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Summary Experimental and numerical results for clamped square mild steel plates subjected to 
uniformly distributed blast pressure loading are presented. The strain rate-sensitive plates exhibit 
mode 1 (large ductile deformation), mode II (tensile-tearing), and a trend towards mode III 
l transverse shearJ failure as the load intensity increases. The numerical analysis is carried out using 
a new finite element formulation which incorporates nonlinear geometry and material effects as 
well as strain rate sensitivity. Initiation of mode II failure is predicted by a maximum strain criterion. 
Mode I is predicted well for both maximum deflection and deformation shape. The mode II failure 
prediction correlates reasonably well with the experimental results and provides a clear lower bound 
for full rupture of the plate. 

1. INTROD U CT IO N  

An exper imenta l  and numerical  invest igat ion on the deformat ion  and failure of c lamped 
square plates subjected to explosive loading is presented. New experiments  with load  
intensities sufficient to cause complete  separa t ion  of the test specimens from the c lamped 
boundar ies  are reported.  A numerical  analysis of the deformat ion  and failure of the plates 
is carr ied out  with a new finite element analysis. 

Previous exper imental  work on square and rectangular  plates subjected to explosive 
and impact  loading  was performed in order  to measure  large inelastic deformat ions  for 
mode I failure only (see for example  [ 1 -4 ] ) .  Al though this has also been carried out  in 
this study, the p r imary  concern here has been to investigate the dynamic  response of the 
c lamped plates with explosive loading large enough to cause par t ia l  or  complete  tearing 
on the boundar ies  of the plate. 

The first found ment ion of different failure modes  was by Menkes  and Opa t  [ 5 ]  on fully 
c lamped beams loaded explosively. They repor ted  that  as the impulse increased, three 
dist inctly different damage  (failure) modes  were noted:  

mode I: large inelastic deformat ion;  
mode  II:  tearing (tensile failure) in outer  fibres at the suppor t ;  
mode  III :  t ransverse .shear  failure at the support .  

These three failure modes  are shown schematical ly in Fig. 1. 
Teel ing-Smith and Nurick [6-] carr ied out  a s tudy on c lamped circular  plates and found 

these same failure modes  to be appl icable  to that  case as wel l  In the present  study,  it is 
found that  a l though these failure modes  are again generally applicable,  a slight change in 
in terpre ta t ion  is required to account  for mode  II failure which is observed to occur  first 
at the middle  of the sides and then to progress towards  the corners with increasing impulse. 

Jones [7-] and Duffey [ 8 ]  have used the aforement ioned failure modes  as a basis for 
predict ing the onset  of failure in fully c lamped beams and cylindrical  shells, respectively. 
Both of these studies used classical analyt ical  methods  and a max imum strain cr i ter ion 
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(a) 
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FIG. 1. Failure modes for explosively loaded beams: (a) mode I, large ductile deformation; 
(b) mode II, tensile tearing at supports; and (c) mode I11, transverse shear at supports. 

for failure. Much more recently, Shen and Jones [9]  introduced a plastic work 
criterion for failure and a new rigid-plastic analysis of beams which included shear effects. 
They found that the shear force plays an important role in the failure especially for the 
relatively thick beams tested by Menkes and Opat. Such shear effects are neglected in the 
analysis used herein because the plates under consideration are relatively thin. The inclusion 
of shear effects makes the analysis much more complicated and is not justifiable until more 
experimental data are available. Hence, in the present work, the analysis is based on a 
numerical approach which has been designed to be applicable to many other configurations 
as well, such as for example stiffened plates and shells. The present study then provides 
the first test of the new failure prediction methods. Finally the new failure experiments 
reported here must be considered somewhat preliminary in nature, since many more tests 
are needed to fully confirm some of the observations reported herein. Such tests are planned 
to be carried out in the near future. 

2. E X P E R I M E N T S  

The experimental procedure used is similar to that used by Teeling-Smith and Nurick 
[6], and the arrangement is shown in Fig. 2. The only significant difference is that the 
specimen velocity measurement was omitted in the present work. The original mode I tests 
were carried out by Nurick e t  al, [4]  in 1985, while the new ones were performed in early 
1992. 

All the t es t  specimens were cut from 1.6 mm cold-rolled mild steel plates. The original 
test specimens were circular in shape with an outer diameter of 200 mm. The recent test 
specimens were square with dimensions 240 x 240mm. In all the tests the area of 
the specimen subjected to loading was 89 x 89 mm. The test specimens were clamped 
between two 20 mm thick steel plates with eight 11 mm diameter high strength bolts on 
a bolt diameter of 175 mm. The clamped assembly was attached to one end of the ballistic 
pendulum as shown in Fig. 2. 
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FIG. 2. Experimental arrangement. 

Uniaxial tensile tests at different strain rates were performed on the mild steel resulting 
in typical stress-strain curves [4,6]. Static yield stresses were computed by substituting 
the test results into the Cowper-Symonds relation [Eqn (1)]. The average static yield 
stress for the original tests was 296 MPa [4-1, while for the recent test material, it was 
273 MPa. The average rupture strain was also determined from the uniaxiai tests for the 
recent experiments only and computed to be 34%. 

The explosive was laid out in two concentric square annuli [4,10,11] on a 12 mm thick 
polystyrene pad which was attached to the specimen. In the original experiments the two 
annuli of explosives were connected by a single strip as illustrated in [ 11 ], whereas in the 
recent experiments these two annuli were connected by two perpendicular strips of explosive 
along the centrelines. The foregoing explosive layout was designed to provide an 
approximately uniform pressure loading, but unfortunately no direct measurement of the 
distribution was possible. 

