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Summary--By assuming an elastic-perfectly plastic constitutive relation for the material and 
employing a model which consists of four compressible elastic-plastic bars connected by four 
elastic-plastic "hinges" of finite length, the dynamic behaviour of an inertia-sensitive impact 
energy-absorbing structure (previously called a Type II structure) under impact is analysed in detail. 
By taking account of the complicated deformation history involving loading, unloading and reversed 
loading, the large deformation process is traced completely and the variation of the "impact force" 
with time or with the vertical displacement is determined. In particular, the peak load is determined 
on the basis of elastic-plastic material behaviour and the consideration of inertia effects. The 
analysis presented indicates that the dynamic behaviour of the structure considered significantly 
differs from the quasi-static behaviour of the same structure even when the effect of strain-rate on 
the material properties is excluded. Therefore, inertia would appear to be the dominant effect in 
this sort of impact problems. 

NOTATION 

B width of the strips in the model 
c distance between the neutral axis and the interface of elastic and plastic regions 
d distance between the centroidal axis and neutral axis in a section through hinges 

E s elastic stress state 
E~ an elastic stress state possibly occurring during unloading 
E energy 

E e elastic energy 
EF, plastic dissipation in hinges 
E~ plastic dissipation in bars 
G mass of the striker 
H thickness of the strips in the model 
K kinetic energy of the system 

K 0 input kinetic energy 
K0 TY input kinetic energy in a typical example 

L length of each bar (one half of a strip) in the model 
M bending moment 

Mp fully plastic bending moment of the cross-section, ayBH2/4 
m non-dimensional bending moment, M/Mp 
m' M/NpL 

m* a half of the mass of each bar (i.e. bars AC, AD, CB and DB in Fig. 3) 
N~ fully membrane stress state 
N axial force 

Np fully plastic axial force, %BH 
n non-dimensional axial force, N/Np 

PI primary plastic stress state 
PI' a primary plastic stress state possibly occurring during unloading 
PI" a primary plastic stress state possibly occurring during unloading 

PI"  a primary plastic stress state possibly occurring during unloading 
PII secondary plastic stress state 
PII' a secondary plastic stress state possibly occurring during unloading 

P impact force 
Q generalized force 
T O characteristic time of the model, (m*L/Np) 1/2 

t time 
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u shortening of each bar 
V o initial velocity of the striker 
V~ velocity of the striker immediately after impact 
V~ horizontal velocity of points C and D in the model (see Fig. 3) 
V r vertical velocity of point A in the model (see Fig. 3), i.e. the velocity of the striker 
v non-dimensional velocity, VTo/L 

X horizontal coordinate 
x non-dimensional horizontal coordinate, X/L 
Y vertical coordinate 
y non-dimensional vertical coordinate, Y/L 
z coordinate across the thickness of the hinges 
ct ratio of the effective length to the thickness of the elastic-plastic hinges 
7 mass ratio, G/m* 
A vertical displacement of the top of the model 
Af final vertical displacement of the top of the model 

compressive strain of the bars, u/L 
e,* the compressive strain just before unloading occurs 
ep maximum elastic strain 
0 angle between the bars and the Y-axis, see Fig. 3 

0 0 initial crookedness angle 
t/ dy/dz 

dx/dz 
p density of material 
a stress, positive if it is compressive 
O-y yield stress 
r non-dimensional time, t/T o 

(') dO/dr 

I N T R O D U C T I O N  

The study of impact energy absorption is an interesting blend of dynamics and structural 
mechanics. Structures are required that deform in a predictable manner at controlled force 
levels if they are to be used in practical systems. A large amount  of research on the use 
of structural elements that can undergo gross deformation was reviewed by Johnson and 
Reid [1,2]. 

In developing designs of impact resistant structures, Booth et al. [3] deduced from an 
experimental programme that the response (i.e. the magnitude of the deformations) of 
certain types of plate steel structures did not satisfy the simple laws of geometrical scaling, 
smaller specimens exhibiting smaller deformations than would be expected from the linear 
scaling laws. Noting the finding reported in [3], Calladine and English [-4] identified two 
generic types of plastically deforming structures in energy-absorbing situations. The two 
types of structure were distinguished by the shapes of their overall static load~leflection 
curves: Type I has a relatively "flat-topped" curve, while Type II  has a "steeply 
falling" curve, as shown in Fig. 1. They showed that the deformations of Type II specimens 
are much more sensitive to changes in the impact velocity than are those for Type I 
specimens. When the kinetic energy of the striking mass is kept the same for all specimens, 
smaller final deformations are associated with higher impact velocities and this phenomenon 
is much more significant for Type II  specimens than for Type I specimens. They examined 
the responses of two sets of specimens (see Fig. 2) when loaded using a drop hammer  
apparatus. Seven different hammer  masses were dropped from corresponding heights to 
give a constant input energy in order to examine the velocity sensitivity of the response 
of the two types. 

The velocity sensitivity which emerged from the tests on the Type II  specimens was then 
explained by Calladine and English [-4] with the help of two relatively simple theoretical 
models, which related the dynamic behaviour of the specimens to the strain-rate sensitivity 
of the material and to the effects of inertia, respectively. However, the theoretical model, 
which was used in [-4] to take account of the effect of transverse inertia, seems to be 
inconsistent with the plastic hinge model, which was adopted for assessing the material 
strain-rate effect. Consequently, the two individual models cannot be combined together 
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Fig. 1. 
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Schematic plot of load against corresponding deflection for Type I and Type II structures. 
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(a) Type I, (b) Type II specimens and their method of loading. The drawings show specimens 
before and during deformation. (After Calladine and English [4]). 

so as to lead to a quantitative estimation of the final deformation when both the effects 
of inertia and material strain-rate sensitivity are involved. 

Adopting a unified model based on a rigid-viscoplastic constitutive relation and a 
four-hinge deformation mechanism, Zhang and Yu [5] analysed the large deformation 
process for Type II structures. Their results showed that the velocity sensitivity of these 
structures is mainly caused by the facts that the energy loss at the instant of impact increases 
rapidly when V o increases under conditions of constant input energy and that the strain-rate 
effect enhances this tendency. Zhang and Yu concluded that this depends only on the ratio 
of the mass of the striker to the mass of the specimen and on the initial crookedness, but 
not on the velocity of impact. 

