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Summary--By employing the elastic-plastic structural model introduced in part I [1], which 
contains four compressible bars and four elastic-plastic "hinges" of finite length, the entire dynamic 
deformation history of Type II structures is traced. In contrast to part I, strain-rate effects are 
incorporated into the analysis throughout the entire response of the structure. The Cowper-Symonds 
relation is adopted and the yield stress varies with the current strain-rate during the dynamic response 
of the model. The numerical examples presented show that the strain-rate effect plays an equally 
important role to that of inertia on the dynamic behaviour of this kind of energy-absorbing 
structure if the material of the structure is rate-sensitive, e.g. made of mild steel. Compared with 
the corresponding quantities in the quasi-static case, the combined effects of strain-rate and inertia 
make the peak load much higher and the final displacement much smaller. It is also found that 
because the increase of the yield stress due to strain-rate sensitivity expands the range of elastic 
deformation, the elastic strain energy stored in the structure made of rate-dependent material is 
notably larger than that in the structure made of rate-independent material. This implies that when 
strain-rate effects are taken into account in the analysis, elasticity must play a more significant role 
and should not be neglected. 

N O T A T I O N  

B width of the strips in the model 
CSR characteristic strain-rate in the problem 

D material constant in the Cowper-Symonds relation 
E energy 

E c elastic energy 
Eh p plastic dissipation in hinges 
E p plastic dissipation in bars 
G mass of the striker 
H thickness of the strips in the model 

KE kinetic energy required in dynamic case when compared with quasi-static case 
K kinetic energy of the system 

K 0 input kinetic energy 
K0 rv input kinetic energy in a typical example 

L length of each bar (one half of a strip) in the model 
M bending moment 

the cross-section, ayBH /4 Mp fully plastic bending moment of 2 
m non-dimensional bending moment, M/Mp 
m' M/NoL 

m* half of the mass of each bar (i.e. bars AC, AD, CB and DB in Fig. 1) 
N axial force 

N o fully plastic axial force, ayBH 
n non-dimensional axial force, N/Np 
P impact force 
p non-dimensional impact force, PINt, 
q material constant in the Cowper-Symonds relation 
R energy ratio KE/SE 

SE energy required in quasi-static case when compared with dynamic case 
T 1 kinetic energy absorbed in the axial compression phase, defined by Tam and Calladine [3] 
T 2 kinetic energy remaining in the model when the axial compression ends, defined by Tam and Calladine 

[3] 
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To characteristic time of the model, (m*L/Np) U2 
t time 
u shortening of each bar 

V0 initial velocity of the striker 
velocity of the striker immediately after impact 

Vx horizontal velocity of points C and D in the model (see Fig. 1) 
Vy vertical velocity of point A in the model (see Fig. 1), i.e. the velocity of the striker 
v non-dimensional velocity, VTo/L 

X horizontal coordinate 
x non-dimensional horizontal coordinate, X/L 
Y vertical coordinate 
y non-dimensional vertical coordinate, Y/L 
z coordinate across the thickness of the hinges 
:~ ratio of the effective length to the thickness of the elastic-plastic hinges 
fl rate factor defined in Eqn (3) 

fl0 initial rate factor determined by Eqn (4) 
F non-dimensional group 8x/3/~v o, defined by Tam and Calladine [3] 
~, mass ratio, G/m* 
A vertical displacement of the top of the model 

Af final vertical displacement of the top of the model 
compressive strain of the bars, u/L 

e* the compressive strain just before unloading occurs 
% maximum elastic strain 
0 angle between the bars and the Y-axis, see Fig. 1 

0 o initial crookedness angle 
1/(12/~0~), defined by Tam and Calladine [3] 

rl dy/dr 
,u G/(8m*) 

dx/dz 
p density of material 

ay yield stress 
non-dimensional time, t/To 

( ' )  d()/dr 

Superscripts 
d dynamic 
r rate-dependent 
s quasi-static 

+ outer side of a hinge 
- inner side of a hinge 

Subscripts 
b bar 
h hinge 
0 initial 

INTRODUCTION 

In part I of this study [1], the modelling and analysis of a typical inertia-sensitive impact 
energy-absorbing structure was reported in which the rate-sensitivity of the material was 
excluded. A structural model which consists of four compressible elastic-plastic bars 
connected by four elastic-plastic "hinges" of finite length was proposed and its dynamic 
behaviour under impact loading was analysed in detail. By taking account of the complicated 
deformation history involving loading and unloading, the large deformation process was 
traced completely and the variation of the "impact force" with time and with the vertical 
displacement was determined. The analysis presented in [1] indicates that the dynamic 
behaviour of the structure considered significantly differed from the quasi-static behaviour 
of the same structure even when the effect of strain-rate on the material properties was 
excluded. Therefore, it was concluded that inertia appeared to be a dominant effect in this 
sort of structures under impact. 

