crack angle in a concrete target subjected to a projectile impact is
important when assessing the level of the damage in the target, although it has only a small
influence on the estimation of the perforation limit [90].
It is well known that the tensile strength of concrete is much lower than its compressive strength

in magnitude. The separation of a cone plug from the surrounding material (Fig. 20) is governed
by the local tensile stress and the maximum tensile strength of the material. Two extreme cases are
considered below to define the cone crack angle and the average shear resistance stress on the cone
plug. Cases (a) and (b) are associated with the stress states along the perimeter of the projectile on
the proximal side (Point A in Fig. 20) and the distal side of the impact (Point B in Fig. 20),
respectively. The stress states and Mohr’s circles are shown in Figs. 22a and b.

Case (a): sz ¼ �f c, sr ¼ �f c, tzra0, as shown in Fig. 22a.
 σz = -fc 

σz = -fc 

σr= -fc 

σr = 0 
-ft

-ft

-fc

B(-fc , -τ)

B(0 , -τ)

A(-fc , τ)
A(-fc , τ)

σn
σn

τ τ

τ

τ

β
-fc /2

(a) (b)

Fig. 22. Mohr’s circles in different stress states: (a) sz ¼ sr ¼ �f c, tzra0; (b) sz ¼ �f c, sr ¼ 0, tzra0.
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According to Mohr’s circle in Fig. 22a, the shear stress is

t ¼ f c þ f t � 1:1f c (3.23)

when the maximum tensile stress equals the maximum tensile strength of the concrete. The tensile
strength of concrete is assumed to be 10% of the unconfined compressive strength. Under this
stress state, the maximum tensile failure occurs in the direction given by

a ¼ 45�, (3.24)

which is taken to be the initiation angle of the cone crack. This simple analysis agrees with the
experimental observations in BNFL [40].

Case (b): sz ¼ �f c, sr ¼ 0, tzra0, as shown in Fig. 22b.
Mohr’s circle associated with this stress state is shown in Fig. 22b. When the maximum tensile

stress equals the maximum tensile strength, the following relationship holds:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f c

2

� �2

þ t2

s
¼

f c

2
þ f t,

therefore,

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2
t þ f cf t

q
¼ f c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f t

f c

� �2

þ
f t

f c

s
� 0:33f c, (3.25)

where f t=f c ¼ 0:1 is used. The maximum tensile failure occurs in the direction

a ¼ 45� þ
b
2
, (3.26)

where b is determined by tan b ¼ ðf c=2Þ=t ¼ 0:5f c=0:33f c ¼ 1:52, i.e. b ¼ 56:61. Therefore,
a ¼ 73:31.
The cone slope angle has been discussed in [50,90,91]. The cone plug generally has a curved

profile (solid line in Fig. 20) with a small initial angle and a larger final value. The cone slope angle
is defined as the angle between the direction of motion of the projectile and the side of the cone as
an idealization of the ejected plug (dashed line in Fig. 20). According to experimental results
in [91], the average conical slope angle is a ¼ 661 for normal strength concrete and a ¼ 761
for high strength concrete. If we take the average of Eqs. (3.24) and (3.26), it gives
a ¼ ð451þ 73:31Þ=2 ¼ 59:21, which differs by only 10% from Dancygier’s [91] observation.
Another important parameter is the average shear stress applied to the cone surface. This is

needed for the equation of motion in the cone plugging stage [90]. The previous study used the
Tresca criterion to estimate the average shear stress on the cone plug surface [90], i.e.

tf ¼
1ffiffiffi
3
p f c � 0:58f c (3.27)
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when the cone plug is considered as to be under compression by the projectile. Based on Mohr’s
circle in Fig. 22, the shear stress in the direction a ¼ 59:21 is

tf ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f c

2

� �2

þ t2
" #vuut

0
@

1
A cosð28:4�Þ � 0:66f c, (3.28)

which is less than 13% from the shear stress in Eq. (3.27).
It should be noted that neither the above analyses nor the analytical model in [90] consider

reinforcement.

