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Abstract

A three-dimensional finite-element algorithm is presented for the computation of projectile mass loss due
to abrasion at a projectile/target interface. The algorithm is an extension of the algorithm previously
presented by the authors for axisymmetric computations. A description of the algorithm emphasizes the
additional complexities introduced by three dimensions. The most significant complexity is the adjustment
of the Lagrangian projectile mesh to avoid the convergence of nodes at the tip of the projectile nose as mass
is removed from the nose. This adjustment is achieved in three dimensions by combining periodic calls to a
rezoning algorithm (that redistributes the interior nodes of the mesh without changing connectivities) with
an incremental adjustment of the surface nodes (that is applied tangent to the surface each timestep.)
Numerical examples include comparisons to test data and demonstrations of the effects of non-
axisymmetric impact. r 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Beissel and Johnson [1] recently presented an abrasion algorithm for the calculation of
projectile mass loss for two-dimensional axisymmetric computations. The algorithm was
implemented in an explicit-dynamic finite-element code [2], and computational results were
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compared to the test data of Forrestal et al. [3]. This paper describes an extension of the algorithm
to fully general three-dimensional computations, capable of capturing the effects of impact
obliquity, attack angle, and yaw.
Steel projectiles intended to penetrate thick concrete targets are generally designed to impact at

velocities below the hydrodynamic transition velocity. As a result, the global deformations of the
projectile remain elastic. Forrestal et al. [3] have performed experiments on the impact of ogive-
nosed steel penetrators (l=d ¼ 10) into thick concrete targets below the transition velocity. They
show photographs of the 1.6-kg penetrators which demonstrate blunting of the ogive noses, and
they report abrasive mass losses ranging from 1.2% for an impact velocity of v0 ¼ 405 m=s to
6.8% for v0 ¼ 1201 m=s: The photographs also indicate a significant reduction in projectile length
for v0 ¼ 1201 m=s:
In two-dimensional axisymmetric computations of normal impact, abrasion was

shown to have only a small influence on penetration depth [1]. However, the effects
of non-axisymmetic abrasive mass loss, due to impact obliquity, attack angle and yaw,
are not known. Possible effects are changes in the penetration trajectory or the structural
response of the penetrator. The simulation of these effects requires three-dimensional
computations.
Montgomery [4] presented test data on the abrasion of projectile rotating bands in

gun tubes. He concluded that abrasion results from the removal of a thin boundary layer of
melted material. Since the thickness of the boundary layer is typically several orders
of magnitude smaller than the projectile dimensions, it would be highly impractical to
construct a finite-element mesh capable of resolving the thermal–mechanical processes in the
layer. The algorithm in this paper does not rely on such a mesh; instead, it assumes
that the rate of mass removal from the projectile surface is proportional to the rate
of frictional heat generated at the projectile=target interface. The nodes along the surface of
the projectile mesh are moved incrementally inward at each timestep to account for the calculated
rate of mass removal acting over the timestep. Nodal masses and element volumes are adjusted
accordingly.
As mass is removed from the nose of the projectile, the elements comprising the nose

shrink, reducing the critical computational timestep. In the axisymmetric algorithm [1], a fully
automatic rezoner is called to replace the mesh when its minimum element altitude falls below a
critical length. The algorithm presented here for three dimensions employs a less abrupt
adjustment to the mesh. The rezoner is called only to redistribute the interior nodes (without
changing the element connectivities), while the nodes on the surface are adjusted each timestep by
an increment that is tangent to the surface. The tangent surface adjustment is added to the
abrasive adjustment (normal to the surface) to prevent the surface nodes from converging at the
tip of the projectile.
Since the rate of abrasive mass loss is applied to the projectile surface, different target

representations are easily accommodated by the algorithm. This flexibility is very important in
three dimensions, where finite-element mesh sizes can become prohibitive.
The tests of Forrestal et al. [3] are simulated, and the results are compared to the test results.

Examples are then presented with variations of the computational parameters to determine the
sensitivities of the results. Examples of non-axisymmetric impact are included to demonstrate the
capabilities of the three-dimensional algorithm.
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2. Abrasion algorithm

2.1. Abrasion rate

The rate at which material is abraded from the surface of the projectile can be expressed as

’a ¼ �Ksnvtan; ð1Þ

where ’a is the velocity at which the surface is receding, sn is the normal stress component, vtan is
the relative velocity between the projectile and target, and K is the proportionality constant. This
simple form was derived for the axisymmetric algorithm [1] from the assumption that the rate of
mass removal is proportional to the rate of work done on the projectile by frictional forces. The
left side of Fig. 1 depicts the incremental adjustments to the abrasion surface nodes of an
axisymmetric mesh due to Eq. (1) acting over the current timestep. Since ’a is not a Lagrangian
quantity, the nodal mass contributions of all elements on the abrasion surface must be updated
each timestep.

