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Summary--There are several established formulae for projectile penetration into semi-infinite 
concrete targets. Most of them include a term which indicates that regular scaling does not hold in 
this situation. Most of these formulae were derived using curve-fitting procedures, so that these 
terms do not represent any physical meaning. Non-scaling is also found in long rod penetrations, 
which cannot be attributed to strain rate effects. It is suggested here to differentiate the energy spent 
by the projectile during the penetration process into two parts, one--the energy expended for surface 
effects and the other--the energy expended for volume effects. By doing so, it is possible to derive 
expressions which account for the irregularity in scaling. These expressions are derived from the 
global, energy balance point of view, so they do not require the detailed characterization of the 
materials involved. They only require strict adherence to replica scaling procedures. 

A similar approach is used to account for strain rate effects, but in that case, the results are not as 
general and can be applied only to a narrow span of configurations. Examples are cited from tests 
with concrete penetration and long rod penetration into different targets. © 1997 Published by 
Elsevier Science Ltd. 

NOTATION 

D scale model projectile diameter 
Do prototype projectile diameter 
d target thickness 
E the projectile kinetic energy on impact, with impact velocity V~, 
Eo the projectile kinetic energy on impact, when impacting the target with the reference velocity Vo 
Es the energy spent by the projectile while going through the target 
Ea the part of Es that goes into surface effects 
E, the part of Es that goes into volume effects 
J normalized characteristic length 
K characteristic length, 
m strain rate sensitivity 
rnl: i the mass of a projectile, scaled by a scale factor of 1 :j 
P depth of penetration 
T temperature 
V the volume of a deformed material 
1/'o reference velocity of impact 
Vj, impact velocity of the projectile on the target 
Vow, exit velocity of the projectile from the target 
Vt: j the impact velocity of a long rod penetrator, scaled by a scale factor of 1 :j, which results in normalized 

penetration depth of P/L = 1 
~,/~ proportionality coefficients 
e the strain in a loaded volume of material 
2 linear scaling factor 
tr the flow stress of the loaded material 

Atkins' non-dimensional parameter, controlling scale effects 

1. INTRODUCTION 

In terminal ballistics research, it is customary to perform experiments on small scale and 
deduce from their results the performance of the prototype system at full scale. This is done 
primarily because the small-scale experiments are generally cheaper and better controlled 
than those at full scale. 

"Replica" or "geometrically similar" scaling of a given situation involves scaling all the 
linear dimensions of the problem by the same linear scale factor 2, while maintaining the 
same materials in their respective positions. In such a case, similitude procedures result in 
that impact velocities encountered in the problem are equal for the prototype and for the 
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scale model. Therefore, volumes, and hence masses, scale as ,~3, and since velocities are 
maintained, kinetic energies also scale as 23 . The scaling factors for other physical para- 
meters can be easily deduced using the basic physical relations (see [11 for instance). In 
ballistics problems, the major parameter considered for scaling is the prototype projectile 
diameter Do. Relative to this diameter, any other projectile diameter -D,  defines the scaling 
factor: 2 = D/Do. 

In most of the configurations, it is assumed that "replica scaling" [11 holds so that 
small-scale experiments are valid for data collection. However, in penetration into concrete, 
it is generally known that replica scaling does not hold. This is expressed in the penetration 
formulae, when written in "dimensionless penetration depth" form, by the presence of 
a term involving D n, where D is the projectile diameter and n is determined experimentally. 
The value of n is around 0.2. Several such formulae are listed in [2J. These terms were 
arrived at by using curve-fitting procedures, so that they do not present any physical insight 
as to the cause of their existence. Anderson et al. [3] evaluated the influence of strain rate on 
the performance of long rod penetrators, but Magness and Leonard [4] find this effect 
insufficient to explain the non-scaling observed in their tests. Similarly, Weh and Jones I-5J 
concluded in their study of a heavy striker impact onto a metal plate, that the influence of 
the strain rate on their results cannot be discerned from the scatter in their test results 
(which is rather small). Therefore, it seems that strain rate effects cannot account for the 
non-scaling observed in the tests, even though they follow the rules of "replica scaling". 

