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Abstract

Hypervelocity impact of thick ceramic targets was examined through an analytic model for
penetration. Three ceramic materials (SiC, B4C and AIN) were modeled and compared to
available test data for impacts from 1.5 to 4.5 km/s. The analytic model is based on a centerline
momentum balance - a method that has proven to be an effective way to produce analytic models
of penetration. A number of assumptions are required to develop the analytic penetration model,
including assumptions about material motion and constitutive response of the target material.
The constitutive model for the failed brittle material used in the penetration model development
was a Drucker-Prager yield surface with cutoff. Such a constitutive model allows pressure
dependent strength for failed material, which is the type of response seen in extensively fractured
ceramic. A cutoff is used since the total strength of the failed brittle material has an upper limit.
The use of this constitutive model for the failed brittle material leads to an interior boundary
problem within the damaged region, demarcating the region of material flow where the strength
is the cutoff and the region that is controlled by the pressure dependent strength. It is shown that
excellent agreement between the model and the data across the full range of penetration
velocities (1.5 to 4.5 km/s) is obtained when large slopes (on the order of 2) and large cutoff
values (on the order of 3 GPa) are used. (The actual values differ for each ceramic.) Excellent
agreement between the analytic model and large-scale numerical simulations with exactly the
same constitutive model verify that the model correctly includes the intended physics.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

In the previous decade, a technique was introduced that gives remarkably good results in
modeling projectile penetration of targets. The technique is to integrate the momentum balance
along the centerline. Velocity profiles are assumed in both the target and the projectile to carry
out the integration. To determine the shear stress response required in the integral, it is necessary
to assume a constitutive model for the target material and a three-dimensional velocity field
within the target. This technique was first applied to metal targets being penetrated by long
rods [1], and has subsequently been successfully applied to thick ceramic targets [2-5], to thin
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targets comprised of thin ceramic tiles backed by thin substrates [6], and to bulge and breakout of
metal targets [7]. The model for thick ceramic targets gives excellent results, so far having been
applied to (and matching) penetration velocity for three ceramics: SiC, B4C and AIN.

2. The Analytic Model

Details of the model and its development can be found in previous publications [2-5]. In this
paper, the concepts of the model are outlined and then the behavior of the model is examined in
some detail. The model uses a centerline momentum balance, where the target and impact
geometry are assumed axisymmetric with the axis of symmetry being the z axis. The target is
assumed semi-infinite. The projectile lies along the z axis. The length of the projectile is
denoted L. The velocity along the centerline in the projectile and target is written u,(z). The
interface velocity is u and the velocity of the back of the projectile is v.

A central theme of the modeling approach is the use of the momentum balance along the z
axis. On the axis itself, where x =y = 0, u, = u, = 0 by symmetry. Since the x and y directions
are equivalent, the momentum balance along the centerline simplifies to, where p is the density
and oy the appropriate stress tensor term:

2
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Xz _ 0 (1)
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The following assumptions are made based on the examination of large-scale numerical
(hydrocode) simulations of long-rod impacts performed for numerous impact simulations at
different impact velocities and with various materials:

1) A velocity profile along the centerline in both projectile and target is specified;

2) The back end of the projectile is decelerated by elastic waves, with a magnitude
proportional to the flow stress of the projectile;

3) A shear behavior in the target material is specified. This requires knowledge of the
three-dimensional flow field in the target in the vicinity of the centerline so that the
derivative of the shear stress can be calculated (the 6o _/aox term in Eq. (1)). The

model assumes a hemispherical flow of target material as the projectile penetrates.

With suitable expressions resulting from assumptions 1 and 3, the axial momentum equation can
then be integrated to obtain an equation of motion for the location of the interface between the
target and the projectile. Assumption 2 provides an equation for the deceleration of the rear of
the projectile.

Initial conditions for the model include an initial interface velocity and an expression that
relates the crater radius to the impact velocity. The first is obtained from the equations for one-
dimensional plate impact (the particle velocity in the Rankine-Hugoniot relations). A cavity
expansion solution is used to estimate the extent of plastic flow within the target.