Recently, Tam and Calladine [6] made a more detailed study of the same problem both 
experimentally and analytically. Their experiments were conducted in a drop-hammer rig 
on a large number of specimens having the same initial geometry, but made in two different 
sizes and of two different materials chosen for their different strain-rate dependent 
characteristics in the plastic range. Details of the behaviour during the dynamic deformation 
process of these specimens were recorded. Their revised theoretical analysis shows that the 
deformation of Type II structures has two phases: the first phase involves only plastic 
compression of the specimen and the second phase involves rotation at the plastic hinges 
alone. Consequently, inertia is the dominant effect in the first phase and the behaviour of 
the second phase is more sensitive to strain-rate. It is noted, however, that neither Zhang 
and Yu [5] nor Tam and Calladine 1-6] took account of elastic effects in their structural 
models. 
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It is also noted that Grzebieta and Murray [7,8] investigated some similar energy 
absorbing structures subjected to impact loading. Their theoretical model consists of a 
purely elastic model and a rigid-plastic model. The intersection of the load-<teflection 
curves obtained from these two individual models was used to determine the peak load. 
Unfortunately their analysis did not include inertia effects, which are primarily responsible 
for making the dynamic behaviour of such structures notably different from their static 
behaviour. 

In the present paper, a unified model is proposed that incorporates elastic-plastic and 
inertia effects into a dynamic analysis. It permits the large deformation process to be 
followed and the variation of "impact force" in the early phase of dynamic response to be 
determined, especially the magnitude of the peak force. The load-time or load-displacement 
characteristics are of great significance in studying the dynamic response of Type II 
structures as well as in studying the dynamic buckling of structures. Our results will confirm 
the conclusion made in [5] that the mass ratio and the initial imperfection play important 
roles in the dynamic behaviour of Type II structures. Our analysis will also indicate that 
the inclusion of elastic effects is necessary for determining the magnitude of the peak load. 

Finally, we note that in studying the dynamic buckling behaviour of imperfection-sensitive 
structures, Jones e t  al.  [9-11] have examined a simple model which consists of two rigid 
jointed rods with discrete masses, two elastic-plastic springs representing axial flexibility 
and a non-linear spring representing the lateral flexibility. Their work is notably different 
from ours in several aspects, so that it is difficult to compare our results with theirs 
quantitatively. Nevertheless their conclusion that the dynamic buckling loads are higher 
than the static buckling loads is clearly similar to that obtained in the present study. 
However, herein we have been primarily concerned with the influence that the 
inertia-dominated early phases of the deformation have on the performance of the structure 
as an impact energy absorber, whereas the calculations in Refs [9-11] are restricted to 
small deflections. 

MODELLING 

As previously proposed by Zhang and Yu [5] and Tam and Calladine [6], a typical 
inertia-sensitive structure can be modelled by two strips with symmetrical initial kinks, as 
shown in Fig. 3. Let the half-length, thickness and width of each strip be L, H and B, 
respectively and the initial crookedness of the strips be represented by the small angle 0 o. 
The following assumptions are made in studying the dynamic behaviour of this model. 

1. The material of the model is elastic-perfectly plastic. As shown in Fig. 4, a r and ep 
denote the yield stress and the maximum elastic strain, respectively. Strain-hardening is 
excluded. The rate-dependency of the material properties could be considered but this will 
not be addressed here, rather it will be the subject of a subsequent paper (Part II). 

2. In order to account for the effect of inertia, assume that half of each strip (e.g. segment 
AC termed hereafter a "bar") has mass 2m*, which is concentrated at its two ends. 
Consequently, each of the four "corners" of the model (i.e. points A, B, C and D) possesses 
a lumped mass 2m*. Replacing the distributed mass in a real structure by lumped masses 
greatly reduces the number of degrees-of-freedom of the model and makes the following 
analysis possible. 

3. The striker of mass G travels at an initial velocity V o before impact and becomes and 
remains attached to the top of the structural model from the instant of impact until the 
end of the response. The impact between the striker and the top of the model is assumed 
to be completely inelastic. 

4. Flexural deformation only occurs in small regions around the "corners" (A, B, C and 
D) which are regarded as elastic-plastic hinges. In addition to the flexural deformation, 
these hinges can sustain axial force and undergo axial deformation as well. Similar to the 
concept of an "effective length" for plastic hinges in the rigid-plastic analysis, the length 
of each elastic-plastic hinge here is assumed to be all, ~ being a constant. Apart from 
these regions, each bar remains straight and sustains axial deformation only; that is, the 
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Fig. 3. 
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A structural model for analysing a typical 
Type II structure. 
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Fig. 4. Constitutive relation (a) between the stress 
and strain e, and (b) between the non-dimensional 

compressive force n=N/Np and the compressive 
strain e in the bars. 

bending rigidity of the bars is assumed to be infinite. This partial decoupling of deformation 
is reasonably supported by the tests reported in [6] and greatly simplifies the analysis of 
the structural model. 

5. During the dynamic response of the model, the differences in deformation and axial 
force in the upper half and the lower half of each strip are neglected, so that the model 
remains doubly symmetric (both vertically and horizontally) with regards to its deformation 
and its internal forces. 

EQUATIONS OF MOTION 

The cartesian coordinates X - Y  shown in Fig. 3 are used, with the origin located at the 
bot tom of the model, point B. Due to the assumption of double symmetry, the vertical 
velocities of points C and D are equal to a half that of point A. 

Let (0, Y) be the coordinates of point A and (X, Y/2) be the coordinates of D. The kinetic 
energy of the system is then given by 

K = ½(G + 3m*)(d Y/dt) 2 + 2m*(dX/dt) 2 (1) 

Here, 

Y = 2 ( L -  u) cos 0 and X = (L - u) sin 0, 

where u is the shortening of each bar and 0 is the angle between the bars and the Y-axis 
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as shown in Fig. 3. Thus, 

From Eqn (1), 

and 

X. Y. S u e t  al. 

d Y/dt = - 2 ( L -  u) sin O(dO/dt)- 2(du/dt) cos 0, 

dX/dt  = ( L - u )  cos O(dO/dt)-(du/dt) sin 0. 