Similitude theory [11 implies that "replica scaling" holds perfectly when only volume 
effects take part in the problem (together with a few additional conditions, such as--  
negligible gravity effect, materials strengths that are not strain-rate dependent, etc.). An 
earlier version of this paper [6] suggested that a possible physical basis to non-scaling in 
replica scaled models is the partition of the energy spent by the projectile during penetration 
into a part that goes to volume effects and another part that goes into surface effects. Atkins 
1-7] presents a similar approach to explain non-scaling encountered in several sets of scaled 
problems in mechanical impact and fracture. Atkins approach follows an extensive, rigor- 
ous analysis of the governing equations and detailed comparison between theory and test 
results. Both approaches are based on the fact that once there is a mixture of volume and 
surface effects in the problem, perfect replica scaling becomes impossible. Examples of 
volume effects which take place during a ballistic impact event include: 

--Kinetic energies of the projectile, the targets and their fragments. 
--Vibrations. 
--Elastic stresses and strains of the projectile and of the target. 
--Plastic deformations of the projectile and of the target. 
--Displacements, velocities and accelerations. 
Examples of surface effects include: 
--Friction. 
--Cracking and fracture of the target and of the projectile. 
--De-bonding and delaminations.. 
--Spalling and scabbing. 
- -Heat  transfer. 

Since some of these effects (and others) are encountered in every ballistic impact, it is 
obvious that such impacts cannot be perfectly scaled. Therefore, in practice, it is usually 
assumed that replica scaling holds satisfactorily within certain limits of the scaling factor. 

This paper presents a method based on the ideas presented in I-6, 7], to describe some 
aspects of scaling of ballistic impacts. The use of this method can define the range of scale 
factors within which scaling can be assumed to hold. 

2. THEORY 

When a projectile of diameter D impacts a target of finite thickness d (hence a given d/D), 
with initial kinetic energy E (impact velocity Van), it spends a certain part of its energy Es 
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when going through the target. This spent energy is dissipated through volume effects and 
surface effects. The part of the energy going to volume effects is Ev and the part going to 
surface effects is Ea. Therefore the energy equation is 

Es = E,, + E,. = E,,,(1 + Ea/Ev). (1) 

Representing Eqn (1) in a dimensionless form, in terms of the reference energy of the 
projectile in that specific scale, gives 

E~/Eo = Ev/Eo(1 + Ea/E.,). (2) 

When the same type of impact is carried out on two different scales, for a given scaled target 
thickness d/D--even though strictly following the rules of replica scal ing--two different 
values of Es/Eo will be obtained. The ratio of E~/Eo in the two scale sizes gives 

(Es/Eo), = (E,,/Eo), 1 + (Ea/Ev), (3) 
(E,~/Eo)z (Ev/Eo)2 1 + (EJE~)2" 

The basic assumption of the method is that the volume effects scale as D 3 (or 23) and that 
the surface effects scale as D 2 (or 22; for example, similar pattern of cracks and fracture in 
both target and projectile at the different scales). This assumption can be written as 

Ev = GtD 3, E a = flD 2. (4) 

Since replica scaling rules are strictly followed (i.e.--Eo scales as D3), the normalized 
volumetric energy is conserved in the two scale sizes 

(E~/Eo)I 
= ] (5) 

(Ev/Eo)2 

and Eqn (3) can be rewritten as 

(Es/Eo) ,  I + [ ( / ~ / ~ ) / D J  
(EJEo)2 = 1 + [(fll~)/D2]" (6) 

The values of ~ and of fl are specific to the geometrical and material configuration of both 
projectile and target and therefore, so is fl/~. The dimensions of fl/~ are those of length. 

If the value of fl/~ is defined as 

fl/o~ =. K, (7) 

then K can be considered a "characteristic length" of the configuration. 
Equation (6) can now be rewritten as 

(EJEo)a 1 + K/Dx 
(Es/Eo)2 1 + K/Dz (8) 

o r  

Es/Eo 
- -  = Const. (9) 
1 + K/D 

That is, in a given configuration, Eqn (9) holds for all projectile diameters, for a given value 
of scaled target thickness diD and for the same impact velocity (which gives a properly 
scaled Eo), provided that all rules of replica scaling are strictly adhered to. 

3. DISCUSSION 

Equation (5) means, according to the basic assumption, that the fraction of the nor- 
malized impact energy that goes to volume effects, is the same in all scales. However, Eqn (8) 
implies that the fraction of the normalized energy that goes to surface effects increases with 
decreasing scale factor, assuming K is constant in the two scales. 