In general, as illustrated by Calladine and English [2], Type II structures (i.e. structures 
which have a falling quasi-static load-deflection curve) display more strongly strain-rate 
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and inertia effects under dynamic loading conditions than Type I structures (structures 
with monotonically increasing quasi-static load~ieflection curves). Tam and Calladine 
[3] conducted further, more detailed experiments on Type II structures and pointed out 
that inertia is the dominant factor in the first phase (their pure compression phase) of the 
dynamic response to impact, whilst, in contrast, the second phase, in which energy is 
dissipated by the rotation of plastic hinges, is more sensitive to strain-rate effects. They 
estimated the effect of strain-rate by using a strain-rate enhancement factor on the yield 
stress. By proposing a unified but simplified model of Type II structures, Zhang and Yu 
[4] provided a quantitative account of the effects of both inertia and strain-rate. However, 
all of the models employed in [2-4] are based on a rigid-plastic or a rigid-viscoplastic 
constitutive relation and are not capable of determining the earliest phase in the load time 
history. 

The present paper considers the unified model that was employed in [1] in which the 
effects of both inertia and strain-rate are incorporated. As seen in [1], the model permits 
us to follow the large deformation process and to determine the variation of "impact force" 
in the early phase of dynamic response and, especially, to determine the magnitude of the 
dynamic peak load. Our analysis shows that inertia appears to be the dominant factor in 
the entire deformation process, rather than only in the first phase as suggested in [3], and 
that strain-rate enhances the load-carrying capacity of these types of structures during 
their entire dynamic deformation. 

CONSTITUTIVE RELATIONS 

The essential feature of the model proposed in [1], as shown in Fig. 1, is retained in this 
study. However, in order to incorporate the effect of strain-rate into the analysis, the 
well-known Cowper-Symonds constitutive relation [5] is adopted for the plastic 

I 
¥ 

Fig. 1. A structural model for analysing Type II structures. 
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Fig. 2. Rate-dependent stress-strain relationship adopted in the analysis. 

deformation of the material, i.e. 

Y =  1 + (1) 
s O'y 

s a denotes the dynamic yield w h e r e  O-y denotes the quasi-static yield stress of the material, O'y 

stress, t is the real time and de/dr represents the strain-rate. D and q are material constants; 
e.g. for mild steel, D = 40 s-a and q = 5, and for aluminium, D = 6500 s-1 and q = 4. 

The stress-strain relationship is as shown in Fig. 2. After unloading, re-yielding may 
a respectively, for the occur if the magnitude of the opposite stress reaches O'y and O'y, 

rate-independent and rate-dependent cases. For  the bars in the model that are assumed 
only to deform axially, the axial force in the dynamic state n d = NINe, obeys the following rule, 

y / d  t l' - 

E < £dp, 

~>~edp, de>O, 

de<O,E* --2e~<~<E*, 

d e < O , e < e * - 2 ~ ,  

(elastic loading) 

(plastic loading) 

(unloading) 

(reversed yielding) 

(2) 

d is the dynamic yield strain, ~* denotes the strain just before unloading occurs. where ep 
d d Since the strain-rate of the bars varies with time during the dynamic compression, ep, ay 

and N d are all rate-dependent and time-dependent. 
Each "hinge" (of finite length in the present model, see Fig. 1) can be regarded as an 

elastic-perfectly plastic beam-column made of rate-dependent material subjected to a 
bending moment M and an axial force N simultaneously. A variety of combinations of 
non-dimensional axial force and bending moment result in various states of stress 
distribution across a section of the hinge, which are similar to the various cases discussed 
in [1]. However, the previously used non-dimensional quantities n = N/Np and m =  M/Mp 
should be replaced by nd= N/Ndp and ma= M/M'~, respectively, where a a 2 Mp = tryBH /4 is the 
dynamic fully plastic bending moment of the hinge. 

To take account of the effect of strain-rate, first define a characteristic strain-rate, denoted 
by CSR, as 

CSR = (de/dt)lch .... teristic fibre, 

then, according to Eqn (1), we can define a strain-rate modification factor (or, in short, a 
rate factor) fl as 

= 1 + (CSR/D) 1/q. (3) 

Furthermore, in order to simplify the calculation, it is assumed that the behaviour for 
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all fibres on the cross-section is determined by the same rate factor. Thus, 

M d  . r d  d 
p _ ~v p _ O'y = f t .  ( 4 ~  
s s Mp Np ¢y 

It is evident, however, that the value of fl varies with time during the dynamic deformation 
of the structure. In particular, when the stress state transfers from elastic to plastic, we have 

~p__d __ ] ~ p ,  (5)  

w h e r e  F,p denotes the static yield strain, the same as used in the previous paper [1], and fl 
takes its current value when the transfer occurs. 