OK/O(dO/dt) = - 2(G + 3m*)(L-  u) sin 0(d Y/dt) + 4 m * ( L -  u) cos O(dX/dt), 

~K/~O = - 2(G + 3m*)[ (L-  u) cos O(dO/dt) - (du/dt) sin 0](d Y/dt) 

-4m*[(L-u) sin O(dO/dt)- (du/dt) cos O](dX/dt), 

dK/d(du/dt) = - 2(G + 3m*) cos 0(d Y/dt) - 4m* sin O(dX/dt), 

~K/~?u = 2(G + 3m*) sin O(dO/dt)(d Y /d t ) -4m* cos O(dO/dt)(dX/dt). 

The generalized forces corresponding to the generalized coordinates u and 0 are Q1 = - N  
and Q2 = - M ,  respectively. Therefore, from Lagrange's equation of the second kind, the 
equations of motion of the system are 

(G + 3m*) c o s  0 ( d  2 Y/dt 2) -F 2m* sin O(dZX/dt 2) = 2N (2) 

and 

(G + 3m*)(L - u) sin 0(d 2 Y/dt 2 ) - 2m*(L - u) cos O(dZX/dt 2) = 4M. 

Solving the equations for (d 2 Y/dt 2) (dZX/dt 2) leads to 

(G + 3m*)(d 2 Y/dt z) = 4M sin O/(L - u) + 2N cos 0 

and 

m*(d2X/dt 2) = N sin 0 - 2 M  cos O/(L-u). 

(3) 

(4) 

(5) 

Let 

x = X / L ,  y= Y/L, 7=G/m *, n=N/Np,  m'=M/NpL,  m=M/Mp,  e=u/L, To=(m*L/Np) 1/2, 

z = t/To, v = VTo/L, and ( ' )= d0/dz. (6) 

Here Np = 6yBH is the fully plastic axial force of the cross-section, M p =  6yBH2/4 is the 
fully plastic bending moment  of the cross-section, e is the (compressive) axial strain of the 
bars, and To is the characteristic time of the system. The equations of motion can now be 
recast into non-dimensional form 

2 = n sin 0 - 2m' cos 0/(1 - e), (7) 

j) = [4m' sin 0/(1 - e) + 2n cos 0]/(7 + 3), (8) 

while the geometric relations are given by 

= - ( 2  sin 0 + 9 cos 0/2), (9) 

0 = ( 2  cos 0-1~ sin 0/2)/(1 -e ) .  (10) 

Assuming that the impact is completely inelastic, the common velocity of the striker and 
the top of the specimen after impact is 

V~ = VoG/(G + 2m*), 

s o  

v* = VoT/(y + 2). (11) 
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Putting ~ = ~, q = 3~ we obtain a system of ordinary differential equations 

= n sin 0 - 2m' cos 0/(1 - ~), 

r) = [4m' sin 0/(l - e) + 2r/cos 0]/(7 + 3), 

= - ( 3  sin 0 + r/cos 0/2), 

0=(~ cos 0-~ /s in  0/2)/(1 -~),  

with the initial conditions 

~(0) = 0, ~(0) = - v~ = - Vo7/(7 + 2), ~(0) = 0 

Equations (12) are solved 
conditions given by (13). 

and 0(0) = 0o. 
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(12)  

(13) 

using a 5th order Runge-Kutta  method with the initial 

CONSTITUTIVE EQUATIONS 

Based on the assumption that the material is elastic-perfectly plastic, the constitutive 
relations of the bars and hinges are considered separately to reflect their different stress states. 

Since the material is elastic-perfectly plastic, for a bar that is assumed only to deform 
axially (see assumption 4 in the preceding section), the axial force n obeys the following 
relationships: 

E/ep, 

n__t 1, 
1 - ( e *  - ~ ) t ~ p ,  

8(,~p 

e~>epandde>0 

d e < 0 a n d e * - 2 e p < e < e *  

de < 0 and e < e* - 2e v 

(elastic loading) 

(plastic loading) 

(unloading) 

(reversed yielding) 

(14) 

where e* denotes the strain just before unloading occurs, and reversed yielding may occur 
since the material is assumed to be isotropic in tension and compression. 

For an elastic, perfectly-plastic beam-column that is subjected to a bending moment M 
for an axial force N simultaneously, Yu and Johnson [12] have identified three types of 
stress distribution across its thickness during loading, depending on the combination of 
M and N. These types of stress distribution are denoted by E s, PI and PII in the list below. 
In the analysis of the present structural model, since the elastic-plastic hinges may undergo 
a complicated history of loading and unloading in response to various combinations of 
M and N, here a complete account of all the possible cases for the stress distribution across 
a hinge section is provided, including loading, full yield and unloading. These are 
summarized as follows: 

(i) Loading 

During loading, the stress distribution across a cross-section of the hinge is one of the 
four different states shown in Fig. 5: 

(a) The elastic state (Es), in which all fibres are in the elastic range and c >~H/2 + d is 
satisfied. 

(b) The primary plastic state (PI), in which some fibres on one side of the section yield 
and H/2 + d > c > H/2 - d is satisfied. 

(c) The secondary plastic state (PII), in which some fibres on both sides of the section 
yield and H/2 - d > c > 0 is satisfied. 

(d) .The pure membrane state (Ns), in which all fibres in the section yield (c = 0), while 
flexural deformation of the section can still occur. 

A map in the m-n plane that indicates the regions in which these stress states appear is 
depicted in Fig. 6. 

As pointed out in Ref. [12], the non-dimensional bending moment rn and the 
non-dimensional axial force n can be determined from the geometric parameters of the 
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Fig. 5. Various stress states across a section of an elastic-plastic hinge during loading: (a) elastic 
state E~; (b) primary plastic stress state PI; (c) secondary plastic stress state PII; (d) fully membrane 

state Ns. 

Fig. 6. 

