
Int. J. Impact Engng Vo|.14, pp.303-314, 1993 0734-743X/93 $6.00+0.00 
Printed in Great Britain Pergamon Press Ltd 

NONSTEADY PENETRATION OF LONG RODS INTO SEMI-INFINITE TARGETS 
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ABSTRACT 

This paper describes a new one-dimensional theory of nonsteady penetration of long rods into semi-infinite targets. 
The target is viewed as a "finite mass" that resides within the semi-infinite target space. Thus, an equation of 
motion for the target was constructed so that together with erosion and penetrator deceleration equations, 
expressions for penetration rates and depths were obtained. Forces acting on the target and penetrator are defined 
in terms of only ordinary strength levels usually associated with dynamic properties or work-hardened material 
states. Also, the concept of critical impact velocity was used to establish the onset of penetration in this 
formulation. This penetration equation corresponds in exact form to hydrodynamic theory in the limits of small 
strengths and/or high impact velocity. Results for penetration rates agree well with hydrocode calculations, and 
predicted penetrations agree with experimental data over an impact velocity range of 0--5,000 m/s. 
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empirical constant 
rod and target cross-sectional areas 
sound velocity 
rod diameter 
empirical functions 
initial, intermediate and final rod lengths 
intermediate rod and target masses 
depth of penetration 
angle related to velocity ratio 
strengths of rod and target 
time 
initial, intermediate, critical and hydrodynamic penetration velocities 
initial, intermediate and critical rod velocities 
initial and intermediate target lengths 
constant related to erosion rates 
square root of density ratio 
densities of rod and target 

INTRODUCTION 

Current descriptions of long-rod penetration contain combinations of simple theories and complex models. These 
often attempt to include appropriate material strength effects. For example, Belyakov et al. (1962) extended the 
Poncelet approach for soft targets to short penetrators striking solid targets. More recently, Dehn (1987) developed 
a unified theory of penetration that addresses, in principle, short and long penetrators and wide ranges of penetrator 
and target characteristics through various assumed force laws. In nearly all such cases, it has been necessary to 
include empirical adjustments in the application. 

Another approach for penetration of long rods developed from hydrodynamic theory of jet penetration. For this, 
Birkhoff et al. (1948) successfully applied Bernoulli's equation for steady streamline flow to the jet penetration 
process. For long-rod penetration at lower impact velocity, Alexveeskii (1966) and Tate (1967, 1969) developed 
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a "modified" Bernoulli equation wherein penetrator and target material strengths were introduced as Bernoulli 
pressures. Wright (1983) examined difficulties posed by this procedure including nonsteady flow associated with 
penetration by retarding rods. In further development, Tate (1986a, 1986b) relates the high strength factors 
required in the model to actual dynamic material properties. 

Despite various shortcomings, when appropriate models and adjusted material properties are included, both the 
Poncelet and modified Bernoulli equation approaches provide one-dimensional models for long-rod penetration 
mechanics. An example of the complexities encountered can be seen in the work of Luk and Piekutowski (1991). 
Recently, comprehensive surveys of the subject have been provided by Anderson and Bodner (1988) and Zukas 
(1990). Frank and Zook (1987) have commented on the utility of several currently utilized models and described 
procedures to optimize penetrator design with success. 

In this paper, the author presents a new theory for nonsteady penetration of long rods into semi-infinite targets. 
In this development, Newton's laws are applied to obtain solutions to various problems given initial conditions and 
more normal values for material strengths. Further, in the appropriate limits, the theory corresponds to hydrodyn- 
amic penetration and, therefore, has application to both jets and long-rod penetrators. 