STRAIN-RATE MODIFIC A TIO N  FACTOR 

The strain-rate factor may be determined as follows. 
(i) For  a bar, the characteristic strain-rate is 

(CSR) b = dlel/dt, (6) 

where e denotes the strain in the bar. 
(ii) For  a hinge, under the Kirchhoff hypothesis, the strains e(t) in the fibres of a 

cross-section are distributed linearly across the thickness of the section, so that the 
magnitude of the strain-rate, de(t)/dt, is also linearly distributed across the thickness of the 
section, as shown in Fig. 3. The strain-rates on either side of the section may have the 
same sign or different signs. If the strain-rate on the outer side of the hinge is denoted by 
(de/dO + and the one on the inner side by (de/d0-,  then the average strain-rate of the 
cross-section can be found from the shaded area shown in Fig. 3(c), divided by the thickness 
of the section. Consequently, the average strain-rate of the cross-section through the hinge 
can be approximated by 

1 
= -  [(e +)~ +(e-)~] / ( le+l  + l i -  13). (7) l i l  . . . . .  Be 2 

This average strain-rate can be taken as the characteristic strain-rate for the hinge, i.e. 
assigned a s  (CSR)h .  To improve the accuracy, we divide the section through the hinge into 
8 layers across the thickness, and accordingly obtain 

I Z 
: e(f+At) 
Y NA, 

°÷ 

(a) (b) (c) 

Fig. 3. (a) and (b) Distributions of strain at instant t and instant t + At, respectively; (c) distribution 
of strain-rate in a cross-section of a hinge. 
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Combining the characteristic strain-rates of the bars and of the hinges together, a unified 
characteristic strain-rate for the whole structural model can be defined as 

CSR = [nd(CSR)b + ma(CSR)h]/(n d + md). (9) 

Here we use the non-dimensional axial force and bending moment as weighting factors 
because they represent the independent stress state in the bars and the hinges, respectively. 

This characteristic strain-rate is used to determine the enhancement of the yield stress 
during the dynamic deformation of the model. In computations, Eqns (3) and (9) are used 
to calculate the strain-rate modification factor/3. 

EQUATIONS OF MOTION 

For the rate-independent case, part I provides the equations of motion in non-dimensional 
form, see Eqn (12) in [1]. For the rate-dependent case, a parallel derivation leads to 

= fl[n%inO = 2m'dcosO/(1 -- e)], 

fl = fl[4m'dsinO/(1 -- e) + 2ndcosO]/(7 + 3), 

= -- (~sin0 + t/cos0/2), 

= (~cos0-- r/sin0/2)(1 -- e), 

(lO) 

where the non-dimensional quantities are as defined in Eqn (6) of [1], i.e, 

x = X / L ,  y = Y /L ,  7 = G/m*,  

n d=u/N~, m 'd:M/NIL,  m d=M/M~, 

To = (m*L/Np)  1/2, z = t i T  o, v = VTo/L,  (') = d( )/dz, 

~=~,  t/=p, e = u / L ,  

(11) 

where X and Y are the coordinates, 0 denotes the angle between a bar and the vertical 
and u denotes the shortening of a bar, refer to Fig. 1. 

The dynamic deformation history of the model is complicated owing to the variation of 
the stress state of combined axial force and bending moment, as has already been discussed 
in part I. This history is traced using the constitutive equations described above. Equation 
(10) here is similar in form to Eqn (12) in part I for the rate-independent case, but it should 
be emphasized that the notation here does have a different implication. Since n d and m 'd 
are determined in a time-dependent instantaneous frame by means of the non-linear 
constitutive relations given in Eqn (15) and (16) of part I, the right-hand sides in the first 
and second equations in (I0) here are affected by the current strain-rate; in other words, 
the rate-factor fl cannot be simply eliminated. 

Under a completely inelastic impact, the common velocity of the striker and the top of 
the specimen immediately after the impact is V*= VoG/(G+2m*) ,  so that the initial 
compressive velocity for the bars is V'doCOS0 o and the corresponding compressive strain-rate 
in the bars is 

de) = V*cosOo/2L. (12) 
d- t  t =  0 

By using the Cowper-Symonds relation (1), therefore, the initial rate factor is found to be 

+[ Vo*COS0o] 1/q 
8°=1 I 2--~ J (13) 



Inertia-sensitive impact energy-absorbing structure: Part II 679 

As suggested from materials tests, strain-rate has little effect on the elastic modulus of 
metals, so the maximum elastic strain varies proportionally with the yield stress which is 
a function of strain-rate. Thus, the initial range of elastic deformation expands due to the 
strain-rate and is determined by 

~ h  = fi~p ~ fio~p, (14) 

where fil represents the value of fi, calculated from Eqn (13), at the end of phase 1 (elastic 
phase). Because phase 1 is very short, computation confirms that fil "~fio, where fio is 
determined by Eqn (13). Equation (14) implies that in the rate-dependent case the elastic 
range has been approximately extended to fio times of that in the rate-independent case. 
It must be noted, however, that the value of fi noticeably reduces as plastic deformation 
increases, so the variation of fi in the following phases must be and is fully taken into 
account in the calculation. As will be seen in Table 2, the peak force is not simply 
proportional to the value of fio, because it is determined by the current value of fi rather 
than the initial value of fi. 