The value of K can be determined by measuring Es/Eo on two different scales. This 
requires measuring the impact and exit velocities and estimating the projectile residual mass 
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on both scales. If the projectile is shattered during the penetration process, the exit velocity 
of the centre of gravity of the emerging fragments has to be determined. Finding K is much 
easier with non-deforming projectiles, where 

r ~ , -  Vo2ut (10) 
E,/Eo V g 

In Eqn (8), with any positive value of K, D~ < D2 leads always to 

1 + K/D1 
> 1. (11) 

1 + K/D2 

Therefore, when D2 - Do, i.e., the prototype diameter, the normalized spent energy (NSE) 
of any small-scale impact will be larger than that of the full-scale impact. The proportion of 
the NSE at the small scale relative to the NSE at full scale depends on the scale factor, as 
shown in Fig. 1. 

Figure 1 can be used for a specific example, with Do = 250 mm, K = 50 mm and a scale 
factor of 0.25 (1 : 4), the scaled projectile expends 1.5 times the scaled energy relative to the 
full-scale projectile, that is, 50% more. With this prototype diameter and with small values 
of K, for instance, K = 20 mm, for a scale factor of 0.25 the NSE value is around 1.1. 
Therefore, for K's of 20 mm or less, deviations from "perfect" scaling may be masked by the 
natural spread in experimental results. In such cases, then, replica scaling can be assumed, 
without any major discrepancies. This is not so with larger values of K (100 mm and above), 
where the deviation in the NSE at the relatively large scale of 1 : 2 is already around 30% 
relative to the full scale. 

As can be seen from Eqn (8), the proportion of the NSE at a given scale relative to the full 
scale depends on the prototype diameter, the value of K, and the scale model diameter. But 
since D = 2Do, the parameters are 2, K and Do; using these parameters, Eqn (8) becomes 

(E~/Eo)~ 1 + K/2Do 
= (12) 

(E,/Eo),:,  1 + K/Do " 

Hence, it is not the individual value of Do or of K that controls the proportion of the NSE, 
but rather the ratio K/Do. 
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Fig. 1. The proportion of the NSE at small-scale relative to that of the full-scale prototype, as 
a function of the linear scale factor and for several values of the characteristic length, K. The 

prototype in this case is of D = 250 mm. 
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Defining normalized characteristic length J =- K/Do, Eqn (12) becomes 

(EffEo)~ 1 + J/2 
= - -  (13) 

(EffEo)l:l 1 + J 

Equation (13) gives the proportion of the NSE of a scale model relative to the NSE of the 
full-scale prototype having whatever diameter, for the same scaled target thickness and at 
the same impact velocity. 

This equation is plotted in Fig. 2. Whereas the value of K is characteristic to the 
general configuration of the problem at hand and perhaps to the impact velocity, which 
influences ~t and fl, J is characteristic of the ballistic situation. It relates to the material and 
geometrical configuration (through K) and to the actual size of the various components 

(through Do). 
Atkins [7], defines a dimensionless parameter ~ which is quite similar to 1/J. The 

difference between them stems from their different origins. ~ is defined as the ratio of the 
energy that goes to volume deformation to the energy that goes to form crack surfaces. 
Since the energy of deformation depends on the volume of the deformed material and the 
crack energy depends on the area of the crack surfaces, this parameter combines the 
constitutive relations of the material involved and the sizes of the perturbations within 
the material. A hidden assumption in the development of Atkins' theory is that the materials 
dealt with are homogeneous, having the same constitutive relations and fracture toughness 
throughout the tested items. Moreover, this approach relates only to deformations as 
a volume effect and fracture as a surface effect. In contrast, J&K, which are found by 
a calibration procedure as defined above, are global parameters. They are the result of the 
interaction of the projectile with the target, whatever material combination they consist of 
and whatever processes of energy dissipation are involved. 
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Fig. 2. A plot of the proportion of the NSE at small-scale relative to the NSE of the full-scale 
prototype of any diameter as a function of the linear scale factor and for several values of the scaled 

characteristic length, J. 
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Therefore, Atkins' theory enables the calculation of an energy transfer interaction for 
a given material, at any given scale, provided the constitutive relations and fracture 
toughness of that material are known. The J&K scaling can be used in complex configura- 
tions, and it does not require the knowledge of the constitutive relations Of the various 
materials involved; however, the values of J and K have to be derived through small-scale 
testing. Thus, the J&K scaling appears more suitable for scaling complex ballistic configura- 
tions which may include materials and materials combinations which are not fully char- 
acterized. 