FORMULATION OF NONSTEADY PENETRATION THEORY 

In this theoretical development, the target is defined as a "finite mass" that resides within the semi-infinite target 
space. Such target definition is implied in the hydrodynamic theory of jet penetration (Birkhoff et  al. ,  1948). 
Further, Batra and Wright (1986) noted that for a rigid perfectly plastic target, target material adjacent to the 
penetrator extrudes rearward in a uniform block that is separated from the bulk of the stationary target by a sharp 
velocity gradient. Thus, for present purposes, target mass is considered to be that which occupies a right circular 
cylinder extending into the target from the front surface to a depth that equals or exceeds the expected penetration. 
The geometry of the penetration problem is given in Fig. 1. Initial values are defined as penetrator length l o, 
effective target length x o, penetrator striking velocity v s and penetration velocity u o. Current values at any 
intermediate time t are noted as uneroded penetrator length l, penetrator mass Mp, uneroded target length x, target 
mass Mr, penetrator velocity v and penetration velocity u. Also, densities for penetrator and target are denoted pp 
and Pt, respectively. 

The coordinate system chosen is located at the penetrator-target interface. In this system, target material flows into 
the reference point with velocity u, while penetrator material flows at a rate (v-u). For a one-dimensional problem, 
erosion products are removed from the axis as flow takes place. Any turning of the products (radial acceleration) 
would be due to off-axis interactions with target material in a two-dimensional sense and need not be considered 
here. Relative to the reference point, the equation of motion for the penetrator is 

Mp ~d ( v - u )  = - SpAp (1) 

where S_ is a measure of rod strength A_ is rod original cross-sectional area such that -S A is the force applied p ' p  p 
to the penetrator. If the target mass is isolated completely from its surroundings, then t~ere would be no force 
associated with the action of shearing stresses on its cylindrical surface so that, in this case, the time rate of change 
of momentum for the target system would be 

Mt du = _ St At (2) 

where S t is target strength, A t is the target cross-sectional area (not final cavity area) and -StAt is the force applied 
to the target. Also, penetrator mass ~ = ppAp/and target mass M t = PtAt x so quantities for rod and target are 
independent of their respective areas. Since time derivatives of Eqs. (1) and (2) are nonzero, the represented flow 
is clearly nonsteady. Conservation of mass provides expressions for rod and target erosion (Birkhoff et  al. ,  1948), 
respectively, as 

dl = _ ( v _ u )  (3) 
dt 

d x  
= - u .  ( 4 )  

dt 
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Fig. 1. Impact geometry defining "finite target mass" and variables used for 
nonsteady penetration. 

Eqs. (1) and (2) have the following forms when Eqs. (3) and (4) are used to eliminate explicit dependence on time 
as follows: 

(v - u) d (v - u) = S...._pp d /  , (5) 
pp l 

St dx 
u d u  . . . .  

Pt x 
(6) 

Eqs. (5) and (6) are integrated to provide velocity dependencies on l and x. These give independent trajectories 
for the two masses as 

[ 2Sp ] I/2 
v - u = (Vs-Uo) 1 + In (l/lo) (7) 

pp (v s _ %)2 

2S t ] I/2 
u = u o 1 + In (X/Xo) (8) 

2 
Dt Uo 

In general, the penetration depth P at any point in the penetration process is (Xo-X) and is obtained by integrating 
u/(v-u) over the rod length l: This gives 

p = _ u dl . (9) 
V - U  

Eqs. (1) through (9) represent a general formulation for the nonsteady penetration problem. The first integrals of 
motion are obtained in closed form as shown in Eqs. (7) and (8). The second integral of motion, namely 
penetration, will require additional assumptions to obtain solutions. These are provided in the next two sections. 
Summary of the assumptions thus far include 1) the target is considered a finite mass embedded in, but isolated 
from, the semi-infinite target space, 2) both penetrator and target undergo erosion and retardation and 3) penetrator 
and target are acted upon by constant forces which are related to their respective strengths. 