1 ~  m+n2=l 

[ ,....-- . . . .  . . . . ~  (312)m=1 +n-2n2 

! 

n 
A map in the n m plane, showing the regions in which stress states Es, PI, PII and N~ 

appear. (After Yu and Johnson [12]). 

stress d i s t r i bu t ion ,  c a n d  d (see Fig.  5) a c c o r d i n g  to the fo l lowing  re la t ions :  

n = 6/ f ,  m = 1/7 for E~; 

1 
n =  1 - ~ ( 1 - 6 + 7 )  2 , m = ( 1 - n ) [ 3 - 2 ~ l - n ) ] ,  for PI;  

n = 6, m = ½13(1 - n 2 )  - ] 7 2 ] ,  for PI I ;  

n =  1, m = 0 ,  for Ns, 

(15) 

where  ~ =  c/ (H/2)  a n d  6 =d / (H /2 ) .  O n  the o the r  hand ,  p a r a m e t e r s  c a n d  d are  re la ted  to  
the s t ra in  of  the cen t ra l  l ine of  the hinge,  e, a n d  the change  in  c u r v a t u r e  of  the  hinge,  Ax, by  

~c e . H  ~H Y t c~H~ 
c -  - d =  - - -  (16) 

A~c 2 A0 E '  Ax A0 
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where Ah=AO/~tH is the curvature, h.~e = Y/E denotes the maximum elastic curvature, 
and A 0 = 0 - 0  o denotes the change in angle 0. By combining (15) and (16) we are able to 
calculate n and m at the hinge at any instant of time, provided the current values of e and 
0 are known. 

(ii) Unloadin9 
Unloading may be caused by a reduction in the magnitude of N or M or both. As a 

result of these possible combinations in the variations of N and M, during unloading the 
stress distribution across a cross-section of the hinge could be one of the following five 
different states shown in Fig. 7: 

(a) The state PI' in which some fibres on one side of the neutral axis are unloaded after 
being in the Ns state. 

(b) The state E's in which all fibres in the section are unloaded. 
(c) The state PII' in which some fibres on one side of the section are still in yielding (in 

compression) while some fibres on the other side are in a state of reversed yielding. 
Our computations indicate that in our problem one of the states E's or PII' appears 
after the state PI'. 

(d) The state PI" in which some fibres in the section are unloaded along the initial elastic 
loading path after the state PI. 

(e) The state PI'" in which some fibres on both sides of the neutral axis are unloaded 
from the state PI. 

In numerical calculations, the deformation history of a hinge region is followed by tracing 
the current position of the section where the strain rate is zero for each instant of time. 
This position forms the instantaneous boundary between the loading and unloading regions, 
so that the corresponding constitutive relation can be applied. Thus, the distance between 
the centroidal axis and neutral axis of the section (denoted by d) in the hinges, and the 
distance between the neutral axis and the interface of the elastic and plastic regions (denoted 
by c) are all determined by the loading or unloading conditions. For instance, for states 
E~, P! and PII, the relationships between (c, d) and (n, m) are given in Eqns (15) and (16). 
Similar relationships can be derived for all of the other stress states although they are 

-f---g-- 
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Fig. 7. 
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Various stress states across a section of an elastic-plastic hinge during unloading: (a) PI'; 
(b) E,~; (c) P[I'; (d) PI"; (e) PI"'. 
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more complicated since they depend not only on the current (n, m) but also on the previous 
stress states before unloading occurred. 

The full consideration of the interaction between axial force and bending moment  is an 
important  feature of the present analysis. As revealed by the previous work [6-1, the stress 
state in the "plastic hinges" varies from a pure compression to a pure bending during the 
deformation of the structure. This transition cannot be precisely described if an independent 
(square) M - N  limit curve is adopted but it is followed very well when the interaction 
between N and M is more accurately represented, as will be seen in Fig, 10. 

A TYPICAL NUMERICAL EXAMPLE 

To show a typical example, the same values of the parameters (except the mass of the 
striker) are chosen as those adopted in one of the tests performed by Tam and CaUadine 
[6] on a mild steel specimen. They are: 

the width of the strips, B = 50 mm; 
the thickness of the strips, H = 1.6 ram; 
the effective length of each strip, 2L = 50 mm (i.e. the length of each bar  L = 25 mm); 
the density of material, p = 7800 kg/m3; 
the (initial) yield stress of the material, try = 235 N/mm2; 
the mass of the striker G = 2.34 kg (thus ~ = 300); 
the impact velocity V o --5.4 m/s; 
the initial crookedness angle 0o = 1.6 °. 

For  the effective length of the elastic-plastic hinge, ~H, a value of ~ = 2.0 is chosen. The 
choice of the value of ~ will be discussed in the following section. 

The computed results are shown in Figs 8-12, from which the following observations 
can be made. 

The load-time characteristics of the model and the variations of axial force and bending 
moment in the hinges 

One of the quantities of particular interest in the dynamic analysis is the "impact load" 
applied on the structure by the striker. This can be calculated from P = - G(d 2 Y/dt 2) when 
the deformation history is obtained by solving the governing equations. By referring to 
Figs 8 and 9, consider first the variation in the load-carrying mechanism of the structural 

Fig. 8. 
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"r = t/T 0 

I I I I 
0 0.5 1.0 1.5 

t,ms 

Variation of impact force with time during the dynamic response of the model with y = 300, 
ct = 2.0 and 0 o = 1.6 °. The response phases are marked by 1, 2, 3 and 4. 
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Fig. 9. Variations of the non-dimensional axial force 
n and the non-dimensional bending moment m during 
the dynamic response of the model with 7=300,  

= 2.0 and 0 o = 1.6 °. The response phases are marked 
by 1, 2, 3 and 4. 

213 ~ y n a m i c  

m ! 

0 0.2 0.4 0.6 0.8 1.0 
i1 

Fig. 10. A map in the n - m  plane showing the stress 
loci for the plastic hinge in the model during 
dynamic and quasi-static responses. The boundary 
lines between the various stress states are illustrated 

in Fig. 6. 

J 
II ~ = 300 

,5 0.06- II %_= 2.0 
I I  1"6° 

10 ~ 0 . 0 4  V x 

0.02 

0 
5 10 15 

I I I I 
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t, ms 

Fig. l 1. Variations of the vertical velocity of the striker, Vr, and the horizontal velocity of the 
middle point of the model (point D in Fig. 3), Vx. The solid lines are the predictions of the present 

elastic-plastic model. The broken lines are obtained from a rigid-plastic model (see Appendix). 

model during the deformation history. The dynamic response of this structure under impact 
occurs in four phases. In phase 1 the axial force increases rapidly to full yield in the bars 
(i.e. the straight segments of the strips). In phase 2 the load remains almost constant (at 
the peak load) for a short period. In phase 3 the load rapidly falls from the peak load and 
in phase 4 the load approaches another constant value which is much smaller than the 
peak load. It is clearly seen by comparing Figs 8 and 9 that in the first two phases axial 
compression plays the major role in carrying the load resulting from the impact. 