3.5. Limitation of the rigid projectile assumption

The limitation of the rigid projectile assumption was studied in [93]. Three regimes were
identified by Chen and Li [93], viz. (i) the rigid projectile penetration regime, which defines the
valid range of the proposed framework, (ii) the semi-hydrodynamic penetration regime, which is
represented by the Alekseevskii-Tate model, and (iii) the hydrodynamic penetration regime, which
treats the projectile as a fluid. These three regimes appear with increasing impact velocity (or
increasing impact function I). Approximately, the ranges of the impact velocities for the validity
of each of the three regimes are 10oV0o1000m/s for the rigid projectile regime,
1000oV0o3000m/s for the semi-hydrodynamic regime and V043000m=s for the hydrodynamic
regime. For hypervelocity impact, other effects may need to be considered. Chen and Li [93]
recommended a simple method to determine the transition point between the rigid projectile
regime and the semi-hydrodynamic regime. By equating the penetration resistance sn to the
dynamic strength of the projectile sy,

sn ¼ sy, (3.29)

where sn is given by Eq. (2.73a), the upper limit of the impact function for rigid projectile regime
(Ic1) can be obtained while the lower limit of the impact function for the semi-hydrodynamic
regime (Ic2) is obtained through the Alekseevskii-Tate model. In Eq. (3.29), the dynamic strength
of the projectile is correlated to the quasi-static strength of the projectile material ss through a
factor l, i.e. sy ¼ lss, where l is dependent on the impact function defined by Eq. (2.77a). This
empirical factor includes the influences of loading rate and hydrostatic pressure on the dynamic
strength of the projectile material.
Ic1 Ic = Ic2 I

X / d
∆

dL

0

Alekseevskii-Tate model

Chen & Li [48]� p � t

Fig. 23. Gradual transition from rigid projectile penetration to semi-hydrodynamic penetration [93].



ARTICLE IN PRESS

dL
� p � t

Ic2 Ic = Ic1 I

X / d

0

Alekseevskii-Tate model

Chen & Li  [48]

Hydrodynamic limit

Fig. 24. Sudden transition from rigid projectile penetration to semi-hydrodynamic penetration [93].

0

5

10

15

20

25

0 50 100 150 200 250

spherical nose, Rc = 36.6

spherical nose, Rc = 39.5

spherical nose, Rc = 46.2

I

X
/d

experimental data fitChen & Li [48]

hydrodynamic limit

predicted

predicted

Fig. 25. Re-group of Forrestal and Piekutowski [94]’s penetration tests and the theoretical analysis [93].

0

20

40

60

80

0 70 140 210 280 350

ogive nose, Rc = 38

ogive nose, Rc = 53

I

X
/d

Chen & Li [48]

experimental data fit

hydrodynamic limit

predicted

Fig. 26. Re-group of Piekutowski et al. [95]’s penetration tests and the theoretical analysis [93].

Q.M. Li et al. / International Journal of Impact Engineering 32 (2005) 224–284268



ARTICLE IN PRESS

0 10 20 30
I

5

4

3

2

1

0

X
/d

predicted

predicted

hydro dynamic limit

Steel sphere
Chen & Li [48]

experimental data fit

Fig. 27. Re-group of Hazell et al. [96]’s penetration tests and the theoretical analysis [93].