2.2. Surface node adjustments

2.2.1. General node
The right side of Fig. 1 depicts a three-dimensional abrasion surface in the region of a typical

surface node. To apply the abrasion rates at the nodes, the algorithm must compute sn and vtan at
the nodes.

Fig. 1. Axisymmetric increment of abrasion (left) and unit normal, n; and tangent velocity, vtan; of representative 3D
surface node (right).
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The algorithm first calculates the outward unit normal vectors for each of the triangular
element faces on the abrasion surface. To obtain an outward unit normal vector at the nodes, it
averages the unit normal vectors of all the faces that contain the node. On the right side of Fig. 1,
the unit normal vector at the surface node, #n; is computed as the average of the four unit normal
vectors, #na

y#nd ; of the faces containing the node.
The algorithm then projects the element stresses to the nodes by a simple averaging scheme: the

nodal stress is the average of the stresses of all the elements containing the node. The normal
component of the stress is therefore determined as

sn ¼ #n � r � #n ¼ #n2xsx þ #n2ysy þ #n2zsz þ 2 #nx #nytxy þ 2 #nx #nztxz þ 2 #ny #nztyz; ð2Þ

where r is the nodal stress.
The tangential velocity vtan is computed from the projectile nodal velocity vprojtan of Fig. 1 as

vtan ¼
jvprojtan � vtargtan j if contact;

0 otherwise:

(
ð3Þ

In Eq. (3), the tangential surface velocities of the projectile and target are vprojtan ¼ vproj � ðvproj � #nÞ#n
and v

targ
tan ¼ vtarg � ðvtarg � #nÞ#n; where vproj is the velocity vector of the projectile node, and vtarg is the

velocity vector of the target in contact with the projectile node. These calculations amount to
finding the tangential components of the velocities by subtracting the normal components from
the total velocities. Contact algorithm data are used to determine vtarg when the target is
represented by a finite element mesh or a grid of meshfree nodes (particles). If the target is
represented by an analytic function, vtarg may not be available. In such cases, it is generally a good
approximation to let vtarg ¼ 0:
With vtan and sn calculated at the node, Eq. (1) provides the incremental displacement of the

surface node due to abrasion, Da ¼ ’aDt: This increment is applied to the node in the direction of
the inward unit normal, �#n: Since this increment changes the size of all elements containing the
node, the volumes of all elements containing at least one abrasion surface node are recomputed
each timestep, and the nodal mass contributions are adjusted accordingly.
The incremental abrasive adjustment, � ’aDt #n; to the surface nodes is applied at each timestep

Dt: Since the direction �#n of this adjustment is inward and normal to the surface, it contains a
component pointing toward the projectile axis (for all nodes that are not on a surface normal to
the axis). Therefore, the elements containing the tip node and one of the surface nodes nearest the
tip node become unacceptably small as the tip node is abraded axially and the other surface nodes
are abraded toward the axis. The top of Fig. 2 depicts this situation.
The bottom of Fig. 2 shows an incremental nodal adjustment, Dxtan

#t; that is added to the
abrasive adjustment, � ’aDt #n; to prevent the surface nodes from approaching the projectile axis as
abrasion progresses. This adjustment is tangent to the surface, so that projectile volume and mass
changes are due only to the abrasive adjustment. The net effect of the tangent and abrasive
adjustments is to move the node in the bottom of Fig. 2 parallel to the axis of the projectile. The
element (not shown) containing this node and the tip node therefore does not shrink in the radial
direction.
To compute the tangent adjustment, the following steps are taken. The bottom of Fig. 2 shows

the unit vector in the direction of the projectile axis, #xax: It is computed by normalizing the
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difference between the position vectors of the tip and tail nodes

#xax ¼
xtip � xtail

jjxtip � xtailjj
; ð4Þ

where xtip and xtail are the position vectors of the tip and tail nodes. (These nodes are user input.)
The tangent direction is denoted by the unit vector #t in the bottom of Fig. 2, and it is computed by
projecting the axial vector onto the plane of the surface at the node, taking its opposite, and
normalizing.