The deformation in the first phase involves Es-PI or Es-PI-PII states, and phase 2 
corresponds to the N s state in all of the hinges (and bars) of the model. There exist both 
axial compression of the bars and flexural deformation of the hinges in phase 3. Finally, 
the rotation at the hinges is dominant in phase 4. It should be noted that elastic unloading 
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Fig. 12. The dynamic and quasi-static load-displacement characteristics of the model with 7 = 300, 
=2.0 and 0 o = 1.6 °. Each vertical line with a downward arrow indicates the final (maximum) 

displacement. In this example, the final vertical displacement at the top of the model, Af, is 2.5 mm 
for the dynamic case, and 9.0 mm for the quasi-static case, if the same amount of energy is dissipated. 
The broken line represents the response obtained from the two-phase rigid-plastic model, see the 

Appendix, when all the parameters remain the same. 

and reloading may be involved in phases 3 and 4. Evidently, the first two phases are of 
short duration (occupying about 0.07 ms, i.e. about 1/20 of the total response time), and 
only result in a small overall vertical displacement at the top of the model. Hence, the 
overall deformation of the model occurs mainly when the rotation at the hinges becomes 
significant in the later phases. 

The locus of the stress state at the elastic-plastic hinges in the n-m plane is depicted in 
Fig. 10. In phase 1, the locus almost coincides with the n-axis (i.e. m,~0); in phase 2, it 
remains at the right-lower corner point where n = 1 and m = 0. In phase 3, the stress state 
moves quickly along a path not far from the limit curve m + n = 1. In the final phase 4, the 
stress state approaches the left-upper corner point where m = 1 and n = 0. This stress locus 
vividly demonstrates the dramatic variation in the stress states during the deformation 
history of the structural model after impact. 

Influence of elasticity on the dynamic behaviour of the structural model 

It is evident that the rigid-plastic impact analysis of this inertia-sensitive structure, either 
by adopting a bending-only model (e.g. in I-5]) or a bending-compression model (e.g. in 
[6]), cannot predict the first phase of the load-time history. The load-time history predicted 
by the present elastic-plastic model, therefore, confirms the important role of elasticity in 
determining the dynamic load-carrying capacity of structures, especially the early phase 
and the peak load following impact. 

The reduction in the vertical velocity of the impact point (point A), Vr, in the model 
after impact is shown by a solid line in Fig. 11, while the straight broken line is the 
prediction of V r obtained from a rigid-plastic analysis the details of which are given in the 
Appendix, which is based on Tam and Calladine's two-phase model [6]. The maximum 
magnitude of the horizontal velocity of points D (or C), V x, is smaller than that predicted 
by the rigid-plastic models (see [5] and [6]). These differences again indicate the effect of 
elasticity on the motion of this inertia-sensitive structural model. 

Comparison between dynamic and quasi-static deformation modes 

The dynamic behaviour of this Type II structure is obviously quite different from the 
static behaviour of the same structure as is evident from Figs 10 and 12. The force-deflection 
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plots shown in Fig. 12 clearly show that when the structural parameters are identical, 
the dynamic peak load is notably higher than the static one. In the present example, the 
dynamic peak load is 37.2 kN, which is about double the static peak load (19.9 kN) and 
is just slightly less than the full plastic squash force 2Np which is the value predicted by 
the rigid, plastic bending-compression model due to Tam and Calladine [6] as developed 
in the Appendix. Elastic recoil is not considered in this analysis, so in Fig. 12 (as well as 
in Figs 14, 16 and 17) each vertical line with a downward arrow only indicates the maximum 
displacement undergone by the model. 

The duration of the dynamic response in this example is about 1.5 ms. At the end of 
the response when both V~ and Vy are zero, the final vertical displacement at the top of 
the model is about 2.5 ram, and the maximum rotation angle reaches about 15 °. These 
compare with quasi-static values of 9.0 mm and 35 ° for the same energy absorbed and 
demonstrate the significant effect of inertia in reducing the level of deformation. 

Regarding the variation of the stress state during the deformation process, Fig. 10 
provides the stress loci in the n-m plane for both dynamic and quasi-static cases, showing 
the significant difference between them. While the pure membrane stress state (N = Np) 
determines the peak load in the dynamic case, the largest axial force developed in the 
quasi-static case is only about (0.5-0.6)Np. Inertia plays a vital role in the dynamic behaviour 
of the structure, requiring higher axial forces and delaying the onset of the main modal 
response which is bending. 

Partitioning of the energy absorbed 

From Fig. 13 it can be deduced that, in this typical example, 40% of the input kinetic 
energy has been consumed in the first two phases, and about 70% of the input energy has 
been dissipated before 0.37 ms (i.e. only about 1/4 of the total response time). When the 
response ceases, the partitioning of the total energy is as follows: 

the energy dissipated by rotation at the plastic hinges: 46%; 
the energy dissipated by plastic compression of the bars: 50%; 
the elastic strain energy stored in the model (or the kinetic energy of the final elastic 
vibration): 4%. 

While the elasticity in the model makes little contribution to the energy partitioning, it 
does make a significant contribution to the early transient response of the model under 
impact and plays an important role in determining the peak load in the dynamic case 
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Fig. 13. Variation of the energy partitioning during the dynamic response of the model with 
7 = 300, ~ = 2.0 and 0 o = 1.6 °. K o is the initial kinetic energy; K is the kinetic energy; E e is the elastic 
energy; E p is the plastic dissipation in axial compression of the bars and E~ is the plastic dissipation 

in the hinges. 
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which is much higher than that in the static case. However of greatest importance is the 
significant amount of energy absorbed in uniaxial compression. It is this that is responsible 
for the significant change in the gross deformation of the structure compared with its 
quasi-static behaviour. 

MORE EXAMPLES AND DISCUSSION 

In order to study the effects of the effective length gH of the hinges, the initial imperfection 
0 0 and the ratio y of the mass of the striker to the mass of the strip on the dynamic response 
of the structural model, several other examples have been studied. 