Q.M. Li et al. / International Journal of Impact Engineering 32 (2005) 224–284 269
Two possible transitions were predicted. If Ic1oIc2, there exists a gradual transition (Fig. 23).
Otherwise, a sudden transition was predicted, as shown in Fig. 24. Both situations were observed
in experiments on metallic targets by Forrestal and Piekutowski [94], Piekutowski et al. [95] and
Hazell et al. [96]. The proposed method in [93] gave good predictions for the transition type and
transition point, as shown in Figs. 25–27. A similar work has been reported by Rosenberg and
Dekel [97], where a numerical study was conducted to predict the transition between the rigid
projectile regime and the eroding-rod regime. Although the transition phenomenon was observed
for metallic targets, it could also exist in concrete targets, which could be analyzed using the
proposed method.
4. Numerical simulation and strain-rate effects

4.1. Numerical simulation for concrete targets

Numerical simulations of dynamic structural response have become increasingly important for
concrete structural design against impact and blast loads. In contrast to empirical formulae, they
provide information on stress and deformation fields, which may be used to improve the
resistance of the concrete. There are several commercial codes suitable for impact simulations,
such as LS-DYNA, AUTODYN and ABAQUS. Generally, numerical simulations run algorithms
based on a discrete platform of interactions between material elements or particles, coupled with
material constitutive models. Various discrete methods have been applied for concrete media to
meet the requirements of application to impact and blast loads. These include the finite difference
methods (FDM), finite element methods (FEM), mesh-free methods [e.g. smooth particle
hydrodynamics (SPH)], etc. Discrete element methods (DEM) capture the damage and failure
features of brittle solids. As with FEM, the space of the medium is mapped on to an assembly of
indivisible elements. Proper interactions between elements are defined based on the mechanical
properties and cohesion of the medium. A fracture (failure) criterion needs to be satisfied at each
step for the validity of the interactive laws. Meanwhile, collision laws are used to determine the
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repulsive interactions for failed elements. These and other discrete methods may be applied solely
or in a hybrid way and may utilize parallel and multi-scale processing.
In these and other numerical studies of projectile impact on concrete targets, a valid material

model is crucial for the success of the simulation. As a multi-phase and inhomogeneous material,
the constitutive law for the concrete is more complicated than for a single phase, homogeneous
material. Practically, concrete is frequently idealized as a macroscopically homogeneous medium
and such models have been proposed by many researchers and have been applied in many
computing codes, e.g. [98–100]. These concrete material models can tackle various impact and
blast loading problems, provide detailed stress and deformation information and simulate large
deformation and failure problems (e.g. many codes have automatic mesh distortion checks and re-
meshing facilities), as shown by Agardh and Laine [101], Broadhouse and Neilson [102,103], Chen
[104,105], Govindjee et al. [106], Rice [107] and Warren et al. [108].
Most concrete models employed in numerical simulations are based on phenomenological

descriptions of its macroscopic behavior obtained in uniaxial and triaxial loadings. Concrete
behavior under compression is of most importance for impact and blast applications. It has been
widely accepted that the unconfined uniaxial compressive stress–strain relation can be divided into
three regimes, as shown in Fig. 28, viz. the linear elastic regime before damage is activated in the
concrete, the non-linear hardening regime before the ultimate strength, and the post-failure
softening regime after the ultimate strength has been attained. Although the tensile stress is not
designated usually in the specification for concrete, it controls the tensile failure of concrete, which
occurs in the form of spalling or scabbing in concrete structures when they are subjected to impact
or blast. The uniaxial stress–strain relation in tension can be described by an elastic regime before
failure and a post-failure regime, as shown in Fig. 28.
The most frequently used phenomenological concrete model is the combination of an equation

of state (EOS) in hydrostatic-stress space and an elastic–plastic deformation and failure model
(i.e. a strength model) in deviatoric stress space, as an extension of the metal plasticity model. The
EOS in the elastic regime is represented by the relation between the volumetric strain and the
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hydrostatic stress through the bulk elastic modulus K ¼ E=ð3ð1� 2nÞÞ. When the loading intensity
is extremely high, the EOS is given by the ‘‘Hugoniot’’ shock pressure/specific volume relation
(e.g. [109]).
For an elastic–plastic deformation and failure model, non-linear plasticity theory with a