#t ¼
�½ #xax � ð #xax � #nÞ#n	
jj #xax � ð #xax � #nÞ#njj

: ð5Þ

To find the magnitude Dxtan of the tangent adjustment that results in a net adjustment (abrasive
plus tangent) parallel to the projectile axis, the vectors of Fig. 2 are made to form a triangle,

� ’aDt #nþ Dxtan
#t ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ’aDtÞ2 þ Dx2

tan

q
#xax: ð6Þ

Taking the inner product of both sides with #n and solving for Dxtan;

Dxtan ¼ ’aDt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

#n � #xax

� �2

�1

s
: ð7Þ

Fig. 2. Abrasive adjustment without tangent adjustment (top), and with tangent adjustment (bottom).
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The magnitude Dxtan of the tangent adjustment in Eq. (7) cannot be applied to surfaces that are
parallel to the projectile axis (#n � #xax ¼ 0) because Dxtan approaches infinity as #n � #xax goes to zero.
This can be seen geometrically by attempting to draw the triangulation of the vectors � ’aDt #n;

Dxtan
#t and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ’aDtÞ2 þ Dx2

tan

q
#xax in Fig. 2 for a node along the side of the projectile, where the

surface is parallel to the axis of the projectile. Fortunately, nodes along the side of the projectile
are farthest from the projectile axis, and a net adjustment with a component toward the axis will
not significantly reduce the minimum element altitude. While it is important to maintain a net
adjustment parallel to the axis for nodes near the nose tip, the algorithm must reduce the
magnitude of the tangent adjustment in Eq. (7) for nodes along the side of the projectile. This is
done by limiting angle f in Fig. 2.
The angle f denotes the difference between the direction of the abrasive adjustment and the

direction of the net adjustment. It is zero when the tangent adjustment is zero, and increases with
the tangent adjustment. If this angle is prevented from approaching p=2; the tangent adjustment
will not approach infinity for nodes along the side of the projectile. The algorithm includes user
input for a maximum value of this angle, fmax; where 0pfmaxop=2: If fmax ¼ 0; no tangent
adjustment will be applied. This option is only useful for small amounts of abrasion. For larger
amounts of abrasion, it is necessary to ensure that the net adjustments of the surface nodes nearest
the tip node are not limited by fmax; so that they can point in the axial direction determined by
Eq. (7). Projectiles with sharper tips will therefore require larger values of fmax: A simple and
accurate approximation for most meshes is fmax > p=2� y; where y is the smallest angle between
the axis of the projectile and the lines connecting the tip node to the nearest surface nodes; see
Fig. 2.
Unlike the periodic calls to the rezoning algorithm, the tangent adjustment is made each time

step and it is very small. Although a remapping of the field variables could be included for the
tangent adjustment (akin to the convective terms of an arbitrary Lagrangian–Eulerian
formulation), it has been neglected here because the typical process of penetration is much
slower than the elastic wave speeds, resulting in a redistribution of stresses that is nearly
instantaneous with respect to the time spanned by the event. However, if there is significant plastic
flow in the projectile, neglecting the mapping of field variables would generate errors in the
distribution of plastic strains on the surface. These errors would be proportional to the extent of
the surface adjustments.

2.2.2. Tip node
If the unit normal vector of the node at the tip of the projectile nose is computed as the average

of the normal vectors of the adjacent surfaces (as described in Section 2.2.1 for a general surface
node), it will in most circumstances align very nearly with the velocity vector of the node. The left
side of Fig. 3 depicts this situation for a typical nose node. In this figure, the average (not shown)
of the four normal vectors #na;y; #nd is very nearly in the direction of the velocity vector vproj: This
will result in a very small value of the tangent velocity, v

proj
tan ; and an erroneously small value of the

abrasion rate, ’a; for the tip node. The error results from the normal vector not accurately
representing the orientations of the surfaces adjacent to the tip. Specifically, the radial
components of #na;y; #nd are lost when they are averaged. The computation of the unit normal
vector to the tip node must therefore be treated as a special case.
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An axisymmetric idealization of the conditions at the tip node allows for the computation of a
single unit normal vector that captures the radial components of the unit normal vectors of the
adjacent surfaces in three dimensions. Fig. 3 shows the idealization from three dimensions (left
side) to axisymmetry (right side). The projectile axis defines the axis of symmetry.
The unit normal vector in the axisymmetric representation is found by averaging the axial and

radial components of the adjacent-surface unit normals, #na;y; #nd on the left side of Fig. 3. The
first step in finding the radial components is computing vectors that point from the tip node to the
centroid of each surface adjacent to the tip node