Effective hinge length (ocH) 
The concept of an effective length for plastic hinges has been widely accepted by 

researchers when they try to estimate the strain produced in the plastic hinges. As discussed 
in the literature, the actual value of this effective length is unknown, but it may be estimated 
by applying some simple analysis or from experimental observations. Nonaka [13] 
suggested that slip-line theory could be used to obtain the shape of a plastic region across 
the thickness of a beam. When M=Mp and N=0,  this suggestion results in ~= 1; as N 
increases, the value of ~ may approach 2. For a clamped beam subjected to transverse 
loading, when it enters its membrane state, Jones [14] suggested that the effective length 
of the plastic region can be taken as half the length of the beam, i.e. ~H = L/2, which results 
in a considerably larger value for ~. Based on the experimental observation reported by 
Shu [15], Stronge and Yu [16] suggested that the effective length of a plastic hinge can 
be taken to be two to five depths of the beam, i.e. 0t = 2,~ 5. Tam and Calladine [6] measured 
the total length of the middle plastic hinge in their experiments and found that 2~ varied 
between 3 and 4.5. In the typical example described in the previous section a value of 0t = 2 
was taken; but from the above brief review it seems to be worthwhile to examine the 
influence of the value of ct on the calculated dynamic behaviour of the structural model. 

Figure 14 gives the plot of non-dimensional impact force P/Np against the 
non-dimensional displacement AlL for a variety of values of ct. When y and 0o are fixed, 
the duration of the first two phases increases with the decrease of ~t. The smaller is ~, the 
steeper is the P/Np vs A/L curve in the neighbourhood of the peak load and the earlier 
does the deformation cease. Figure 15 shows that the plastic work dissipated in the hinges 
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Fig.  14. T h e  inf luence  o f  the  effective h inge  leng th  o n  the  l o a d - d i s p l a c e m e n t  cha rac te r i s t i c s  for  

the  m o d e l  wi th  7 = 300  a n d  0 o = 1.6 °. E a c h  ver t ica l  line wi th  a d o w n w a r d  a r r o w  indica tes  the f inal  

( m a x i m u m )  d i sp l acemen t .  Af/L = 0 .0916 for  ~t = 1.0, Af/L = 0.1019 for  ct = 2.0, AdL = 0.1048 for  ct = 3.0, 

a n d  A f / L = 0 . 1 0 6 1  for  ~ = 4 . 0 .  
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Fig. 16. The influence of the initial imperfection angle 0 o on the load-displacement characteristics 
for the model with 7= 300 and ct= 2.0. Each vertical line with a downward arrow indicates the 
final (maximum) displacement. Af/L = 0.1019 for 0 o = 1.6 °, Af/L = 0.1838 for 0 o = 3.23 °, Af/L = 0.2172 

for 0o =4.0 °, and Af/L =0.2619 for 00=5.0 °. 

increases with the increase of ~, as might be expected. On the whole, the variation in 
has only a slight effect on the P-A curve, but a more significant effect on the energy 
partitioning. 

Initial imperfection (0o) 
When ~ and 0t are specified, the effect of the initial imperfection in the structure, 0 o, is 

depicted in Fig. 16. The final displacement of the striker (global crushing of the structure) 
increases with increase of 0 o, but the time interval during which the deformation of the 
model remains in the N s state increases with the decrease of 0 o. Thus, as angle 0 o is 
increased, the initial axial-compression-dominated phases becomes very "spiky" and the 
quasi-static level of deformation (A/L = 0.36) is approached. 

Mass ratio (~) 

Figure 17 presents the effect of the ratio of the mass of the striker to that of the strip. 
0 o and ~ are specified, and the mass ratio 7 is assigned various values whilst retaining the 
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Fig. 17. The influence of the mass ratio 7 on the load-displacement characteristics for the model 
with 00 = 1.6 ° and ~ = 2.0. Each vertical line with a downward arrow indicates the final (maximum) 
displacement. Af/L=0.0291 for 7=10, Af/L=0.0365 for ?=50,  Af/L=0.0513 for 7=100, 
Af/L =0.1019 for I' = 300, and AJL =0.1851 for ? = 1200. In all cases the kinetic energy of the striker, 

K0=34.1J. 

condition that the input energy remains constant, that is K o = GV~/2 = 34.1 J, the same as 
that taken in the "typical example" in the previous Section. The smaller is 7 (i.e. the higher 
is the initial velocity), the shorter is the total response time. It is noted that for the cases 
of ? equal to 10 and 50, the deformation of the model occurs in only the first two phases 
and the final displacement is very small, but the flat top in the force-displacement curve 
corresponding to the N s state is wider. These smaller values of ~ correspond to higher 
impact velocities (i.e. 13.2 m/s for ? = 50 and 29.6 m/s for ? = 10) and the response is primarily 
one of uniaxial compression. It is possible that the specimen would begin to respond in a 
mode which is controlled by plastic wave propagation. However, given the fact that the 
specimen has a fixed lower end and the impact speeds are two orders of magnitude less 
than the elastic wave speed, the assumption that the deformation mode is doubly symmetric 
is expected to be reasonable. Notwithstanding this, computed results show that Af =4.5 
mm for ? = 1200, Af = 2.5 mm for 7 = 300 and Af = 0.9 mm for ~ = 40. Obviously, the dynamic 
behaviour of the structural model is very sensitive to the mass ratio 7, perhaps more so 
than to variations of 0o and ~. 