hydrostatic-dependent yield surface and a non-associated flow rule is normally employed in the
non-linear hardening regime. A failure surface is required to define the initiation of the strain
softening regime in both tension- and compression-dominated stress states. As soon as the failure
surface is reached, either the concrete elements are eliminated or a post-failure damage model
defined by the residual stress states is applied.
There are several concrete strength models, which have been implemented into commercial

codes and have been used in simulations of concrete structures subjected to impact and blast
loads. For example, the Drucker-Prager/Cap model and cracking model are available in
ABAQUS [ABAQUS Theory Manual, Version 5.5 (1995)]. LS-DYNA has several concrete
models designed for special purposes, which may include erosion, strain-rate effects and crack
extension, etc. [101]. The ‘‘Winfrith Concrete Model’’ [110–112] uses three invariants and four
parameters, taking account of strain-rate effects according to CEB [113] recommendations. This
model has been validated for a number of impact and blast cases. Other models in LS-DYNA
[114] include Type 16 ‘‘Pseudo Tensor Concrete/Geological Model’’, Type 72 ‘‘Concrete Damage
Model’’ [99], Type 78 ‘‘Soil/Concrete Model’’ with erosion [101] and Type 96 ‘‘Brittle Damage
Model’’ [106].
Agardh and Laine [101] used LS-DYNA to conduct a 3D FE simulation of the perforation of a

60mm thick fiber-reinforced concrete slab by a steel cylinder of length 43mm, diameter 15mm
and mass 60 g. The material model was Type 78, namely soil/concrete with erosion, which requests
an EOS for high pressures, a strength model and an erosion criteria for both projectile and target.
The erosion criterion for a steel projectile is defined by a critical equivalent plastic strain and the
erosion of the concrete target occurs at a critical pressure. The tensile fracture of the concrete is
also controlled by another triaxial stress value, which does not lead to erosion. Basic features of
perforation experiments were observed in numerical simulations for impact velocities around
1520m/s. The model is capable of producing qualitative predictions of the residual velocities and
damage modes. However, it cannot be used directly with confidence in design due to uncertainties
about parametric sensitivity and the absence of complete material testing procedures.
The RHT concrete model was developed at EMI by Riedel, Hiermaier and Thoma [115]. It was

implemented in the general release of AUTODYN [115–117]. The material model uses three
strength surfaces, viz. an elastic limit surface, a failure surface and a strength surface for the
remaining crushed concrete. The model also includes strain-rate effects and has an option to use a
cap on the elastic strength surface representing the material susceptibility to tension. The
compaction EOS at very high pressures is the so-called ‘‘P-a model’’. The RHT model has been
applied in several numerical simulations to study the penetration and perforation of concrete
targets up to an impact velocity of 1600m/s. The flexibility of alternative Lagrangian and Eulerian
(ALE) methods in AUTODYN allows the problem of grid distortion to be overcome. The
major problems, however, still come from uncertainties about some of the parameters in
the concrete model. However, fairly good quantitative agreements between numerical predictions
and experimental results can be achieved through careful parametric analyses and model
validations [118].
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Magnier and Donze [119] applied DEM to simulate the impact of a rigid projectile on concrete
beams. The mass of the projectile used ranged between 2.5 and 50 kg and the impact velocity
between 50 and 300m/s. A linear elastic–brittle failure model was used. The simulation results
clearly showed the features of wave propagation, damage and failure, dealing especially well with
the features of scabbing and fragmentation. The numerical simulation results are encouraging
when compared with empirical formulae on scabbing and perforation. However, the material
constitutive model again needs to be calibrated carefully. One major difficulty is how to obtain the
valid relationship between the material parameters in the constitutive model and the measurable
mechanical properties of the concrete.