A TYPICAL NUMERICAL EXAMPLE 

To compare with the previous results based on the rate-independent formulation [1], 
the same typical numerical example is computed. The parameters defining the problem are 

the width of the strips, B = 50 mm; 
the thickness of the strips, H = 1.6 mm; 
the effective length of each strip, 2L = 50 mm (i.e. the length of each bar L = 25 mm); 
the density of the material, p = 7800 kg/m3; 
the quasi-static yield stress of the material, ay = 235 N/mm2; 
the mass of the striker, G = 2.34 kg (thus 7 = 300); 
the impact velocity, Vo = 5.4 m/s; 
the initial compressive strain-rate immediately after impact, d e / d t =  106.89 s-1; 
the initial crookedness angle, 00 = 1.6°; 
the effective length of the hinge, 2~H = 4H (thus ~ = 2.0). 
In order to compare with the results for the rate-independent case, some of the variables 

in the rate-dependent case are transformed by the following relations: 
n r = N / N S p  = f i nd ;  

m'" = M /( N ~ L )  = fim'd; 
m r = M / M ~  = fired; 

pr = P / N p  = tip". 
Here fi is calculated from Eqn (14) or (3) for the elastic stage or the plastic stage respectively. 

Similar to the procedure described in part I, the "impact load" applied to the structure 
by the striker is computed and the dynamic deformation process is traced. In the 
rate-dependent case the dynamic response of this structural model under impact can also 
be divided into four phases, as shown in Fig. 4, which depicts the load-time history. 
Compared with the calculation for the rate-independent case [1], the time durations of 
phases 2 and 4 are notably shorter (phase 2 may even disappear), and in phase ! the 
rate-dependent example has a longer rise-time to the peak load, which is about/3 0 times 
the rise-time in the rate-independent case because of the expansion of the elastic range. 

Figure 5 shows the variations of the non-dimensional axial force and bending moment 
with time, from which the four phases in the dynamic response of the model can be clearly 
identified, too. In phase 1 the axial force in the bars increases rapidly to the full squash 
force. In phase 2 the load remains almost constant (around the peak load) for a short 
period. In phase 3 the load rapidly falls from the peak load and in phase 4 the load 
approaches another constant value which is much smaller than the peak load. It is noted 
that rn r increases to a maximum magnitude, then gradually decreases but does not approach 
a constant value as does m in the rate-independent case. It is evident from Figs 4 and 5 
that in phases 1 and 2 the axial compression of the bars plays the major role in carrying 
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Fig. 4. Variation of impact force with time during the dynamic response of the model with ~ = 300, 
c~=2.0 and 0o= 1.6 °. P denotes the force in rate-independent case; P '  denotes the force in 
rate-dependent case. The response phases are marked by 1, 2, 3 and 4. Elastic recoil is not  considered; 
each vertical line with a downward arrow indicates the instant at which the max imum displacement 

is reached. 
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Fig. 5. Variations of the non-dimensional  axis force n and the non-dimensional  bending moment  
m during the dynamic response of the model with 7=300,  ~=2 .0  and 0o= 1.6 °. n and m denote 
the axial force and bending moment  in rate-independent case; n r and m r denote the axial force 

and bending moment  in rate-dependent case. 

the load resulting from impact; in phase 3 both the axial compression of the bars and 
flexural deformation at the hinges exist and the rotation at the hinges is dominant in phase 4. 

As seen from Figs 4-8, the dynamic behaviour of the rate-dependent mode is obviously 
different from those of static and rate-independent models. It is noted that the rate-dependent 
model under impact displays much higher peak load and much shorter total response 
time, so that the plot of the "impact load" against time is very narrow and steep. In this 
typical example, the rise-time of the peak load is about 0.026 ms, the first two phases end 
at 0.051 ms and the duration of the entire dynamic response is about 0.61 ms, less than 
half the duration of the rate-independent dynamic response (1.5 ms). We can see a similar 
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Fig. 6. Variations of the vertical velocity of the striker, Vr, and the horizontal velocity of the middle 
point of the model (point D in Fig. 3), Vx. The quantities with superscript r pertain those in the 

rate-dependent case. 
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Fig. 7. The dynamic and quasi-static load-displacement characteristics of the model with Y = 300, 
:t = 2.0 and 0 o = 1.6 °. In this example, the final vertical displacement at the top of the model, Af, is 
2.5 mm for the rate-independent dynamic case, 1.0 mm for rate-dependent dynamic case and 9.00 mm 
for the quasi-static case, if the same amount of energy is dissipated. Elastic recoil is not considered; 

each vertical line with a downward arrow indicates the maximum displacement. 

feature from Fig. 6, which represents  the var ia t ions  with t ime of  the vert ical  velocity of  the 
impac t  po in t  (point  A in Fig. 1), V r, and  the hor i zon ta l  veloci ty of  the middle  po in t  of  the 
mode l  (points  D or  C in Fig. 1), V x. 