DxI ¼ xI
cent � x

tip; I ¼ 1;y; nsurf ; ð8Þ

where xI
cent is the centroid of surface I and nsurf is the number of adjacent surfaces. A unit vector

in the radial direction for each of the surfaces is then calculated by removing the axial parts of DxI

and normalizing

#xI
rad ¼

DxI � ðDxI � #xaxÞ #xax
jjDxI � ðDxI � #xaxÞ #xaxjj

; I ¼ 1;y;nsurf : ð9Þ

Radial unit vectors #xa
rady #xd

rad are shown on the left side of Fig. 3. With a radial unit vector for
each surface, the radial components of the surface normals can be found by projecting them onto
the radial unit vectors,

#nI
r0 ¼ #nI � #xI

rad; I ¼ 1;y;nsurf : ð10Þ

Fig. 3. Penetrator tip node in 3D (left) and simplified 2D axisymmetry (right).
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Likewise, the axial components can be found by projection onto the axial unit vector,

#nI
z0 ¼ #nI � #xax; I ¼ 1;y;nsurf : ð11Þ

These components are averaged over the surfaces to obtain the components #nr0 and #nz0 of the unit
normal vector #n in the axisymmetric representation.
This unit normal vector is then used to compute the tangent velocity as follows. The velocity of

the tip node is transformed to the axisymmetric system by taking the projection of the velocity
vector onto the projectile axis,

vax ¼ vproj � #xax: ð12Þ

The right side of Fig. 3 shows the alignment of vax with the z0-axis of the axisymmetric system.
Then the tangent velocity of the projectile is computed by subtracting the normal projection of vax
from itself,

v
proj
tan ¼ vax � ðvax � #nÞ#n: ð13Þ

The tangent velocity vtan for use in the abrasion equation (1) is then computed from v
proj
tan as for a

general surface node, by Eq. (3).
The next step is transforming the state of stress at the tip node from three dimensions to

axisymmetry, and calculating the surface-normal component of stress. The normal stress in the
axial direction, sz0 ; can be found using the axial unit vector,

sz0 ¼ #xax � r � #xax: ð14Þ

The normal stress in the radial direction, sr0 ; can then be found from sz0 by observing that the
pressure is invariant; its values in cylindrical and cartesian coordinates are equivalent:

1
3
ðsr0 þ sy0 þ sz0 Þ ¼ 1

3
ðsx þ sy þ szÞ; ð15Þ

where sy0 is the circumferential normal component of the stress. In axisymmetry, the radial and
circumferential normal components of stress are equal on the axis, so sr0 can be substituted for sy0
in Eq. (15). Solving for the radial component,

sr0 ¼ 1
2
ðsx þ sy þ sz � sz0 Þ: ð16Þ

The surface-normal component of stress, sn; can then be found from the axial and radial normal
components of stress, sz0 and sr0 ;

sn ¼ #n � r � #n ¼ #n2r0sr0 þ #n2z0sz0 : ð17Þ

The right-hand side of Eq. (17) does not contain a shear-stress term because tr0z0 is zero on the axis
of symmetry.
With vtan and sn evaluated for the tip node, Eq. (1) provides the abrasion rate ’a at the tip. This

rate of abrasion is computed in the direction of the inward surface normal �#n; but the incremental
adjustment to the tip node is applied in the axial direction, � #xax: The tip node adjustment ’aDt is
therefore scaled by 1= #nz0 ; as shown on the right side of Fig. 3.
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2.3. Interior node adjustments

In the 2D-axisymmetric algorithm [1], a fully automatic rezoner is called when mass
loss from the tip of the projectile renders the minimum element altitude too small to
maintain an adequate critical timestep. The fully automatic rezoner reconstructs the interior of
the mesh and removes nodes from the boundary that are too close to one another.
In three dimensions, a rezoning algorithm [5] is used that redistributes interior nodes
without modifying nodal connectivities, and does not modify the boundary of the mesh. This
algorithm is used in conjunction with the tangent adjustment of the surface nodes described in
Section 2.2.1 to maintain an adequate mesh. The result is that nodes are not removed from the
projectile in three dimensions (unlike the axisymmetric formulation [1]); instead, the elements are
forced to shrink as mass is removed. While the mass and volume are removed from the projectile
surface, the rezoner and the tangent adjustment distribute element volume reductions throughout
the projectile.
The abrasion algorithm calculates the minimum element height of all elements eligible

for abrasion at each timestep, and saves the initial value. If the minimum element height
at any timestep falls below a user-specified fraction acrit of its initial value, the rezoner [5]
is called to redistribute the interior nodes of the mesh. Since the rezoner is invoked
periodically (not each timestep), its modifications to the mesh are not small. It therefore
includes a mapping of field variables from the original mesh to the modified mesh by
interpolating the variables on the original mesh to the tetrahedral centroids (integration points) of
the modified mesh.