As already mentioned, strain rate effects Were suspected as possible causes of the non- 
scaling of replica penetration experiments [41, but computer simulations [3"1 indicated that 
these effects were too small to account for the non-scaling observed in the tests. Atkins I7] 
considered the implications of rate effects on scaling, but only in a general way. 

The strain rate sensitivity is usually represented by the expression: 

a = C(g)~.r, (14) 

where a is the flow stress, ~ is the strain rate at a given strain and temperature, m is the 
strain-rate sensitivity of the loaded material (see, for instance, [10"1). 

Assuming that the stress in a material (not necessarily the flow stress), at a constant 
temperature, can be represented by an expression of the type 

a = f(e, T)(~) m, (15) 

the energy expended in deformation of the material is then 

E = V i f(e, T)(~)m de, (16) 
O 

where V is the volume of the deformed material. It is well known [1, 3] that in replica 
scaling strain rate scales as 1/2. Therefore, if Eqn (16) represents the energy spent on volume 
effects in the given material, in the full-scale situation, then in the scaled down situation, 
we get 

Ev.~ = 23V f(e) de = - ~  Ev. (17) 
0 

Incorporating this expression into expressions (3), (6), (13) gives 

(EdEo). 1 + J*/2'-m 
= ( 1 8 )  

(Es/Eo)l:l 1 + J*  ' 

where J* is different from the previous J since here it is representative of a situation with 
one material only. That is, J* is not as "global" a parameter as J. 

As implied by the equation of state of several metals, as given in 1-3"1, the values of m are 
around 0.05 or less. For example, let us consider a situation in which J* = 0.1; 2 = 0.25 and 
m = 0.05. Putting these values into Eqn (18) results in: NSEa/NSE~ : ~ = 1.338, that is, in the 
particular situation considered here, the scale model spends 33.8% more energy than the 
prototype. In contrast, Eqn (13), neglecting the strain rate sensitivity-of the material, results 
in: NSEa/NSE1 : 1 = 1.273. This means that out of the 33.8% deviation from perfect scaling, 
strain-rate effects account only for 6.5%. Therefore, the current methodology supports the 
conclusion of Anderson et al. 1-3"1 and Magness and Leonard 1-4] that strain rate effects are 
insufficient to explain the non-scaling observed in the tests, the cause of which was left 
unexplained (although they conjectured on possible causes). 

4. EXAMPLES 

Tests were carried out with a scaled down 152 mm concrete piercing artillery shell against 
properly scaled slabs made of large aggregate concrete with light reinforcement (see details 
in [6]), at 30 ° obliquity (from the normal). The objective was to estimate the NSE as 
a function of scaled slab thickness at full scale, using test results of smaller scales. The major 
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characteristics of the scaled projectiles are listed below. 

Scale 1" 1 (Prototype) 1 : 3 1 : 5 

Diameter (mm) 152 50.7 30.4 
Weight (kg) 39 1.45 0.2 

Under the test conditions, the projectiles are essentially non-deforming. The test results 
are presented in Fig. 3. The mathematical fits to the experimental data are both of the same 
form: Es/Eo = A1 :j (d/D) TM, with A1: ~ = 0.35 and AI: 3 = 0.295, respectively. From Eqns 
(8) and (10) we get 

(V.Z 2 1 + K/D, - -  Vout)1:3  :3 
- (19)  

(V~n 2 1 + K/D1 
- -  Vout)1:5 :5 

and putting in the values for any given d/D, the value of K is found to be K = 19.6 mm, and 
with Do = 152 mm, J = 0.129. Assuming a mathematical fit of the same form applies also to 
the full scale, and using Eqn (13), then 

J/0.333 0.295 
1 + ~ = - -  

1 + J A1:1  ' 

which yields A 1: ~ = 0.240. Together with the assumed form of the fit, the whole curve can he 
constructed to give the behaviour of the full-scale projectile in the full-scale configuration. 

This type of analysis can also be applied to long rod penetration tests like those of Magness 
and Leonard [41 which dealt with RHA steel targets, or those of Anderson et al. 
[91 which involved complex ceramic targets. 