IDEALIZED PENETRATION PROCESS 

Since x o is unknown for the semi-infinite target problem, it will be necessary to establish a relationship between 
x and l before Eq. (9) can be solved. If the forces of collision are assumed to be equal (S t At = SpAp), then x 
can be obtained by equating (1) and (2) after substituting (pp Ap .l) and (Pt At x) for the rod and target masses 
respectively. Also, Eqs. (3) and (4) provide an additional expression for x. Together these result in 

f / o  I u dl - 9p St d ( v - u )  l - x o 
v - u Sp Pt du 

(10) 
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A possible solution for Eq. (10) is 

u 1 
= - -  , (1 Ii 

v - u  Ot 

where (x is a constant. Substituting (11) into (10) gives 

PP St ot) t = ( 1  lo - Xo), 
( 1 -  Sp pt (12) 

where the right hand side of Eq. (12) is a constant. Since Eq. (12) must hold at any value of l, the quantity 
[(I/or) - (pp/Sp) (St/Pt) 0t] = 0, so that 

ot = __ (13) 
S t 

Eqs. (1 I) and (13) provide additional relationships as 

v c~ u = ~ , v - u  - v (14) 
1 + 0 t  1 +et 

dx dl x 1 
x = 7 '  x - - - S  -=  l--S ' (15) 

where Eqs. (14) hold for initial values u o, (Vs-Uo) and v s as well. Eq. (15) allows (8) to be expressed in terms of 
1 giving 

[ 2St ]1/2 
u = u o 1 + 2 In ( l / l  o) (16) 

P t  U o  

Using (14) for u and v-u, and (16) for l/l o forms the integrand for Eq. (9) in this ideal case. Integration gives 

2S t ( 1 + o0 2 

A case of interest is where p/S = pp/Sp = Pt/St. Associated values given by (13) and (14) are 

1 1 
ot = l,  u = - -  v, v - u = - -  v .  (18) 

2 2 

In this case, penetration is obtained by (17) and (18) to give 

P = l o { 1 - e x p [  - 4(2S) p (Vs2- v2) ]  } (19) 

which is, of course, restricted to cases where the target and penetrator have equal strength-to-density ratios. Eq. 
(19) is somewhat less restrictive than the special case p = pp = Pt and S = Sp = S t, although it applies there as 
well. When compared to Waiters and Segletes (1991) closedform solution to Tate's equation in this special case, 
Eq. (19) contains an additional factor of two in the denominator of the exponential term. Thus, the present 
equation indicates a greater material strength influence in the penetration process than does the Tate solution. The 
ideal penetration as given by Eq. (17) results from the general formulation of the previous section under the 
additional assumption that the forces of collision between the penetrator and target are equal. 

GENERALIZED PENETRATION PROCESS 

For the more general penetration problem, it will be necessary to introduce additional considerations. Here, the 
relationship between x and 1 will not be given by a constant 0t but will be allowed to vary throughout the 
penetration process. This is expressed as 
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1 
x -  l ,  

a(1) 
(20) 

where tx ( l )  is a slowly varying function whose derivatives may vary considerably. 
points as 

x a ( lo )  l l 

x o a(1) l o l o 

In this case, x is given at two 

(21) 

where a(lo)/t~(l ) is approximated by the value of one. Thus, I/l o becomes a useful metric of x/x o so that Eq. (16) 
is valid in the general case. The derivative of x with respect to l is 

dx = {  a(l)l +l d[1/a(l)]}dldl ' (22) 

and dividing by dt together with (3) and (4) provides 

1 d [ 1 / a ( / ) ]  t u = + l (v - u) . (23) 
a ( l )  dl 

The time scale dt as given by (3) and (4) is preserved since by (22) and (23) 

dx d/ 
dt - (24) 

u (v - u) 

For the general penetration process, Eqs. (7) and (16) provide the integrand to be used in Eq. (9). This gives a 
general expression for penetration as 

l 

P ~ - 

V s - U o 

1 + 
2S t ] 1/2 

2 In ( l / lo)  
Pt Uo 

d l .  (25) 
2Sp ] 1/2 

In (l / lo) 
pp (v s _ Uo)2 

1 ÷ 

It will not be necessary to specify a( l  ). The quasi-independent nature of the u and v-u equations given by (7) and 
(16) generates variations in the flow variables during the penetration process. These are such that u/(v-u) is not 
constant in this general case, and, therefore, the flow is consistent with Eq. (23). In addition, the initial conditions 
u o and Vs-U o are determined from other sources (next section) where factors related to the onset of penetration have 
been included. The time t during penetration can be obtained from (3) and (7), where t o = 0 at impact of the rod 
with the target front surface. This gives 

l 
2Sp -1/2 

t = - 1 1 ÷ In (l / lo) dl. (26) 
v s U o 19p (v s -Uo )2 

lo 

The solution for the entire penetration process from impact to where penetration stops requires integration of Eq. 
(25) over the interval l o to l a where 1 a is rod length when u = 0. Eq. (16) gives rod length l a as 