4.2. Material testing requirements

Several fundamental material tests are required to provide the basic data for a concrete model
suitable for simulating the local effects of impact and blast. Quasi-static uniaxial tension (splitting
cylinder), uniaxial compression and triaxial stress tests are necessary to determine the material
parameters in a concrete strength model defined in deviatoric stress space. From these tests, the
elastic properties (Young’s modulus, Poisson’s ratio) and three critical stress surfaces [the initial
elastic limit surface, the maximum strength (or failure) surface and the residual strength surface]
should be obtained. It is also expected that the strain hardening law, the shear dilatancy and the
damage evolution law (degradation of the elastic modulus) between the elastic limit surface and
the maximum strength surface could usefully be established. When the stress state is between the
maximum strength surface and the residual strength surface, the same information (except the
strain hardening law is replaced by a strain softening law) should be established. If repeat loading
is a concerning issue, the damage evolution with cycling loading should be established.
The concrete response to a hydrostatic stress state is different from its response to the deviatoric

stress state when the hydrostatic pressure is higher. Thus, true triaxial compression compaction
test data for medium pressures (10�1–100GPa) and high-speed plate impact test data (for
pressures between 100 and 10GPa) are required to obtain the relationship between pressure and
density up to a pressure level that might be achieved in an impact or a blast-loaded concrete
structure.
These material tests can be conducted either by variants of standard tests (tensile, compression

and the confined tests) or through non-standard testing techniques (high-pressure test and plate-
impact test).
A dynamic strength increase in concrete was first observed by Abrams [120] and it has been

generally accepted that concrete and concrete-like materials, e.g. mortar, geo-materials and
ceramics, are strain-rate sensitive and the constitutive model of such materials under dynamic
loading might include strain-rate effects. Strain-rate effects on the tensile strength of concrete are
important for studying spalling, scabbing and fragment phenomena and those on the compressive
strength of concrete affect the resistance of concrete target to impact and blast. These tests (e.g.
dynamic splitting cylinder tests or dynamic compression tests) in the range of strain rates between
10 and 103 s�1 are normally conducted on a split Hopkinson pressure bar (SHPB) apparatus. The
following discussion will focus on the strain-rate effects on the compressive strength of concrete
although it had been shown that the strain-rate effects on the tensile strength of concrete are
stronger than those on the compressive strength of concrete [113,121]. There are fewer studies
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about the strain-rate effects on the former than the latter [122–124] and further work is needed to
gain a better understanding of the mechanisms by which strain-rate affects the tensile strength of
concrete.

4.3. Strain-rate effects on the compressive strength of concrete

Bischoff and Perry [124] covered a wide range of concretes of different quasi-static strengths
(f cs) and strain rates, showing an obvious compressive strength enhancement at strain rates above
a critical value, as shown in Fig. 29.
In recent years, the SHPB technique, developed originally to measure dynamic stress–strain

relations for metallic specimens, has been widely applied to study the dynamic compressive
strength of concrete at high strain rate from 10 to 103 s�1 [125–132]. SHPB-based experimental
results are more accurate than other testing methods if the SHPB assumptions can be satisfied. It
has been suggested that the strain-rate influence on the DIF, which is the ratio of the unconfined
dynamic uniaxial compressive strength of concrete to its corresponding quasi-static value,
becomes significant when the strain rate is greater than a critical value falling in the range of
10–102 s�1 [126,131,132].
The SHPB technique and its limitations have been discussed by Davies and Hunter [133],

Bertholf and Karnes [134] and Meng and Li [135]. Different points of view on the strain-rate effect
on concrete and concrete-like materials based on SHPB measurements are discussed in this
Section.
For strain rates in the range of 10–103 s�1, SHPB seems to be an adequate means to test the

strain-rate effect for concrete and concrete-like materials. The following dependence of the DIF
Strain Rate (strain/second)