As ind ica ted  in Fig. 7, which depicts  the plot  of  l oad  agains t  d i sp lacement  at  the t op  of 
the model ,  a t  the end of  the response  while bo th  V r and  Vx become zero, the final vert ical  
d i sp lacement  at  the t op  of  the mode l  is only  a b o u t  1.005 mm, which is also less than  
half  the final vert ical  d i sp lacement  (2.5 mm) in the r a t e - independen t  case. F igure  8 d isp lays  
the var ia t ion  of  the angle  between the bars  and  the vert ical  with time. The m a x i m u m  
ro ta t ion  angles reaches a b o u t  9 °, a p p r o x i m a t e l y  0.6 t imes the value in the r a t e - independen t  
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Fig. 8. Variation of the angle between the bars and the vertical with time. 0 and 0 r denotes the 
angle for the rate-independent and rate-dependent cases respectively. 

case (15°). For the same external energy input, the corresponding quasi-static values of the 
final displacement and final rotation angle are 9.0 mm and 35 ° respectively. 

Tam and Calladine 1-3] estimated that the dynamic peak load for a mean compressive 
strain of 2.2 x 10 - 3  measured in their test on a mild steel specimen was 74kN, which is 
almost exactly twice the static squash load and is about four times the static peak load. 
The measured compressive strain-rate in the rising portion to the initial peak was about 
20 s-1, while the strain-rate estimated by dividing the impact velocity Vo by the overall 
length of the specimen came out at about 40 s- 1. Then by adopting the Cowper-Symonds 
relation to take account of the rate effect in the phase of pure rotation, they estimated the 
full-plastic dynamic squash load to be about 73 kN. 

In our previous paper [1] we have shown that the dynamic peak load with the rate 
effects excluded is about double the static peak load. For the present rate-dependent 
example, the dynamic peak load directly obtained from Fig. 4 is 80.8 kN, which is about 
four times the static peak load (19.9 kN) and about double the dynamic peak load in the 
rate-independent example (37.2kN). This peak value is just slightly less than the 
rate-dependent fully plastic squash force or bars, 2N~, at the initial instant (83.4 kN). 

Figure 9 presents the energy partitioning during the dynamic response of the model. It 
is seen that in this typical example, 43% of the input energy is consumed in the first two 
phases and about 78% of the input energy is transferred to elastic and plastic deformation 
energy before 0.16 ms (i.e. about 1/4 of the total response time). The former is less than 
the corresponding value in the rate-independent case, which is 48%. When the response 
ceases, the partitioning of the total energy is as follows: 

the energy dissipated by the plastic deformation (rotation) at the hinges: 44.8%; 
the energy dissipated by plastic compression of the bars: 37.2%; 
the elastic strain energy stored in the model: 18%. 

Since the elastic energy is a combination of compression and bending, the analysis of elastic 
recoil after the structure reaches its maximum displacement is not trivial. Therefore the 
elastic recoil is not considered in the computation and all the force-displacement diagrams 
shown in the present paper (Figs4, 7, 10, 12 and 13) are terminated at the maximum 
displacement before elastic recoil occurs. 

During the response, the maximum elastic strain energy is 19.6%. Here the maximum 
elastic strain energy is about four times (i.e. about f12 times, with #o being the initial rate 
factor defined in Eqn(14)) the value in the rate-independent example. It is clear that 
compared with the rate-independent case, the elasticity in the rate-dependent model makes 
a greater contribution to the energy partitioning and deformation, therefore it is of greatest 
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Fig. 9. Variation of the energy partitioning during the dynamic response of the model with 7 = 300, 
ct =2.0 and 0 o = 1.6 ° when the effect of strain-rate is included. K o is the initial kinetic energy; K is 
the kinetic energy; E e is the elastic energy; Eb p is the plastic dissipation in axial compression of the 

bars and E] is the plastic dissipation in the hinges. 

importance in the early transient response of  the model  under  impact  and in determining 
the peak load. 

These numerical  results evidently indicate that  both inertia and strain-rate play almost  
equally significant roles in the dynamic  behaviour  of this structural model if the structure 
is made of  mild steel or other  strongly rate-sensitive materials. 