2.4. Target representation

The target may be represented by finite elements, meshfree particles, an Eulerian grid, or an
analytic model. For three-dimensional problems, the analytic representation offers much greater
computational efficiency than the other representations because it does not use a spatial
discretization of the target. The analytic models trade first-principal analysis for efficiency, but
they can provide good accuracy when calibrated over the range of conditions encountered in the
analysis.
In this paper, the PENCRV3D analytic model [6] is used to represent the targets in

the example computations. This model uses dynamic cavity expansion theory to establish
the form of the expression for the normal stresses applied by the target to the surface
of the projectile. For concrete targets, the expression includes target material properties
(density and unconfined compressive strength) and the projectile velocity components
normal to the projectile surface. The exact form of the expression is determined by
empirical parameters. The normal stress components represent the loads on the surface of the
projectile mesh, and they are computed for each projectile surface and each timestep of
integration.
The PENCRV3D analytic model [6] has also been simplified for use in some of the 2D

axisymmetric computations described in the following section. This form will be referred to as
PENCRV2D.
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3. Examples

3.1. Comparisons to experimental data

In this section, computations are compared to the test data of Forrestal et al. [3] for the purpose
of assessing the accuracy of the algorithm, including the abrasion rate, Eq. (1). These same test
data were used for comparison to the computed results of the axisymmetric algorithm [1].
The tests consisted of ogive-nosed 4340-steel projectiles impacting deep concrete targets. The

projectiles were 304:8 mm long, including a nose length of 50:5 mm: They were 30:5 mm in
diameter, with a total mass of 1:6 kg: The concrete targets were 0:91 m in diameter, with
unconfined compressive strength of f 0

c ¼ 51:0 MPa: Impact velocities ranged from 405 to
1201 m=s:
Computations are performed for impact velocities of 400; 600; 800; 1000 and 1200 m=s: The

computational parameter that determines when to call the rezoner is acrit ¼ 0:5: The steel is
modeled by linear elasticity, with modulus of elasticity E ¼ 200 GPa and Poisson’s ratio n ¼ 0:3:
For the PENCRV3D analytic model [6] of the target, concrete properties were f 0

c ¼ 51:0 MPa and
r ¼ 2250 kg=m3:
Three sets of computations were performed: axisymmetric with a finite-element target,

axisymmetric with a PENCRV2D target, and three-dimensional with a PENCRV3D target. This
was done to help distinguish the effects of different target models from the effects of differences
between the axisymmetric and three-dimensional algorithms. An appropriate value of the
proportionality constant K in the abrasion model, Eq. (1), was determined [1] for the
axisymmetric algorithm with a finite-element target by approximate calibration of the calculated
mass loss to the test data at an initial velocity of 800 m=s: This value, K ¼ 3� 10�12 Pa�1; is then
used for all subsequent computations, including all impact velocities and all three sets of
computations.

3.1.1. Axisymmetry with finite-element targets
The axisymmetric simulations use the projectile mesh of 396 constant-strain triangular elements

shown on the left side of Fig. 4, which has been reflected in the negative r direction for graphical
purposes only. The elements are arranged in symmetric quadrilateral groups of four to alleviate
volumetric locking. The total length, L; includes the length of the nose, Lnose:
The first set of axisymmetric computations uses targets represented by a 38,720-element mesh of

the same quadrilateral arrangement of triangular elements (and similar refinement) as the
projectile mesh. The concrete constitutive model [1] includes fracture and associated softening via
continuum damage, and target elements are eroded at strains of 2.0.
The final meshes are not shown in this paper because the same computations were performed

previously with acrit ¼ 0:7 and the final meshes were shown in [1].