Sensitivity of the final displacement to the impingin9 mass and the initial velocity 

In the above examples, the effects of mass ratio and the initial velocity have been discussed 
under the condition that the initial kinetic energy remains unchanged. Consider how the 
final displacement changes if the impinging mass is changed whilst its initial velocity remains 
constant, or vice versa. Suppose that all parameters related to the structural model itself 
taken in the "typical example" illustrated in the previous Section remain unchanged and 
let K~Y= 34.1 J denote the initial kinetic energy taken in that example. We may vary the 
initial kinetic energy carried by the striker to K 0, either by changing its mass G or by 
changing its initial velocity Vo. Some numerical results are assembled in Tables 1 and 2. 
It is evident from these Tables that the final displacement and other deformation parameters 
depend on not only the value of the initial kinetic energy of the striker, but also the way 
in which it is changed. The final displacement is clearly more sensitive to the change in 
the mass of the striker, rather than to the change in the initial velocity when the initial 
kinetic energy is changed by the same amount. In this sense, we may refer to this kind of 
structures as being a mass-sensitive or inertia-sensitive one, rather than a velocity-sensitive 
one. 
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Table 1. Effect of mass  ratio. Rate-independent theory Vo=5.4 m/s 

i' Ko/KTY Pmax "Of Of Af/L Pf 

75 0.25 1.92 0.9 0.04 0.010 1.34 
150 0.5 1.96 3.8 0.10 0.025 0.45 
300 1.0 1.98 14.5 0.26 0.102 0.24 
600 2.0 1.99 59.1 0.74 0.558 0.10 

667 

Table 2. Effect of initial velocity. Rate-independent theory. Mass ratio 
7 = 300 

Vo 
(m/s) Ko/KTo v Pm.x zf 0 t Af/L Pf 

0.5 x 5.6 0.25 1.98 3.7 0.08 0.014 0.59 
0.707 x 5.4 0.5 1.98 6.5 0.13 0.034 0.41 
5.4 1.0 1.98 14.5 0.26 0.102 0.24 
1.414 x 5.4 2.0 1.98 33.8 0.58 0.375 0.12 

C O M P A R I S O N  W I T H  T A M  A N D  C A L L A D I N E ' S  M O D E L  A N D  E X P E R I M E N T S  

The dynamic response of Tam and Calladine's rigid-plastic model contains two phases 
[6]: a pure compression of the bars (N = Np, M = 0), and pure rotations about the plastic 
hinges (N = 0, M = Mp). In order to compare it with our present model, a derivation is 
presented in the Appendix, which incorporates the mass distribution adopted in our model 
with their rigid-plastic model. The vertical velocity of the'striker, Vy, and the horizontal 
velocity of the mass at the middle of the strip, Vx, are plotted as broken lines in Fig. 11, 
which indicates that the rigid-plastic two-phases model predicts both the response time 
and the variation of Vy very well, although its prediction of V x has a notable discrepancy, 
especially at its maximum value. 

The load-displacement curve predicted by this rigid-plastic model is depicted by the 
broken line in Fig. 12. It is noted that in a short interval at the beginning of Phase II the 
"load" P (i.e. the force between the striker and the top of the structure) is negative because 
Vy slightly increases in this short period. The negative P implies a separation of the striker 
from the top of the structure; this unreal feature is attributed to the sudden switch from 
a pure compression state to a pure rotation state in this simplified two-phase model. 

To compare our theoretical predictions with the tests performed by Tam and Calladine 
[6], particular attention has been paid to Figs 8, 9 and 12 in Ref. [6]. The specimens in 
their tests are as sketched in Fig. 18, which is a reproduction of Fig. 2 in Ref. [6]. Adopting 
the parameters relevant to Fig. 8 in [6] (e.g. V o = 4.8 m/s, G -  10.3 kg) while taking account 
of the mass of the vertical portion on top of the specimens (i.e. the portion of length 
Lz-L3-1 in Fig. 18), the calculation of the deformation based on our present model 
results is shown by the solid line in Fig. 19, and the dashed line represents the test result 
given in Fig. 8 in Ref. [6]. 

Figure 9 in Ref. [6] provides a plot of strain-gauge readings against time at position 2 
(refer to Fig. 18) of a mild steel specimen loaded dynamically (V0 =4.8 m/s, G=  10.3 kg). 
That plot shows that the rise-time for the compressive strain at position 2 was about 0.12 ms, 
while the prediction of the rise-time based on the present model is about 0.03 ms. At 
first sight this is a large discrepancy. However it can possibly be explained by the effect 
of the speed of propagation of the plastic wave travelling along the specimen. The peak 
strain was around 0.002 according to Fig. 9 in [6] and the stress-strain curve for the 
material of the specimen at this level of strain had a very small slope, as shown in Fig. 3 of 
[-6], which implies an extremely slow propagation speed for this peak strain along the bar. 
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Sketch of the specimens used in Tam and Calladine's tests (adopted from [6]). 
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Fig. 19. A comparison of the variation of the rotation angle with time. The solid line is obtained 
from the present model (Of =60.6°); the dashed line is adopted from Tam and Caladine's test 

(0f(exp)= 57.5°), see Fig. 8 in [6]. 

As an estimate, suppose that the tangent modulus at e=0.002 is equal to 1/400 of the 
Young's modulus of the material (mild steel). Since the distance from the point of impact 
(i.e. the very top of the specimen) to position 2 is 27 mm, the travelling time for the elastic 
stress wave of speed c = 5100 m/s across this distance is about 0.005 ms, while the travelling 
time for the plastic stress wave of speed c/20 = 255 m/s across this distance is about 0.106 ms. 
The present model predicts a rise-time of 0.03 ms for the loading pulse at the point 
of impact rather than position 2 in Fig. 18; when this pulse travels to position 2, the 
rise-time will be delayed by an amount of 0.106-0.005=0.101 ms, resulting in a pulse at 
position 2 with a rise-time of about 0.13 ms. Thus, the discrepancy between the present 
prediction on the rise-time and the experimental record of the strain at position 2 can be 
explained. 

Figure 20 depicts the energy ratio between the kinetic energy required, KE, and the 
corresponding static energy, SE, when the same final displacement is produced. The dots 
in the figure represent the experimental results summarized in [6], while the solid lines 
and the broken lines were obtained from Tam and Calladine's model and Zhang and Yu's 
model, respectively. The chain lines are based on our present elastic-plastic model. It is 
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Fig. 20. Plot showing the ratio KE/SE obtained from Tam and Calladine's experiments (e), 
Zhang and Yu's rigid-plastic model ( - - - - )  and the present rate-independent elastic-plastic model 
( - - - - - ) .  Also showing the ratio K E / T  2 obtained from Tam and Calladine's rigid-plastic model 
( - - ) .  SE is the energy required in the quasi-static loading case; KE is the kinetic energy required 
in the dynamic loading case if the final displacement is assumed to be identical to that in the static 
case; 7"2 is the kinetic energy remaining at the end of phase I and available for phase I1 in Tam 
and Calladine's two-phase rigid-plastic model. (a) mild steel specimens; (b) aluminium specimens. 

seen from the figure that the prediction from the present model, which excludes the 
rate-sensitivity of materials, agrees well with the experiments of aluminium specimens and 
with the earlier model due to Tam and Calladine, but does not agree well with the 
experiments on mild steel specimens that are rate-sensitive. A further comparison will be 
presented in a companion paper (i.e. Part II) where strain rate-sensitivity is included in 
the analysis. 