3. The Constitutive Model

It is assumed that the ceramic can be modeled with a Drucker-Prager constitutive model, or
yield surface, with cutoff:

Y:{YO -:bp, p<(¥~-Y)/b
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where Y is the flow stress, p is the pressure, and Y is a maximal flow stress (Fig. 1). This
pressure dependent yield is given by a zero pressure flow stress Y, and a slope . The von Mises
flow surface can be viewed as a special case of Eq. (2), with b = 0.

bP

YZ? Y=Y0+bP

Fig. 1. Drucker-Prager constitutive model. Fig. 2. Target geometry.

For the penetration problem where the target response is modeled with a Drucker-Prager yield
criterion with cutoff, the target response is broken into two regions. Near the projectile target

interface, the stresses are high, and the flow stress is given by the cutoff value ¥ . Further away
from the projectile-target interface, stresses and pressures decrease and the flow stress of the
target material is modeled by the pressure dependent response Y, + bp. Geometrically, due to the
assumption of a hemispherical flow field in the target, the region where the flow stress equals the

cutoff Y ranges from the crater radius R to an intermediate radius & R (Fig. 2). The pressure
dependent portion of the flow surface then ranges from this intermediate radius & R to the outer
edge aR.

4. The Analytic Model

The integral of the centerline momentum balance within the two regions in the target is
combined with the projectile centerline momentum balance to give:

2.2 2 &1 ~5-1 S+ ~F+1
. . pPxS PR , at . 1 ,a'l -« a’ -«
V(L —-s)+u| p,s+—= +-—sa ——-a+l+—| « -
pAL=3) {p” (@ DR az—l{ S & 5-1 5+1

S 4 2
1 s, 1=, .. Y« 1 faN{a®-1
=—p (v—u) —=YIn(@)--2<| = | -1}—=pu’| =

2,020!4142 {adz g% gt _&5—4}

@@ )| 62 5—4

uaa | pR - , P 52 PR N — G0 ot o 3)
| @) - _

(" -1)"| «a R « o +1 S-1

where & = 7b/(3+2b), s is the extent of the plastic zone in the projectile (it is related to R), and
the dots refer to differentiation with respect to time. Additional equations give the deceleration
of the tail of the projectile based on elastic waves traveling the length of the projectile and

reflecting off the free surface, and the time rate of change of the length of the projectile as the
difference between the penetration speed and the speed of the tail.



750 J.D. Walker | International Journal of Impact Engineering 29 (2003) 747-755

To get a better understanding of the physics in Eq. (3), if the parameters that were introduced
that include the three-dimensional model geometry (R and s) are allowed to go to zero, then,
using the deceleration equation for the rear of the projectile (p,Lv =-Y,), it can be shown that
Eq. (3) reduces to Tate’s formulation. For example, in the case where the whole deforming
region in the target is plastically flowing at the cutoff stress ¥ (& = a), the resulting target
resistance term isR, =(7/3)Y In(er). For the more complicated case when the whole region is

flowing with a pressure-dependent stress (& = 1),

Y, 2a’ a’? -1 &’ -1 1
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Thus, the target resistance is a function of the penetration velocity squared, as would be expected
since it is a function of pressure (p ~ %pu?). The term in square brackets on the right hand side
shows a rough linear dependence on b. It also depends on velocity, since « is a function of
penetration velocity. Figure 3 shows the term in square brackets as a function of b for «
computed for three penetration velocities using the constants for SiC presented below. It is seen
that as the penetration velocity increases, the term in square brackets decreases. Thus, overall,
the second expression on the right hand side of Eq. (4) roughly depends linearly on b and
depends somewhere between linearly and squared on the penetration velocity. If the limit 5 — 0
1s taken, the result is R, =(7/3)Y, In(a) — the whole region is flowing with a flow stress of ;.

Coefficient

Fig. 3. Coefficient in Eq. (4).