Pt 2 ] 
l a = l o exp - 2S"-~ u° " (27) 

In some cases when penetration ceases, rod erosion continues until the erosion rate v-u = 0. In this situation, 
uneroded rod length l b is given by (7) as 

Pp lb loeXp[ no,2] (28) 



The behavior of (25), (27) and (28) implies two distinct penetration possibilities. The first corresponds to the case 
where target penetration ceases while rod erosion continues. The second occurs when rod erosion ceases before 
target penetration is completed. The two cases are defined when eqs. (27) and (28) meet the following conditions: 

Case 1: l a > I b, Case 2: l a < l b . (29) 

In Case 1, penetration depth is given by integration of Eq. (25) since (v-u) is finite throughout the interval l o to 
l a. In Case 2, the function can only be integrated up to l b since at and beyond lb, the integral is undefined. 
Penetration beyond l = l b is considered to be that of a rigid body. 

Eq. (25) becomes identical to hydrodynamic theory of penetration in the appropriate limits. For example, when 
Sp and S t equal zero, or as u o (through Vs) approaches a high value, the integrand of Eq. (25) becomes equal to 
one. Also, the upper limit of the integral becomes l = 0 under these same conditions through Eqs. (27) and (28). 
In these limits, the penetration Eq. (25) corresponds to the hydrodynamic penetration equation as 

Uo f/0 j Pp P = - _ _  dl = l o , (30) 
Vs - Uo o ~ ~ 

where the constant Uo/(Vs-U o) can be seen to equal ~pp/Pt at the hydrodynamic limit (see Eq. [381, next section). 

Eqs. (7), (16), (25), (26), (27), and (28) constitute a complete set of solutions for long-rod penetration problems. 
In present form, variables are expressed as functions of rod length l, which is the independent variable. Eq. (26) 
allows variables to be expressed as numerical functions of time t after impact. This provides time histories of the 
flow process as well. The relative magnitudes of I a and l b as given by (27) and (28) define two distinct penetration 
cases and also determine whether or not rigid body penetration occurs in a particular problem. Eq. (28) provides 
the length of uneroded rod expected to be present at the very end of the rod erosion process. The assumptions 
involved in the general solution as given by Eq. (25) include those summarized in the general formulation of the 
nonsteady penetration problem, together with the additional assumption that the ratio u/(v-u) varies slowly 
throughout the penetration process and that the ratio is given by Eq. (16) divided by Eq. (7). 

A SEMI-EMPIRICAL METHOD TO DETERMINE u o 

For the general impact problem, experimental data and hydrocode calculations indicate that %, can differ markedly 

from the hydrodynamic value u h = Vs/(l+ 7), where y is ~ . As a general rule, target strength significantly 

decreases u o while penetrator strength tends to only modestly increase u o relative to u h. Also, introducing onset 
of penetration through a critical impact velocity alters u o significantly, particularly at low impact velocity. Values 
for u o under a number of impact conditions are provided by hydrocode calculations where u o was obtained by 
extrapolating u(t) back to the target front surface (ignoring the transient). Figure 2. presents u o and u h as a function 
of striking velocity where the plotted points are results of CTH calculations (Kimsey, 1992). The established 
concept of critical impact velocity provides a means to estimate onset of penetration (Wilkins and Guinan, 1973). 
This is extended to include both target erosion (penetration) and penetrator erosion. These give 

1 2 1 2 
~" Pp Vc = St ' -~ Pt Uc = Sp , (31) 

where v c is a critical striking velocity and u c is a critical penetration rate. The intercept on the v s axis of Fig 2. is 
given by v c. For a tungsten alloy penetrator of density 17.3 g/cm 3 and steel armor target strength of 1.3 GPa, v c 
is 387 m/s. This agrees with data of Zook et al. (1992), indicating a critical impact velocity for tungsten of from 
245 to 424 m/s. For steel penetrator impact on steel targets, v c = 575 m/s. Figure 2. suggests a near linear 
dependence of u o on v s with varied amounts of offset from u h as v s is increased. 