C O N C L U S I O N S  

By assuming an elastic-perfectly plastic constitutive relation for the material and 
employing a model which consists of four compressible elastic-plastic bars connected by 
four elastic-plastic "hinges" of finite length, the dynamic behaviour of a Type II structure 
under impact has been analysed in detail. By taking account of the complicated deformation 
history involving loading, unloading and reversed loading, the large deformation process 
has been traced completely and the variation of the "impact force" with time or with the 
vertical displacement has been determined. 
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The determinat ion of the peak load is important .  It has been calculated on the basis of 
elastic-plastic material  behaviour  and considerat ion of inertia effects. The analysis presented 
indicates that  the dynamic  behaviour  of  the structure considered significantly differs from 
the quasi-static behaviour  of the same structure even when the effect of  strain-rate on the 
material properties is excluded. Therefore, inertia would appear  to be the dominan t  effect 
in this sort of impact  problem. Consequent ly  the authors  prefer to call this type of structure 
an "inertia sensitive" structure rather than a "velocity sensitive" one. The influence of  strain 
rate effects will be considered in a compan ion  paper [17]. The results f rom the above 
examples also confirm the conclusion of Zhang  and Yu [5] that  the dynamic  response of 
the structure and the final displacement are indeed domina ted  by the effective mass ratio 
7 rather than the magni tude  of  the impinging velocity V o itself whilst the influence of the 
initial crookedness of the strips also has to be considered. 

An impor tan t  observat ion here is that  even if the input energy is much larger than the 
elastic strain energy stored in the system (e.g. for the typical example illustrated, the elastic 
energy is about  4% of the input energy), the inclusion of  elasticity is essential because it 
enables us to determine the impact  force in the early phases of the dynamic  response and 
in part icular  to estimate the peak load. F r o m  the point  of  view of the design of impact  
energy absorbing structures this is an impor tan t  parameter  alongside the energy absorbing 
capacity. Fur thermore  the analysis sheds some further light on the lack of  scalability in 
Type II  structures originally identified in Ref. [3]. 

Having  considered the influence of elasto-plasticity and the complicated deformation 
history, the present analysis provides predictions of the parti t ioning of the input energy 
after impact, the final displacement of the structure and the load-carrying capacity of the 
system. These predictions are more  precise than those based on the idealized rigid-plastic 
models and enable us to trace the complete process of deformation of  the structure. Our  
results agree well with the experiments reported by Tam and Calladine [6] with regard to 
the global deformat ion history (e.g. see Fig. 19) and the ratio between the kinetic energy 
and the static energy when the same amoun t  of  final displacement is achieved (see Fig. 20). 
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A P P E N D I X :  A T W O - P H A S E  R I G I D - P L A S T I C  M O D E L  

Referring to Tam and Calladine's analysis [6] and incorporating the mass distribution shown in Fig. 3 of the 
present paper, the following two-phase rigid-plastic model (Fig. A1) can be constructed. 

Phase I: a pure compression of the bars. Since N=Np and M = 0 ,  we have 

P=2Np cos 0~2Np,  (A1) 

2m(d2X/dt 2) = 2NpX/L, (A2) 

where P is the force applied on the striker. It follows that 

5~=x, (A3) 

where Eqn (6) of the present paper has been applied to define the non-dimensional variables, e.g. x = X/L, r = t iT o 
and ( ) =  d0/dz. Since Xo =sin  0o and Xo =0  at z =0, the solution of Eqn (A3) is 

x = sin 0o cosh r (A4) 

and the vertical velocity of point A (see Fig. A1) can be determined by (see [6]) 

VA = 2X~ = sin 2 0 o sinh(2z). (A5) 

Phase I ends at r = z  1 when the vertical velocity of point A is equal to the velocity of the striker of mass G, 
which requires the following equality: 

sin 2 0 o sinh(2~0=Vo-(2Zl/7). (A6) 

After determining zl from Eqn (A6), the velocity of point A at z = r l ,  vl, is immediately obtained from either 
side of(A6). The shortening of the bar during Phase I can be calculated from the shaded area shown in Fig. A2. 

Y 

3m.A N/ p 
Np~/ _xx 

m* ~ / ~ m *  ___,,. 
/ / / / / / / I / / / / /  X 

Fig. A1. A rigid-plastic model (after Tam and 
Calladine [6]), with the same mass distribution as 

that in the elastic-plastic model shown in Fig. 3. 

0 "r 1 

T 

Fig. A2. Variations of the velocity of the striker, v, 
and the velocity of point A, va, in the two-phase 
rigid-plastic model. The plastic compression of bars 

(Phase I)ends at r= r~ .  
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Fig. A3. 

A -  .ZL' Sin.0. _d_ 
([~'G+2m* ' \  
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V ~ \ (() ./ centre of 
r ~ ~ . ,  "~  . /  rotation of 

iiill Bar AD 

V x 
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Kinematics for the pure rotation of bar AD in Phase II. The length of the bar is 
L' = L -  AL, where AL denotes the shortening of the bar at the end of Phase I. 

Phase II: pure rotation about the plastic hinges. Since N = 0  and M =  Mp, referring to Fig. A3 and substituting 
the expression for the kinetic energy 

K = (G + 2m*) VZy/2 + 2m* V 2 = 2L2(G + 2m*) sin 2 0 62 + 2m'L202 (A7) 

into Lagrange's equation of the second kind, we find that 

1 2Mp 
(G + 2m*) sin (20)02 + L-- S -  

O = (A8) 
(G + 2m*) sin 2 0 + m  

which is the governing equation for Phase II. By using the values of 0 and 0 at z=rx as the initial conditions, 
Eqn (A8) can be solved to give the motion of the model until z = zf when motion ceases. 