In using Eq. (3) to compute the front and tail velocity of the projectile, it is necessary to solve
for the interior boundary & . At this boundary, the axial stress deviator is assumed continuous.
This condition in practice leads to a nonlinear equation for & that must be solved simultaneously
with Eq. (3) and the projectile rear deceleration equation (the other two unknowns are # and v).
In the work reported here, this solution was found with an iterative quasi-Newton procedure. As

a first step, however, one solves the problem without cutoff (& = 1) to see if the stresses are such
that the cutoff is even reached.
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The calculation of a, the outer radius of the flow field, is through a cavity expansion solution
based on the intact material's bulk modulus and a flow stress Y., [1]. The crater radius is taken
to depend on the projectile radius and the impact velocity (hence, the crater radius is constant
throughout the penetration). The equation used is a fit to data of tungsten long rods into steel
targets that depends quadratically on the impact velocity. It has proven to work for many
different materials [1].

5. Silicon Carbide

As an example of the above model, the penetration of SiC by a tungsten long-rod projectile
will be considered. The experimental work in [8] is for a L/D=20 tungsten projectile being
impacted by a SiC target. For modeling purposes, the projectile density was assumed 19.3 g/em’,
bar wave speed 5.0 km/s, and flow stress (¥,) 2.0 GPa. The properties for the SiC were density
3.22 g/em’, bulk modulus (K) 230 GPa, shear modulus (G) 180 GPa, bulk sound speed 8.48 km/s
and a slope for the us-u, curve of 1.0 [9]. There are four available numbers for the ceramic to be
used in fitting the penetration data: the three values for the Drucker-Prager flow stress with cutoff
(Yo, b, Y), and the strength of the target Y,,, required for the cavity expansion calculation of a.
For the latter, it was assumed that the appropriate flow stress for the extent of the flowing region
would be based on an average of the cutoff strength and the zero pressure strength, since it is
known that the actual stress will be between those values. Thus, it was assumed that
Y., = (Y, +Y)/2. This leaves three variables to fit the data.

The choice was to make the fit to the penetration velocity vs. impact velocity data. The best
fit was achieved with values ¥y, = 0.1 GPa, b = 2.5, and Y = 3.7 GPa. In the analytic model, an
average penetration velocity for each impact velocity was calculated by fitting a least squares line
through the three depth of penetration vs. time points when the projectile had eroded 1/4, 1/2,
and 3/4 of its initial length and through the zero time-zero penetration point, as done in [8].
Using the above constants, the analytic model gives penetration velocity versus time as plotted in
Fig. 4. The agreement is remarkable. Also on the plot are the least squares line obtained
experimentally (it is nearly completely covered by the model curve) and the "hydrodynamic" line
for comparison — the theoretical penetration velocity if the ceramic and projectile had no
strength.

In addition, Fig. 4 contains computational points where large-scale numerical simulations
were run with the hydrocode CTH [10] with the identical constitutive model (Eq. 2) and material
constants and parameters as in the analytic model. A zoning of 10 computational cells across the
radius of the projectile was used. Agreement between the hydrocode and analytic model
computations is excellent, verifying that the analytic model is correctly reflecting the physics of
the penetration event given the pressure-dependent constitutive model.

Figure 5 displays the final depth of penetration of the model versus that seen in the
experiments. The agreement is good. Also included on the plot is the hydrodynamic line,
showing that the ceramic as an armor does considerably better than hydrodynamic for impact
velocities of 2 — 3 km/s. Figure 5 also displays the results of the CTH computations, and again,
agreement is good. Figure 6 displays o and & for each impact velocity at the point in
penetration when 1/2 of the projectile is eroded. The decrease in « reflects the compressibility of
the material at the higher impact velocities, and the slow growth in & shows the region where
the flowing target material has the ¥ cutoff flow stress, which ranges from 3% of the flowing
region by radius at 1 km/s to 67% by radius at 5 km/s.
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Fig. 7. Penetration and tail velocities versus time
for two impact velocities.

Figure 7 displays the penetration and tail velocities versus time for two impact velocities:
1.7 km/s and 4.0 km/s. The majority of the penetration is at relatively steady-state velocities, but
of particular interest here are the relatively long “tails” at the end of penetration, where the small
residual length of the projectile is penetrating into fracture ceramic material.