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
-0

10
1

10
2

10
3

0.5

1.0

1.5

2.0

2.5

R
el

at
iv

e 
in

cr
ea

se
 in

 C
om

pr
es

si
ve

 S
tr

es
s

Abrams (1917)
Jones & Richart (19.36)
Evans (1942)
Katsula (1943, 1944)
Thoulow (1953)
Wotstain (1953,1955)
Hatano & Tsutsumi (1960)
Bon & Muguruma (1960)
Takoda (1959)
Takoda & Tachikawa (1962a,b)
Lundeen (1963)
Horibe & Kobayoshi (1965)
Cowell (1966)
Atchley & Furr (1967)
Hughes & Cregory (1972)
Millstein & Sabina (1982)

Mohin & Bertero (1972)
Wesche & Krouse (1972)
Sparka & Menzies (1973)
Bresler & Bertaro (1975)
Hjarth (1976)
Kuirikodze (1977)
Popp (1977)
Hughes & Walson (1978)
Fagarlund & Larsaon (1979)
Paulmana & Steinert (1982)
Rostosy (1984.1985)
Dilger et al. (1984)
Malvern & Ross (1984.1985)

range of stalic loading

Fig. 29. Strain rate effects on the unconfined unaxial compressive strength of concrete [124].
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on strain rate was recommended by CEB [113] for concrete:

DIF ¼
f cd

f cs

¼
_�

_�s

� �1:026as
for _�p30 s�1 (4.1a)

and

DIF ¼ gs
_�

_�s

� �1=3
for _�430 s�1, (4.1b)

where fcs and fcd are the unconfined uniaxial compressive strength in quasi-static and dynamic
loading, respectively. gs ¼ 10ð6:156as�2:0Þ, as ¼ 1=ð5þ 9f cs=f coÞ, _�s ¼ 30� 10�6 s�1 and f co ¼ 10MPa.
Eq. (4.1b) at strain rate above 30 s�1 fits Malvern and Ross’s [126] SHPB test results [124].
A series of SHPB tests have been conducted by Ross et al. [127,130,136] and Tedesco and Ross

[131] using the SHPB for different concrete strengths, moistures and strain rates around 102 s�1. A
DIF regression equation was suggested as follows [131]:

DIF ¼ 0:00965 log _�þ 1:058X1:0 for _�p63:1 s�1 (4.2a)

and

DIF ¼ 0:758 log _�� 0:289p2:5 for _�463:1 s�1, (4.2b)

in which the transition point from a low strain-rate sensitivity to a high sensitivity occurs at
63.1 s�1, which is slightly higher than the transition point given by CEB formulae in Eqs. (4.1a)
and (4.1b).
Recently, Grote et al. [132] tested mortar using the SHPB from 250 to 1700 s�1. A sharp

increase in DIF was observed at strain rates around 102 s�1. The following formulae were
suggested to define the dependence of DIF on strain rate [132]:

DIF ¼ 0:0235 log _�þ 1:07 for _�p266:0 s�1 (4.3a)

and

DIF ¼ 0:882ðlog _�Þ3 � 4:4ðlog _�Þ2 þ 7:22ðlog _�Þ � 2:64 for _�4266:0 s�1. (4.3b)

The above formulae, illustrated in Fig. 30, clearly indicate that there is a sharp increase in DIF
beyond a transition strain rate around 102 s�1 for concrete or concrete-like materials.
The physical mechanisms controlling the strain-rate effect on DIF of concrete are not yet fully

understood. At least two factors, the viscoelastic character of the hardened cement paste and the
time-dependent micro-crack growth, may contribute to the macroscopic DIF sensitivity to strain
rate. The presence of the free water in the material might also lead to a strain-rate effect similar to
the Stefan effect [136,137]. It seems that concrete samples are not strain-rate sensitive below a
strain rate of 100 s�1 unless free water is present. However, these mechanisms are not able to
explain the observed rate dependence of DIF of concrete at high strain rates between 10 and
103 s�1 on dry samples.
Li and Meng’s [138] recent study shows that the observed dynamic strength enhancement of