M O R E  E X A M P L E S  A N D  D I S C U S S I O N  

As in [1], several numerical examples have been computed  to study the effects of  the 
effective length ~H of the hinges, the initial imperfection 0 o and the ratio ~ of  the mass of  
the striker to the mass of  a half bar, on the dynamic  behaviour of  the structural model. 
Some results are given in Figs 10-13. 

z 

"iil. i 2"0 

I ~=a.o 

0 0 '02  0.04 0 '06  

~IL 
Fig. 10. The influence of the effective hinge length on the load~lisplacement characteristics for the 
model with ? = 300 and 0 o = 1.6 °. Elastic recoil is not considered; each vertical line with a downward 

arrow indicates the maximum displacement. 
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Fig. 11. The influence of the effective hinge length on the energy dissipated in the hinges, E~. 
K 0 is the initial kinetic energy. 7 = 300 and 0 o = 1.6 °. 

r ~  

Z 

T L t 

4.0 !'"' y=300 

i ~  Co:SO ~:2.o 
3.c i! yOo:4° 

0°= 3 ° 

I'0 

0.03 0"06 0'09 O. 12 
A/L 

Fig. 12. The influence of the initial imperfection angle 0 o on the load-displacement characteristics 
for the model with 7 = 300 and ~ = 2.0. Elastic recoil is not considered; each vertical line with a 

downward arrow indicates the maximum displacement. 

Figure 10 displays the influence of the effective hinge length on the load-t ime characteristic 
when 7 and 0o are fixed. In contrast to the rate-independent case, the variation in the 
dynamic response of the model with increase of ~ is not severe. When c~ varies from 1.0 to 
3.0, the peak loads remain almost the same: 80.6 kN for ~ = 1.0 and 80.8 kN for ~ = 2.0 and 
3.0. The final displacements are 0.89 mm for ~ =  1.0, 1.01 mm for :(=2.0 and 1.03 mm for 

= 3.0. Figure 11 shows that the plastic work dissipated in the hinges increases with the 
increase of ~, as expected. 

With 7 and ~ specified, the effect of the initial imperfection on the response of the 
structural model, 0o, is depicted in Fig. 12. The final vertical displacement of the top of 
the model increases with increase of 0 o. It  is 1.01 mm, 1.77 mm, 2.44 mm and 2.81 mm for 
00 = 1.6 °, 3 °, 4 ° and 5 °, respectively. While the peak load decreases with increase of 0 o 
being 80.8 kN, 80.5 kN, 78.8 kN and 78.4 kN respectively for the values of 0o indicated. 
For  larger 0 o, the N s state in the neighbourhood of the peak load does not appear  because 
of the variation in the strain-rate factor and so the deformation process only contains three 
phases instead of four. 
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Fig. 13. The influence of the mass ratio 7 on the load--displacement characteristics for the model 
with 0o = 1.6 ° and ct = 2.0. Elastic recoil is not considered; each vertical line with a downward arrow 

indicates the maximum displacement. 

685 

Table 1. Effect of mass ratio. Rate-dependent theory. Mild 
steel. V 0 = 5.4 m/s. fl0 = 2.2181 

7 Ko/KS r P,,,,,x zy Of A r/L Pf 

75 0.25 4.03 0.5 0.032 0.007 3.02 
150 0.5 4.23 1.4 0.067 0.012 1.06 
300 1.0 4.33 6.0 0.16 0.041 0.49 
600 2.0 4.38 26.3 0.40 0.195 0.21 

With 0 o and ~ specified, Fig. 13 presents the effect of the mass ratio, 7, between the 
striker and the bar. The mass ratio 7 was assigned various values whilst the input kinetic 
energy was kept constant. The smaller is 7 (i.e. the higher the initial velocity), the shorter 
are phases 3 and 4 and the longer is phase 2 in the dynamic response of the model. For 
larger mass ratios, the final displacement is larger, but the force-displacement curve in the 
neighbourhood of the peak load becomes more "spiky". The peak load decreases with 
increase of the mass ratio 7. Computed results show that A f = 0 . 5  mm, P/N~= 85.0 kN for 
7=100, Af= l .5mm,  P/N~=78.4kN for 7=600 and Af=2.1mm, P/N~=75.2kN for 
7= 1200. 