3.1.2. Axisymmetry with PENCRV2D targets

The second set of axisymmetric computations uses targets represented by the PENCRV2D
analytic model. The projectile meshes are the same as those used with the finite-element target, on
the left side of Fig. 4.
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The final meshes are shown in Fig. 5, and they demonstrate the increase in mass loss with
increasing impact velocity. While mass loss is computed on all surfaces, its effects are primarily
seen in the reduction of projectile lengths and the increased slenderness of the projectile noses. For
this value of acrit ð0:5Þ; insufficient mass was removed from the noses to trigger the rezoner for
impact velocities of 400 and 600 m=s: For higher impact velocities, the characteristic unstructured
meshes of the automatic rezoner are evident.

3.1.3. Three dimensions with PENCRV3D targets

The 3D computations use the mesh of 14,256 constant-strain tetrahedral elements shown in the
center of Fig. 4. The elements are arranged in symmetric hexahedral groups of 24 to alleviate
volumetric locking. The plane of symmetry is indicated in Fig. 4, and the mesh on this plane is
identical to the axisymmetric mesh on the left side of Fig. 4. The computational parameter
limiting the tangent adjustment is fmax ¼ p=3: The thee-dimensional targets are represented by
the PENCRV3D model.
Fig. 6 shows the final mesh along the plane of symmetry for each impact velocity. The same

trends in the projectile shapes due to mass loss that occurred in axisymmetry are evident here. One
notable exception is that the three-dimensional meshes retain their initial connectivities, since the
rezoner does not reconstruct the mesh.

3.1.4. Comparison of results
Fig. 7 is a plot of projectile penetration versus impact velocity for the experimental data and all

three sets of computations. While the penetrations of the (axisymmetric) finite-element targets are

Fig. 4. Initial projectile meshes: 2D axisymmetry (left), 3D with symmetric element groups (center), 3D with

nonsymmetric element groups (right).
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all less than the experimental data, the penetrations of the PENCRV2D and PENCRV3D targets
are all greater than the experimental data. The PENCRV2D and PENCRV3D targets therefore
provide less resistance to the projectile than the finite-element targets over the range of impact
velocities from 400 to 1200 m=s: By comparison, the differences between the penetrations of the
PENCRV2D and PENCRV3D targets is very small. This likely indicates consistency between
the loads from the PENCRV2D and PENCRV3D models, as well as consistency between the
responses of the axisymmetric and three-dimensional projectile finite-element models.
The computations were also performed without the abrasion algorithm. Penetration depths

from these computations were actually slightly less (by about two percent when v0 ¼ 800 m=s; for
example) than those obtained with the abrasion algorithm. At this time, it is unknown whether
this result is a numerical artifact or truly a physical effect. However, it is conceivable that, while
the abrasion routine removes momentum from the projectile, it also increases the aspect ratio of
the nose, making the projectile penetrate more efficiently.
Fig. 8 is a plot of mass loss (as a percentage of the initial mass) versus impact velocity for the

experimental data and all three sets of computations. The mass losses for the case of axisymmetry

Fig. 5. Final 2D axisymmetric meshes for impact velocities v0 and PENCRV2D targets.
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with the finite-element targets are significantly greater than those for both the PENCRV2D and
PENCRV3D cases at all impact velocities above 400 m=s: This is probably a result of the
previously mentioned lower resistance provided by the PENCRV2D/PENCRV3D target model
than by the finite-element target model. The mass losses plotted in Fig. 8 for the PENCRV2D and
PENCRV3D cases are nearly identical. Given the good agreement in penetrations for these two
cases, the agreement in mass loss indicates consistent implementation of the abrasion rate, Eq. (1),
in two and three dimensions.

3.2. Parametric sensitivities

The computations of this section are intended to determine the sensitivities of the results to
variations in computational parameters. These computations are all variations of the three-
dimensional projectile of Section 3.1 with an impact velocity of 1200 m=s: Variations are

Fig. 6. Final 3D meshes along planes of symmetry for PENCRV3D targets and normal impact at velocities v0:
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considered in the parameters acrit; fmax; and the arrangement of elements. Table 1 summarizes the
results of these variations in terms of the final projectile penetration, its mass loss, and length loss.