concrete at high strain rate between 102 and 103 s�1 in an SHPB test is mainly due to the lateral
confinement generated by both the contact surface restriction and the lateral inertia during rapid
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Fig. 30. Variation of the DIF with strain rate: comparison with experimental data [138].
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compression. The influence of the lateral confinement due to both causes on SHPB measurements
is normally ignored for metallic specimens, because the contact friction is usually reduced using
lubricant, and the lateral inertia-induced lateral confinement has little influence on the uniaxial
stress due to the important fact that metal plasticity is hydrostatic-stress independent. However,
the response of concrete-like material is hydrostatic-stress dependent and, therefore, the lateral
confinement generated by lateral inertia confinement may significantly influence the uniaxial stress
state at high strain rates, which was also noticed by Gupta and Seaman [139] when testing
concrete specimens in a plane strain state under both quasi-static loading condition and at strain
rates around 104 s�1 using plate impact, i.e. the compressive strength increase at a strain rate of
104 s�1 is much less than the prediction from the CEB recommendations. The strain-rate effect on
concrete in the strain-rate range of 102–103 s�1 has also been questioned by Bischoff and Perry
[124]. They contended that such sharp increases of concrete strength might be due to the change of
the specimen response from the uniaxial stress state to the uniaxial strain state rather than a
strain-rate effect. Unfortunately, the importance of the lateral confinement in the measured
enhancement of the uniaxial compressive strength of concrete in an SHPB test has not been
completely understood or seriously addressed in previous publications. It is continuously being
interpreted as a strain-rate enhancement in almost all experimental publications, e.g. [132], and
has been frequently implemented into concrete models for numerical simulations. This may lead to

overestimates of the dynamic strength of a concrete structure and to dangerous designs since the
measured dynamic enhancement of the uniaxial compressive strength of concrete could actually be

due to the lateral confinement and this enhancement might have already been accounted for in other
parts of the concrete model.

Based on an intensive numerical SHPB study, Li and Meng [138] calculated the DIF in SHPB
tests based on a strain-rate-insensitive Drucker-Prager concrete model, which includes general
fundamental features of concrete-like materials. This showed that the apparent strength of the
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concrete cylinder could be enhanced significantly at a strain rate around 102 s�1 associated with a
significant increase in lateral confinement, which implies that some of the observed dynamic

compressive strength enhancement might more accurately be attributed to the inertial lateral
confinement rather than a genuine strain-rate effect.

Li and Meng [138] proposed a correction curve to eliminate the lateral confinement effect on
concrete-like materials, which is given by the ratio of the apparent dynamic strength f cd, obtained
from numerical SHPB tests based on a rate-independent concrete model, to the quasi-static
(10�4 s�1) strength f cs, viz.

Rc ¼
1þ ðlog _�þ 3Þ0:03438 for _�p102 s�1;

b0 þ b1 logð_�Þ þ b2 log
2
ð_�Þ for _�4102 s�1;

(
(4.4)

where b0 ¼ 8:5303, b1 ¼ �7:1372 and b2 ¼ 1:729. Eq. (4.4) can be compared with the CED
recommendation (Eqs. (4.1a) and (4.1b)), Tedesco and Ross’s [131] recommendation (Eq. (4.2a))
and Grote et al.’s [132] recommendation (Eqs. (4.3a) and (4.3b)) and relevant experimental data,
as shown in Figs. 31 and d. It shows that the DIF based on the CEB recommendation is
considerably larger than the other two recommendations from Tedesco and Ross [131] and Grote
et al. [132] in the strain-rate range of 10–102 s�1. The correction factor given by Eq. (4.4) gives a
good average of Tedesco and Ross’s [131] recommendation and Grote et al.’s [132]
recommendation at strain rates between 10 and 103 s�1. This implies that the genuine DIF for
the unconfined uniaxial compressive strength of concrete after being corrected is much smaller
than those values recommended by currently used formulae. It was suggested by Li and Meng
[138] that SHPB test results on concrete-like materials should be carefully checked and a factor of
1/Rc should be considered to correct the SHPB-based measurements.
Although the SHPB technique has been used widely to measure the dynamic stress–strain

relationships of various engineering materials, its limitations should be realized [140]. Particularly,
the fundamental assumption of axial stress equilibrium in conventional SHPB technique may be
violated when testing brittle samples and various techniques have been developed to eliminate this
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effect (e.g. [141,142]). The further perfection of the dynamic testing technique remains an
important issue, which is not discussed herein.