In the above examples, the effects of mass ratio and the initial velocity are discussed 
under the condition that the initial kinetic energy remains unchanged. As was done in part 
I, one can examine how the final displacement changes if the impinging mass is changed 
while the initial velocity remains constant, or vice versa. Let all the parameters related to 
the structural model itself taken in the "typical example" illustrated in the previous Section 
remain unchanged and let KoXV=34.1 J denote the initial kinetic energy taken in that 
example. We may vary the initial kinetic energy to K o, either by changing the mass of the 
striker or by changing the initial velocity V o. Some numerical results are given in Tables 1 
and 2. The variation of the final displacement with the initial kinetic energy is depicted in 
Fig. 14, where the solid lines and broken lines pertain to those caused by changing mass 
ratio and changing the initial velocity, respectively. It is evident from Tables 1 and 2 and 
Fig. 14 that in both rate-independent and rate-dependent cases the dynamic behaviour of 
the structural model, especially the final displacement At, is more sensitive to the mass 
ratio 7, than to the initial velocity. On the other hand it is noted from Table 2 that the 
initial velocity affects the peak force more significantly. 
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Fig. 14. The dependence of the final displacement on the initial kinetic energy K o. Here K~ v = 34.1 J 
represents the initial kinetic energy in the typical example, as indicated by the dot in the figure. 
Curve ~ is based on the rate-independent theory [1] and obtained by changing the mass ratio; 
curve (~) is based on the rate-independent theory [1 ] and obtained by changing the initial velocity. 
Curve @ is based on the rate-dependent theory (the present paper) and obtained by changing the 
mass ratio; curve @ is based on the rate-dependent theory and obtained by changing the initial 

velocity. 

Table 2. Effect of initial velocity. Rate-dependent theory. Mild steel. Mass 
ratio y = 300 

V o (m/s) flo Ko/K~ v Pm~x zj. O: Ay/L P: 

0.5 × 5.4 2.0604 0.25 3.87 2.1 0.07 0.008 0.82 
0.707 x 5.4 2.1365 0.5 4.10 3.4 0.10 0.017 0.68 
5.4 2.2181 1.0 4.33 6.0 0.16 0.041 0.49 
1.414 x 5.4 2.3055 2.0 4.53 13.1 0.30 0.120 0.26 

C O M P A R I S O N  W I T H  T A M  A N D  C A L L A D I N E ' S  R E S U L T S  

In order  to study the effect of  strain-rate, more  examples were computed  and compared  
with Tam and Calladine's experimental results [3]. In  their tests, two groups of  specimens, 
namely mild steel specimens (Sa) and aluminium specimens (Aa), were used. Then they 
studied the energy ratios R =  KE/SE  and KE/T2 ,  where K E  is the kinetic energy of the 
striker immediately before contact  with the specimen and SE is the "static energy" which 
would be required in a quasi-static test to produce the same final displacement as in the 
dynamic  test. Energy Tz is defined by Tam and Calladine in [3] as the kinetic energy 
remaining in the striker and specimen at the instant when the axial compression in the 
specimen ends. The corresponding quant i ty  in Zhang  and Yu [4] for 7"2 is the kinetic 
energy remaining immediately after impact,  given by 

1 
KE/TE -= 1-4 12/~sin20o (15) 
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Without great loss when 0o<< 1, the expression (15) can be simplified to 

KE/T 2 = 1 +~ (16) 

where ~=  1/(12#0 2) and # =  G/(8m*). 
Tam and Calladine [3] proposed the following formulae to obtain KE/T2: 

K E =  T~ + T2 (17) 

and 

KE 1 OAF 
___ 1+~-~ ~o.2 (18) 7"i 

where T1 is the kinetic energy absorbed in the axial compression phase, F = 8x/3#Vo with 
v• = VoTo/L. Thus, 

K E  1 -t ff (19) 
T2 1 +0.1F~ °'8" 

If the additional term 0.1F( °'s is small in comparison with 1, the formula (19) of Tam and 
Calladine reduces to the formula (16) of Zhang and Yu. 
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2 z, 6 8 
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Fig. 15. Plot showing the ratio KE/SE obtained from Tam and Calladine's experiments (-), Zhang 
and Yu's rigid-plastic model (--) ,  the rate-independent elastic-plastic model ( - . - )  and the present 
rate-dependent model ( - " - ) .  Also showing the ratio KE/T2 obtained from Tam and Calladine's 
rigid-plastic model ( - - ) .  SE is the energy required in the quasi-static loading case; KE is the 
kinetic energy required in the dynamic loading case if the final displacement is assumed to be 
identical to that  in the static case; T 2 is the kinetic energy remaining at the end of phase I and 
available for phase II in Tam and Calladine's two-phase rigid-plastic model. (a) mild steel specimens; 

(b) aluminium specimens. 
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Table 3 

Parameters Mild steel specimens Aluminium specimens 

Width of the strips, B 
Thickness of the strips, H 
Effective length of each strip, 2L 
Density of material, p 
Quasi-static yield stress of the material, ay 
Mass of the striker, G 
Impact velocity, V o 
Effective length of the hinge 

50 mm 50 mm 
1.6 mm 1.6 mm 
50 mm 50 mm 

7800 kg/m 3 2750 kg/m 3 
235 N/mm 2 60 N/mm 2 

10.0 kg (thus # =  162) 6.55 kg (thus #=298) 
4.8 m/s 3.49 m/s 

2~H=4H (i.e. ~=2)  2~H=4H (i.e. a=2)  

1.2 

I'0 

0-8 
0 

0.6 

0.4 

0.2 

I I I I I 

I I I I I 

0 20 40 60 80 IO0 120 

T 

of 

# 

e? 