3.2.1. Variation in critical element altitude

The first variation is to increase the fraction of the initial minimum element altitude at which
the rezoner is invoked, acrit; from 0:5 to 0:7: For the baseline computation (no variation), acrit ¼
0:5 and the rezoner was invoked three times; for the variation, acrit ¼ 0:7 and the rezoner was
invoked four times. The computed penetration depth was the same for both computations, and
the mass losses were 8:49% and 8:48%: These data indicate very little sensitivity in the results due
to a variation in acrit using a PENCRV3D target. Similar results were obtained in axisymmetry
with a PENCRV2D target.
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For the case of axisymmetry with a finite-element target [1], the computations at all impact
velocities were performed with both acrit ¼ 0:7 and 0.9, and larger differences were found in the
mass losses than the differences from the PENCRV2D and PENCRV3D targets. The apparent
greater sensitivity in mass loss to variations in acrit with a finite-element target may be due to the
interaction of the contact algorithm with the 2D rezoner. In particular, when the 2D rezoner
removes nodes from the surface of the projectile, the new shape of the surface may no longer be in
contact with the target, causing sudden unloading and a corresponding change in the rate of
abrasion (through sn:) In this way, removal of surface nodes affects the mass loss, and this may
account for differences in mass loss due to variations in acrit when the target is represented by
finite elements. The PENCRV2D and PENCRV3D target representations do not use the contact
algorithm.

3.2.2. Variation in maximum tangent adjustment

The sensitivity of the results to the parameter fmax; that limits the tangent adjustment, is
examined through the variations fmax ¼ 0; p=4 and 5p=12: The baseline computation uses fmax ¼
p=3; so fmax ¼ p=4 represents a reduction in the allowable tangent adjustment by p=12 and
fmax ¼ 5p=12 represents an increase in the allowable tangent adjustment by p=12: The case of
fmax ¼ 0 prohibits the tangent adjustment.
In Section 2.3, a suggested lower bound on fmax was given as fmax > p=2� y; see Fig. 2. This

bound is intended to allow the surface nodes nearest the tip to move axially as mass is removed
from the projectile nose, and it is clearly violated by fmax ¼ 0 for the ogive-nosed projectile of
these computations. The computation using the fmax ¼ 0 variation stopped when only 2.80% of
the mass had been removed because the rezoner could not restore the minimum element altitude
above acrit due to the abrasive adjustment of the surface nodes toward the projectile axis.
The variations fmax ¼ p=4 and 5p=12 produced penetration depths within 0.2% of the baseline

computation, and mass losses were also very similar (8.45% for fmax ¼ p=4 and 8.61% for
fmax ¼ 5p=12). These results indicate that the solutions are not highly sensitive to fmax; provided
the value of fmax allows completion of the computation.

3.2.3. Variation in element arrangement

A variation in the arrangement of the elements is considered by replacing the symmetric
hexahedral groups of 24 tetrahedral elements in the mesh of the baseline computation by non-
symmetric hexahedral groups of six tetrahedral elements. This mesh is shown on the right side of

Table 1

Parametric sensitivities for v0 ¼ 1200 m=s in three dimensions

Variation Penetration (m) Mass loss (%) Length loss (%)

None (baseline) 2:384 8:49 3:76
acrit ¼ 0:7 2:384 8:48 3:76
fmax ¼ 0 NA NA NA

fmax ¼ p=4 2:388 8:45 3:58
fmax ¼ 5p=12 2:388 8:61 3:76
Non-symmetric groups 2:332 7:66 3:73
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Fig. 4, and its 14,400 elements represent similar refinement to the baseline mesh of 14,256
elements. The nonsymmetric groups are known to suffer some artificial stiffness due to volumetric
locking, so they provide more than just a geometric variation to the baseline computation.
The penetration depth from this variation is slightly less than the baseline penetration. The

mass loss of 7.66% is less than the baseline mass loss of 8.49%. These data reflect the greatest
sensitivity in the mass loss to any of the computational parameters. Unfortunately, it is not clear
whether these sensitivities are due to geometric differences in the mesh, differences in the
mechanical responses of the elements, or some other factor.

3.3. Non-axisymmetric examples

The examples of this section are intended to demonstrate the three-dimensional capabilities of
the abrasion algorithm. The 3D penetrator at 1000 m=s and the PENCRV3D target of Section 3.1
are used as the baseline computation.
The angle between the velocity vector and the direction normal to the target surface (obliquity)

is increased from zero to p=9 (201). In addition, the angle between the velocity vector and the
projectile axis (attack angle) is varied. For the first computation, the attack angle remains zero.
The second and third computations use attack angles of 7p=36 (51) Fig. 9 shows the resulting
orientation of the projectile axis with respect to the initial velocity vector and the surface of the
target for each of these three cases. When the attack angle and obliquity rotate the axis of the
projectile in the same direction, the impact conditions are referred to as ‘‘nose up’’ (left side of
Fig. 9) and the resulting angle between the axis of the projectile and the normal to the surface is
5p=36: When the attack angle opposes the obliquity, the impact conditions are referred to as
‘‘nose down’’ (right side of Fig. 9) and the angle between the axis of the projectile and the normal
to the surface is 3p=36:
Fig. 10 shows sequential plots of the three projectiles at t ¼ 0:0; 0:4; 1:0; 2:0; 5:0 ms: The