In view of the previous discussion and the plotted results of Fig. 2., u o will be formed as a linear combination of 
involved velocities given by 

(1 + ~/) u o = v s - f(Vs)V c + g(Vs)U c , (32) 

where f(Vs) and g(v s) are functions to be determined. The functions need to be defined such that u o can avoid 
being positive when v s is zero, for example. Also, although not necessary, it is desired to force the functions to 
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zero as v s approaches infinity. This will enable u o to correspond to the hydrodynamic value in the appropriate 
limit. For present purposes, the following values are taken for the functions: 

v s < v  c : f(vs)= 1, g(v s ) = 0  
v s > v  c : f(v s ) > 0 ,  g(v s ) > 0  
v s --~ ~ : f(Vs) = 0, g(v s) = 0 . (33) 

The sound speed for the target C O is used to determine when the striking velocity approaches infinity. Thus, an 
angle Q is defined as 

2[ vs-v¢ ] 
Q = Co - v e " 

(34) 

Eq. (34) can satisfy the requirements of (33) when 

f(Vs) = Cos(Q) and g(v s) = A Cos(Q) Sin(Q). (35) 

The definitions of  (33), (34), and (35) are applied to Eq. (32) to give u o in terms of values used to define the 
penetration problem. A good fit was found for A = 1.1~/. The three velocity ranges of Fig. 2. are described by 
the following: 

(0<Vs<Vc): u o = 0 , (36) 

[i- Vs Cos(Q) 2St 
- - - -  - A Sin(Q) , (37) (Vc<Vs<C°): u° 1 + 'y 1 + 'y pp "~ Pt 

V S 
(38) (C°<vs): u ° =  1 + ) '  

The first term on the right-hand side of (37) can be recognized as the penetration rate associated with 
hydrodynamic penetration. The second term reduces the hydrodynamic value by a factor involving target strength 
to rod density ratio, while the third term enhances penetration rates according to penetrator strength to target 
density ratio. Penetrator strength is a weaker function and only enhances penetration rates in the mid-range of 
striking velocities. The dashed lines of Fig. 2. represent u o as determined by Eq. (37) using the same strength 
values that were used in the CTH calculations. 
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Fig. 2. Penetration velocity plotted as a function of striking velocity. 
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CALCULATED RESULTS 

This section provides some general results of the long-rod penetration equations, while detailed comparisons to 
experimental data are deferred. Calculations are presented for flow variables u, v, and (v-u) as functions of rod 
length and time. Also, penetration depth for combinations of striking velocity, rod and target strengths are 
examined, especially where Sp>St, Sp=S t and Sp<S t. There are some comments regarding computational methods 
used in this work. Eqs. (7) and (16) are exact with respect to rod length variable I. However, the time Eq. (26) 
and penetration depth Eq. (25) were numerically integrated using Simpson's rule. An IBM AT PC, a single 
precision BASIC program, and forty-eight rod length intervals were used for the numerical integration. 

Initially, three examples were examined for steel penetrators impacting steel targets where densities were 7.86 
g/cm 3, and C O was 5,170 m/s. The material strengths utilized are given in Table 1. The first set of calculations 
was done for a striking velocity of 1,500 m/s. Results are presented in Fig. 3., where velocities u, v and (v-u) are 
plotted as functions of l. The curves exhibit logarithmic reductions in velocity variables as expected. Examples 1 
and 2 show that when penetration ceases (u = 0), rod motion and erosion continue (i.e., v > 0 and [v-u] > 0). In 
Example 3, the opposite occurs. Here, erosion ceases (v-u = 0) before penetration has been completed. 