Consider the results of WHA and DU penetrators with L/D 19-20, at full scale and at 1/4 
scale, penetrating into semi-infinite RHA steel [4]. From their linear representations of the 
data points, the impact velocities (m/s) required to reach P/L = 1 is 
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Fig. 3. Test results of the penetration of scaled 152 mm concrete piercing artillery shell into large 
aggregate concrete slabs of finite thicknesses. 
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From Eqn (13) we get 

(E~/Eo)I:4 = m~:4V2:4/ml:4V2o V~:~ _ 1 + 4____Jd (20) 
(Es/Eoh:~ ml:iV2:l/ml:lV~ - V2:1 1 + d  

Putting in the values for the velocities results in J(WHA)= 0.0758; J(DU)= 0.0835. 
Assuming Do = 25 mm gives K(WHA) = 1.89 mm; K(DU) = 2.09 ram. That is, with the 
DU penetrators, the surface effects are a little more pronounced than with WHA. Consider 
Magness and Leonard's results of the properly scaled "ballistic limit" tests with WHA 
penetrators of LID = 10 vs finite thickness RHA steel targets. Since ballistic limit is 
concerned, Vout = 0 in all cases, an expression similar to Eqn (20) can be used 

V2:6 1 + 6J V2:6 1 + 6,/ V~:4 _ 1 + 4J 

V2:-----3 1 + 3J '  V~:4 1 + 4J '  V~:3 1 + 3J '  

which result in: J = 0.0294 + 0.0123. Again, assuming Do = 25 mm, gives /( = 0.74 + 
0.31 mm. Using the calculated value of J, we can estimate the ballistic limit, V~: 1, for the 
same, full-scale target, from 

V2~:~ 1 + id 
V2:l l + J '  

from which V~: ~ is estimated to be around 1323 m/s. 
It is interesting to note here that the value of K for the LID 20 penetrators is about 2.5 

times larger than that for the LID 10 ones, which implies that the surface effects are 
significantly more pronounced for the longer penetrators. 

From the results of Anderson et al. [9], we can pick those of the ballistic limit velocity to 
penetrate their complex ceramic targets with target thickness/projectile length (T/L) values 
of 0.945 and 1.378. Three scales were used: 1/3.15; 1/6.30; 1/12.6. The results for the thicker 
targets are rough estimates only, so only those of the thinner targets are considered here. 
The basic test results are listed below: 

Scale factor Ballistic limit 
velocity (m/s) 

1 : 3.15 (0.3175) 1590 
1 : 6.30 (0.1587) 1710 
1 : 12.6 (0.0794) 2040 

Using Eqn (20) again, for the different pairs of data, gives J = 0.088 + 0.028 and with 
Do = 25.4 mm we get g = 2.23 + 0.75 mm. Putting these values into Eqn (20), we get an 
estimate for the ballistic limit velocity at full scale, to penetrate the target of T/L = 0.945, 
VBL.I:1 ~ 1470 + 35 m/s. This value compares very well with Anderson's estimate of 
1460 m/s. It is interesting to note here that the values of K in both [4, 9] for projectiles with 
L/D = 20 are around 2 mm, even though the targets were of significantly different nature. 
This may indicate that the major contribution to the non-scaling (i.e., energy going to 
surface effects) is not due to the target but due to the projectile behaviour. Magness [10] 
suggests a few mechanisms by which new surfaces are created in the projectile material 
during its deformation, which may account for this non-scaling. As already noted, with 
concrete penetration, since the projectiles are non-deforming, non-scaling is due solely to 
the target behaviour. 

5. CONCLUSIONS 

The method of differentiating the energy spent by a projectile during penetration into 
a part that goes to volume effects and a part that goes to surface effects gives an explanation 
as to why scaling does not hold in ballistic configurations where the surface effects are 
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significant.  The  basic  a s sumpt ion  of the m e t h o d  has yet to be p rope r ly  verified, a l though  
analysis  of a l imi ted  n u m b e r  of  exper iments  shows cons iderab le  promise.  Even wi thou t  such 

verif ication,  it  seems tha t  this m e t h o d  of  " J & K  Scal ing" can be used for the analysis  of 
scaled bal l is t ic  p r o b l e m s  and  o ther  s i tua t ions  where  there  are  complex  energy t ransfer  
in teract ions .  Where  the  s i tua t ion  is s impler  and  concerns  a single mate r ia l  only,  this m e t h o d  
can also account  for the  non-sca l ing  due  to s t ra in - ra te  effects. These effects are  r a the r  small  
in meta ls  used in bal l is t ic  p rob l ems  and  their  effects are  general ly  masked  by exper imenta l  
var iabi l i ty ,  in add i t i on  to the surface effects. 
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