Fig. 16. Variation of therota t ion angle (0) with time (z), obtained by Tam and Calladine's experiment 
[3] ( - - - ) ,  0f(exp)= 57.5 °, and predicted by various theories: the rate-independent theory [1] ( ), 
0f = 60.0°; the rate-dependent theory with D = 40 s-1 and q = 5 (--) ,  0 F = 42.7°; the rate-dependent 

theory with D = 300 s i and q = 2.5 ( - . - ) ,  0[-= 53.9 r 

For the mild steel and the aluminium specimens (Sa) used by Tam and Calladine [3], 
the parameters chosen were as listed in Table 3. 

Using these parameters, our dynamic model and corresponding static model are able 
to predict the energy ratio R = K E / S E ,  as shown in Figs 15(a) and (b). The results 
incorporating the effect of strain-rate agree very well with the experimental points for the 
mild steel specimens. This confirms the rate effect plays an important role in the dynamic 
behaviour of mild steel specimens. For  the aluminium specimens (D = 6500 s-1, q = 4), the 
rate effects are negligible, the maximum discrepancy between the rate-dependent and 
rate-independent curves being only about 6%. 

From Fig. 15(a) it is evident that the present theory overestimates the effects of strain-rate 
when the values D =40  s-1 and q = 5 are adopted for mild steel. Jones [6] pointed out 
that the dynamic stress-strain curve becomes flatter with an increase in strain-rate, with 
reduced material strain hardening. Thus, the material constants D and q in Eqn (1) depend 
on the magnitude of the strain and the values of D = 40 s-  1 and q -= 5 quoted for hot rolled, 
mild steel are valid for strains with a maximum value of only a few per cent. To fit the 
stress-strain data with e = 0.05 presented in Ref. [7], Jones suggested that D = 1300 s-  1 and 
q=5 ,  or D = 3 0 0 s  -1 and q=2.5  can be adopted. Figure 16 presents various theoretical 
predictions for the variation of the rotation angle (0) with time (z) and compares them 
with an experimental result (see Fig. 8 in Ref. [3]). It is evident that an excellent prediction 
is achieved when the rate effect is taken into account with D = 300 s - t  and q---2.5. 
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C O N C L U S I O N S  

By employing an elastic-plastic structural model which contains four compressible bars 
and four elastic-plastic "hinges" of finite length, we are able to trace the entire dynamic 
deformation history of Type II  structures, even when strain-rate effects are included. The 
Cowper-Symonds  relation has been adopted and the yield stress varies with the current 
strain-rate during the dynamic response of the model. The elastic modulus remains 
unchanged, but the ranges of elastic loading and elastic unloading change over the period 
of the response. 

Although the previous rigid-plastic analyses [3,4] at tempted to take account of both 
the effects of inertia and strain-rate sensitivity, they considered these two effects separately, 
that is, inertia was considered only in the early phase of the response and the strain-rate 
was considered only in the later phase of the response. With the present model and 
formulation, both effects are incorporated into the analysis throughout the entire response 
of the structure. 

The numerical examples presented in this paper show that the strain-rate effect plays 
as equally important  a role as inertia in the dynamic behaviour of this kind of 
energy-absorbing structures if the material of the structures is rate-sensitive, e.g. made of 
mild steel. Compared with the corresponding quantities in the quasi-static case, the 
combined effects of strain-rate and inertia make the peak load much higher and the final 
displacement much smaller. In this sense, one may expect these two effects to enhance each 
other. The comparison with the experiments of Tam and Calladine [3-1 given in Fig. 15 
clearly confirms that the inclusion of the strain-rate effect improves the theoretical prediction 
significantly for such materials. 

In contrast with the previous rigid-plastic models proposed by Zhang and Yu [4-1 and 
Tam and Calladine [3-1, the model described incorporates the elastic deformation of both 
the bars and the hinges. Because the increase of the yield stress due to strain-rate sensitivity 
expands the range of elastic deformation, the elastic strain energy stored in the structure 
made of rate-dependent material is f12 times that in the structure made of rate-independent 
material, where flo is the rate factor defined by Eqn (14). Since flo is proportional  to (Vo) l/q, 

the higher is the impact velocity, the larger is the elastic energy stored in the structure. 
This can be seen from the comparison between Fig. 9 of the present paper and Fig. 13 in 
our previous paper  [1]. This implies that when strain-rate effects are taken into account 
in the analysis, elasticity must play a more significant role as well and should not be 
neglected. 
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