A second set of calculations was made for the three examples of interest over a wide range of striking velocity. 
These are shown in Fig. 4. The results are consistent with known rod penetration behavior. The first is that in 
the three examples, rod penetrations approach the hydrodynamic limit at high striking velocity. Secondly, a critical 
impact velocity must be reached before any penetration is realized. Thirdly, high penetrator strength can produce 
penetration depths which exceed hydrodynamic expectations. These occur primarily in a mid-velocity range of 
1,500 to 3,000 m/s. Finally, characteristic S-shaped curves result when calculations are presented as P/L versus 
striking velocity. The shape is not due to Eq. (37) since it provides a nearly linear dependence of u o on v s. 

Comparisons are made between present calculations, CTH results and the Tate model. The latter are taken from 
the work of Anderson et al. (1992). Of interest is a tungsten alloy penetrator (l o = 31.6 mm) impacting a steel 
target. Impact velocity was 1,500 m/s. Material strengths used in the current calculations are those used in the 
above work and are given in Table 2. Results for three computational methods are provided in Fig. 5. For the 
Tate model, target resistance was adjusted to a value of 5.43 GPa so that results agreed with C~FH at the point 
u = 0. For the present equations, strength values given in Table 2 were used without further adjustment. Also, 
u o was taken to be 765 m/s as obtained from CTH (Anderson et al., 1992). 

1.S 

E 

~ 1.0 

o 

0.S 

1.5 
E 

~ t.0 
o. 

0.5  

i I i 1 

i 
Ic) 

(a) 
i i i i 

(b) 

0 0.2 0.4 0.6 0.8 1.0 

(1.1__) 
Io 

A I J ~1 ~. 
0 0 . 2  0 . 4  0 . 6  0 . 8  1 . 0  

Io 
Fig. 3. Penetration velocity, rod velocity and erosion rate as functions of rod length. 

~.) I . - .  Ib: sp.. st ,  Pp : Pt 

(b) to .. Ib: sp = st ,  Pp -- Pt 

I~) I . - , b :  s,,:- s t ,  Pp-- Pt 



N o n s t e a d y  p e n e t r a t i o n  o f  l o n g  r o d s  311  

Table 1. Material Properties 
Used in Examples 1-3 

Table 2. Material Properties for u(t) 
Calculations 

Example S S t Material Density Strength 
(G~a) (GPa) (g/cm 3) (GPa) 

1 0.8 1.1 Tungsten Alloy 17.2 1.51 
2 0.8 0.8 S-7 Steel 7.84 1.26 
3 1.8 0.8 

Fig. 4. 

1.5 
I I I I 

~ ~ _  Sp~- St 

1.0 HYDRODYNAMIC ~ ~  

LIMIT / S p = ~  

0 , / , ' / . /  I t I I 
0 1 2 3 4 

VELOCITY {kin/s) 

Calculated P/L curves for three conditions of impact versus striking velocity. 

A most important comparison is that of u = u(t) since it is a basis for penetration. In this regard, the good 
agreement with CTH results is an important test of Eqs. (2) and (16). On the other hand, comparisons of penetrator 
velocity differ somewhat. This could result from approximations in the general formulation or differences between 
rod body and rod tail velocities due to velocity gradients along the rod length. 

COMPARISONS WITH EXPERIMENTAL DATA 

The present equations were used to predict uneroded rod lengths and penetration depths for long rod penetrators 
(l/d > 10) impacting semi-infinite targets. Data from Anderson et al. (1992) are examined since experimental shots 
were conducted to compare with CTH calculations. For the problem shown in Fig. 5., CTH gave 25.1 mm, 
Eq. (25) gave 23.2 mm while the experimental penetration depth was 22.6 mm. The good agreement suggests an 
integrated accuracy of Eq. (25) despite approximations in the general procedure. 
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Fig. 5. Penetration, erosion and rod velocities versus time as calculated by CTH, 
Tate model and current eauations. 
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Data for tungsten alloy and steel rods striking steel targets over a wide range of striking velocities have been 
reported by Tare (1967, 1969), Tate (1978), Hohler and Stilp (1984), Silsby (1984) and Zook et al. (1992). The 
last cited work also provides uneroded rod lengths for tungsten penetrators versus RHA at low striking velocities. 
Calculations corresponding to experimental results used material properties presented in Table 3. 