4.4. Strain-rate sensitivity based on micro-crack models

Amicro-crack model is based on an analysis of the micro-mechanism of crack development and
contains a physical understanding of the phenomena on a microscopic scale and has been used to
study the strain-rate effects on the uniaxial compressive strength of brittle materials. The wing-
crack model [143,144] is the most successful model for studying the compressive failure of brittle
materials. Although there appear to be no publications using the wing-crack model to study
strain-rate effects on the uniaxial compressive strength of concrete and mortar, there exist several
studies using the wing-crack model to investigate the strain-rate effect on the uniaxial compressive
strength of other brittle solids.
Nemat-Nasser and Deng [145] incorporated an array of interacting and dynamically growing

wing cracks to simulate the rate-dependent compressive failure of alumina. Strain-rate effects on
the failure stress start to play an important role when the strain rate is greater than a critical value
of around 104 s�1. Huang and Subhash [146] obtained a similar critical strain rate for the basalt
rock based on the wing-crack model. However, the prediction of the critical strain rate for
ceramics based on the wing-crack model is rather low (102–103 s�1) and agrees well with SHPB
measurements [147].
Further investigations are necessary to identify the role of the dynamic growth of micro-cracks

in the observed dynamic enhancement of the uniaxial compressive strength of concrete and
mortar in different ranges of strain rates. Lu and Xu [148] claimed excellent predictions of the
uniaxial compressive strength of concrete based on a micro-crack damage model for concrete.
However, they did not introduce any microscopic mechanisms for the dynamic enhancement of
the uniaxial compressive strength of concrete. Instead, a data-fitting exercise was conducted on
the SHPB test results and, therefore, the excellent agreement between their analytical predictions
and experimental results cannot be fully relied upon generally.
5. Conclusions

In this paper the local impact effects of a hard projectile on concrete targets have been
discussed. The paper consists of three parts, empirical formulae, analytical methods and
numerical modeling. Apart from reviewing previous work, new results from ongoing research
have been included.
Empirical formulae on penetration depth, perforation and scabbing limits, as well as their

ranges of application, have been given in both Imperial and SI units. The ambiguity in the
definition of the nose shape of a projectile as used in most empirical formulae has been removed
by introducing a new definition based on an analytical model. The NDRC penetration formula,
one of the most representative empirical formulae for penetration depth, has been justified based
on a semi-analytical penetration model. Recently collated research results on the local impact
effects on concrete structures, generated as part of a UK nuclear safety research program, are
reported here for the first time.
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Penetration resistance functions, which play an important role in analytical methods used in
penetration mechanics, have been summarized and implemented in a multi-stage model for the
perforation of a concrete target. In particular, the formation of a model for cone plugging has
been presented including the determination of the cone crack angle in concrete target. The
limitation of the rigid projectile assumption has been explored as an important transition point in
the analysis of the penetration mechanisms.
General features of the numerical simulation for concrete targets subjected to impact or blast,

the constitutive equations of concrete under high strain rates and relevant material testing have
been described. Current dynamic testing methods to determine the unconfined uniaxial
compressive strength of concrete, a key parameter in the dynamic constitutive equation of
concrete, have been critically assessed and discussed. This work indicates that the observed
dynamic compressive strength enhancement of concrete might be significantly influenced by the
dynamic radial confinement effects at strain rates between 10 and 103 s�1. Further investigations
have been identified as being necessary to understand the role of the dynamic growth of micro-
cracks in determining the dynamic compressive strength of concrete at different ranges of strain
rates.
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