projectiles have very nearly stopped at 5:0 ms: The sequences elucidate the different trajectories
that result from the different impact conditions. While the trajectory of the case with no attack
angle (center) maintains the initial obliquity of p=9; the non-zero attack angles cause the other two
cases to veer from the initial obliquity by an angle that is larger than the attack angle. This can be
seen by comparing the initial and final projectile orientations. For both of these cases, deviation
from the initial obliquity is in the same direction as the attack angle. The nose-up configuration
shows the least amount of penetration, while the nose-down and zero-attack-angle configurations

Fig. 9. Initial obliquities and attack angles along planes of symmetry.
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penetrate nearly equal amounts. Note that the initial velocity vectors are identical for all three
cases.
Also evident from the projectiles plotted at 0:4 ms in Fig. 10 are the severe deformations due to

the whipping action of the tail when the attack angle is non-zero. Since plasticity was not included
in the projectile material model, these deformations are entirely elastic. In reality, the whipping
action caused by these harsh impact conditions may result in large-scale plastic flow, and possibly
fracture of the projectile.
Fig. 11 shows the final meshes of these computations in comparison to the baseline

computation and the initial mesh. The mass loss increases slightly (from 5.32% to 5.45%) by
introducing the obliquity. However, when the attack angle is introduced, the mass losses increase
significantly more (to 6.14% for the nose-up case and 6.10% for the nose-down case). In addition,
the attack angles likely cause non-axisymmetric mass loss, although it is difficult to see in Fig. 11.
Most impact conditions do not cause more abrasive mass loss than the examples of Section 3.1,

but the abrasion algorithm has been designed to handle greater mass loses. The example with
obliquity but no attack angle was recomputed with double the value of the proportionality
constant K in the abrasion rate. The final mesh is shown at the bottom of Fig. 11, and its reduced
length and slender nose reflect the loss of 13.4% of its initial mass. This mass loss is more than
double the 5.4% that was lost from the computation before doubling K ; indicating a nonlinear
coupling of the abrasion rate and the total mass loss.
An example of high mass loss was presented for the 2D-axisymmetric algorithm [1] by

increasing K 10-fold, and 59% of the mass was removed. The 2D algorithm is capable of
removing more mass than the 3D algorithm because the 2D fully automatic rezoner removes
nodes from the boundary and reconstructs the interior of the mesh, reducing the number of
elements as the projectile volume decreases. The 3D algorithm redistributes the nodes as the
projectile volume decreases, but it does not reduce the number of elements. Nevertheless, the

Fig. 10. Projectile responses for non-axisymmetric impact.
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example at the bottom of Fig. 11 demonstrates the ability of the 3D algorithm to simulate high
abrasive mass losses with respect to the range of practical interest.

4. Summary and conclusions

A three-dimensional abrasion algorithm has been presented for predicting projectile mass loss
during penetration. The algorithm is an extension of a two-dimensional axisymmetric abrasion
algorithm presented previously by the authors, and it uses incremental adjustments to a
Lagrangian finite-element mesh to implement the abrasion rate. A description of the algorithm
focuses on the three-dimensional aspects which require special consideration, including the tip of
the projectile nose and the difficulties maintaining an adequate mesh as mass and volume are
removed from the projectile.
A series of computations has been performed for comparison with experimental data under

normal impact conditions. The computed mass losses generally underpredict the experimental
data, but this appears to be the result of the value chosen for the proportionality constant in the
abrasion rate, not the abrasion algorithm. The results also show a high degree of agreement
between the 3D implementation and the 2D axisymmetric implementation presented previously.
Additional computations were performed with variations of the computational parameters.

Fig. 11. Final 3D meshes along planes of symmetry for non-axisymmetric examples, v0 ¼ 1000 m=s:
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Results were somewhat sensitive to the arrangement of the elements in the projectile mesh, but not
to the parameters of the abrasion algorithm. The final set of computations demonstrate the ability
of the three-dimensional algorithm to simulate the effects of non-axisymmetric impact conditions.
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