Table 3. Material Properties Used in Predicting Penetration Versus 
Striking Velocity 

Material Density Strength C o 
(g/cm 3) (GPa) (m/s) 

WA Rod 17.3 1.51 --- 
Steel Target 7.84 1.3 5,170 

Steel Rod 7.85 1.2 
Steel Target 7.85 1.3 5,170 

Fig. 6. 
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Fig. 7. Comparison of predicted and experimental penetration results on the basis 
of P/L versus striking velocity. 
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Good agreement between predicted uneroded rod length and the data is shown in Fig. 6. The agreement is a test 
of Eqs. (I), (7) and (28) under two very different conditions. The first is where impact is below v c, (387 m/s) and 
only penetrator erosion is involved (u--0), while the second relates to flow above v c where both penetrator and 
target undergo erosion (u>0). 

Theoretical results are compared to data on the basis of P/L versus striking velocity in Fig. 7. Good agreement 
can be seen over much of the data range, particularly at the onset of penetration, over the region of rapid increase 
in penetration depth at low velocity and throughout the intermediate velocity range (linear region). In the high 
velocity range, the theory predicts expected asymptotic behavior, although data in this range is somewhat higher. 
The theory suggests that such additional penetration is not due to rigid body penetration since la>l b in these 
calculations and only small rod lengths are expected at the end of the erosion phase. General agreement at the high 
end of the striking velocity range is expected since the equations correspond to hydrodynamic theory of penetration 
there. Also, agreement at the lowest possible impact velocity was expected since that point is given by the critical 
impact velocity. The overall agreement suggests that the present development takes into account major material 
strength influences in the nonsteady penetration process. 

SUMMARY AND CONCLUSIONS 

As seen in previous sections, the present development provides a theory of nonsteady penetration for long rods. 
The theory differs from previous formulations in that Newton's law is used rather than Bernoulli's equation. The 
formulation considers both rod and target erosion and retardation in the penetration process. Material strengths 
are included in the force laws that govern rod and target motion. The theory applies throughout the entire range 
of striking velocity to include hydrodynamic penetration at the limit of very high impact velocity. 

From a single formulation, two distinct penetration possibilities are predicted. The criteria depends on whether 
or not target erosion ceases before penetrator erosion is complete. This depends on initial erosion rates, relative 
strengths and relative densities of the rod and target. For both cases, penetration during the target erosion phase 
is given by Eq. (25). When rod erosion ceases first, an ad hoc contribution due to rigid body penetration can be 
included but this lies outside the present theory. However, as seen in Fig. 4 ,  application of Eq. (25) indicates that 
some penetration beyond the hydrodynamic limit can result from the erosion/retardation process inherent in the 
theory under certain strength-density conditions. 

Final penetration depths and also penetration histories have been calculated from the theory. On the basis of a 
single comparison, penetration rates agree very well with calculations obtained with the CTH hydrocode. 
Theoretical calculations for tungsten alloy and steel rods impacting steel targets showed excellent agreement with 
experimental data of penetration depth taken from several sources. Uneroded rod lengths as given by the theory 
agreed quite well with data for impacts of tungsten alloy rods on steel targets. 

The present theory includes equations of motion (nonsteady) for both penetrator, giving v-u, and target, giving u. 
With these erosion rates, a penetration solution is obtained. In contrast, Tate's theory provides an equation of 
motion only for the penetrator, giving v, while an assumed modified steady-state Bernoulli equation is used to 
determine u from v. These differences in approach give rise to differences in erosion rates and consequently 
differences in penetration formulations, especially with regard to dependencies of penetration upon initial conditions 
and material strengths. From cases examined in this work, it appears that for comparable results, the Tate approach 
requires target strength multiplication factors ranging from 2, as in the special case, to 4.3, as seen in the more 
general case of tungsten alloy penetrators striking steel targets. The present theory appears to be accurate when 
material strengths utilized are the ordinary values generally associated with dynamic properties or work-hardened 
material states. 
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