6. Boron Carbide

Next, the penetration of B4C by a tungsten long-rod projectile is considered. The
experimental work in [11] is for a L/D=20 tungsten projectile being impacted by a B4C target.
For modeling purposes, again the projectile density was assumed 19.3 g/cm?®, bar wave speed
5.0 km/s, and flow stress (Y,) 2.0 GPa. The properties for the B,C were density 2.50 g/cm3, bulk
modulus (K) 232 GPa, shear modulus () 198 GPa, bulk sound speed 8.885 km/s and a slope for
the u,-u, curve of 1.0 [9]. Again, it was assumed that ¥ = (¥, +Y)/2.

cav

The parameters were adjusted to fit the penetration velocity vs. impact velocity data, as

described above. The best fit was achieved with values Y5 = 0.1 GPa, b= 1.7, and Y = 4.0 GPa.
The penetration velocities, with the above constants, versus time are plotted in Fig. 8. The
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agreement is very good. Also on the plot is the least squares line obtained experimentally. For
B4C, the analytic model calculation is slightly above the least squares line fit at higher velocities.
The "hydrodynamic" line is included for comparison — the theoretical penetration velocity if the
ceramic and projectile had no strength.

Figure 9 displays the final depth of penetration of the model versus that seen in the
experiments. The model prediction falls below the experimental data. Since the model predicts
a slightly higher penetration velocity at higher velocities, it must be that the difference in the final
penetration depths arises at late time, during the tail of penetration. Figure 10 displays « and a
for each impact velocity at the point in penetration when 1/2 of the projectile is eroded. The
Y cutoff flow stress region ranges from none of the flowing region at 1 km/s to 53% by radius at

5 km/s. Figure 11 displays the penetration and tail velocities versus time for two impact
velocities: 1.7 km/s and 4.0 km/s.
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7. Aluminum Nitride

Next, the penetration of AIN by a tungsten long-rod projectile is considered. The
experimental work in [12] is for a L/D=20 tungsten projectile being impacted by a AIN target.
For modeling purposes, the projectile density was assumed 19.3 g/crn3 , bar wave speed 5.0 km/s,
and flow stress (¥,) 2.0 GPa (again, the same as above). The properties for the AIN were density
3.25 g/cm3 , bulk modulus (K) 320 GPa, shear modulus (G) 129 GPa, bulk sound speed 7.90 km/s
and a slope for the us-u, curve of 1.0 [9]. Again, it was assumed that ¥ = (¥, +¥)/2.

The parameters were adjusted to fit the penetration velocity vs. impact velocity data, as
described above. The best fit was achieved with values Yy = 0.1 GPa, #=2.7, and Y = 3.0 GPa.
The penetration velocities, with the above constants, versus time are plotted in Fig. 12. The
agreement is again remarkable. The plot includes plot the least squares line obtained
experimentally (nearly completely covered by the model curve) and the "hydrodynamic" line.

Figure 13 displays the final depth of penetration of the model versus that seen in the
experiments. The agreement is good, though at higher velocities the predicted depth is again
low. Figure 14 displays aand & for each impact velocity at the point in penetration when 1/2 of
the projectile is eroded. The Y cutoff flow stress region ranges from 6% of the flowing region by

radius at 1 km/s to 67% by radius at 5 km/s. Figure 15 displays the penetration and tail velocities
versus time for the two impact velocities 1.7 km/s and 4.0 km/s.
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8. Summary

This paper presented the approach of looking at a centerline momentum balance to analyze
penetration. Models based on this technique include transient effects. The model has been
explicitly formulated for pressure-dependent yield stress, in particular a Drucker-Prager
constitutive model with a cutoff. The model shows remarkable agreement for penetration of
thick ceramic targets for velocities ranging from 1.5 to 5.0 km/s. The model was compared in
detail with test data from SiC, B4,C and AIN. Excellent agreement with experimental results was
obtained. The model was also compared with CTH computations with exactly the same
constitutive model and again the agreement was excellent, verifying that the model correctly
includes the intended physics. The pressure-dependent model requires the calculation of an
internal boundary in the target, demarcating the domains of the target corresponding to the cutoff
flow stress and the pressure-dependent flow stress. The results are important in that they
demonstrate that a complicated constitutive model can be solved analytically within the
framework of a first-principles-based penetration model and for the fact that it is possible to
model the penetration results for thick ceramics with such a constitutive model.
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