3. ANALYSIS 

3.1. Finite element formulation 

Special purpose plate and beam finite elements have been developed recently for the 
design-analysis of blast loaded stiffened plate structures [ 12,13]. These elements have now 
been coded into a new computer program called NAPSSE (Nonlinear Analysis of Plate 
Structures Using Super Elements). The displacement fields are represented by analytical 
as well as polynomial functions and have been specially designed so that only one plate 
element per bay and one beam element per span for stiffened plates are needed to provide 
design level accuracy. 

Some details of the shape functions used to approximate the displacements within each 
plate element are given in the Appendix. The element has 55 degrees of freedom with the 
usual polynomial shape functions being augmented by particular analytical functions which 
enhance the element's capability to model nonlinear deformation. In particular, the sine 
functions included in the in-plane u,v displacement fields provide a good approximation 
of the in-plane stresses due to large out-of-plane displacements, w. 

Geometric and material nonlinearities are modelled, respectively, by van Karman large 
deflection theory, and the van Mises yield criterion and its associated flow rule with a 
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bilinear strain-hardening law. The finite element equations are obtained by virtual work 
principles using Gaussian integration, five integration points being used in each in-plane 
direction and four through the thickness. Temporal integration is performed by the 
Newmark beta method with Newton-Raphson iteration within each time step. 

Strain rate effects are included by adjusting the in i t ia l  dynamic yield stress Cry at each 
Gauss point according to the Cowper-Symonds relation [ 14] 

~y = ~o[I + IUDI 1/"] (1) 

where % is the static uniaxial yield stress and D and n are other material parameters. The 
commonly accepted values for steel of D = 40 s -  1 and n = 5 were used in the present 
work. In NAPSSE the strain rate i is monitored by calculating the rate of change of the 
effective stress tye and simply dividing by the elastic modulus, E. 

3.2. F a i l u r e  c r i t e r ion  

In order to model mode II failure, a strain based criterion is adopted following Jones 
I-7]. He introduced a simple rigid-plastic model to determine the maximum strain at the 
support of a fully clamped beam. The model consisted of rigid links joined by plastic hinges 
at the supports and at midspan. Using a kinematically admissible displacement field, the 
maximum total strain at the supports was calculated by considering the geometry of the 
displacement field and a varying plastic hinge length. 

In the present application the model consists of plastic hinge lines along the supported 
boundaries only, while the plate is modelled by NAPSSE. It is not practical to model the 
highly concentrated plastic deformation of the plate near the boundary with finite elements. 
To be rigorous, such modelling would have to be three-dimensional and this is not realistic 
for design-analysis work. In-house studies using simple beam finite elements showed that 
the strain predictions near a clamped boundary never become grid independent even for 
very small elements. Therefore an approximation is used herein to determine the bending 
strain at the boundary. The rotation of the plastic hinge is assumed to be equal to the 
maximum slope of the plate along a line perpendicular to the boundary. This maximum 
slope usually occurs a short distance from the boundary. Furthermore, this slope becomes 
grid independent very quickly with grid refinement. 

The maximum total strain emax at the boundary of a fully clamped plate is expressed as 

~max = ea + ~b (2) 

where e, is the membrane strain, and eb is the bending strain. For a thin plate the latter 
may be expressed as 

eb = h~c/2 (3) 

where h is the plate thickness and x is the curvature of the plastic hinge normal to the 
boundary. The curvature x is defined as 

~c = 0 /1  (4) 

where 0 is the rotation of the plastic hinge (maximum slope) and l is the plastic hinge 
length. The maximum slope is determined by interpolating across each element along the 
line of interest using the shape functions in NAPSSE (Appendix). These are easily 
differentiated in closed form and the location of the maximum slope and its value determined 
numerically. 

The membrane strain is approximated by direct integration of the deformed profile of 
the plate as determined by NAPSSE. The developed length of the deformed shape is given by 

fo L t = x / 1  + [ O w / O x ]  2 d x  (5) 
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where L is the plate width. From the assumption that the Green strain is everywhere small 
this is approximated by 

, i (ow  
L t = L + 2 J o  \Ox] dx (6) 

and the membrane strain is therefore 

ea=2Ljo \ O x J  dx. (7) 

The membrane strain is then determined by integrating across each element along the line 
of interest using Gauss quadrature. 

The maximum strain is computed at each time step from Eqn (2) and compared to a 
specified ultimate or rupture strain. In the present application a one-dimensional analysis 
was used and therefore the limiting strain was chosen to correspond to the rupture strain 
from uniaxial tests. 

According to Nonaka  1-15], the plastic hinge length l varies from h to 2h as the stress 
state changes from simple bending to stretching. In the present application most of the 
deflection arises from membrane stretching, and hence the larger value of I = 2h was used 
herein. 

Mode III failure has not as yet been included in the NAPSSE program. However, it is 
possible to obtain an estimate for this failure by a crude extension of the result quoted by 
Jones I-7] for a clamped beam. This is done simply by doubling the effective area for beam 
shear failure to account for the plate sides. Then using the high strain-rate value for yield 
stress of 990 MPa  (quoted later in Section 5.1 ) yields an estimate of 47 Ns (Newton-seconds) 
for the mode III threshold. 

4. MODELLING THE EXPERIMENT 

The boundaries of the 89 x 89 mm square plate were assumed to be rigidly clamped 
and two finite element grids were used to represent one quarter of the plate using symmetry 
as shown in Fig. 3. The pressure loading from the explosive charge was assumed to be 
uniformly distributed and of square wave form in time. The duration of the loading was 
assumed to be 15 ~s, equal to the approximate explosive burn time. The pressure magnitude 
was then calculated to correspond to the experimentally measured impulses. 

The material properties used in the calculations were as follows: elastic modulus, 
E = 197GPa;  density, p = 7 8 3 0 k g m - 3 ;  Poisson's ratio, v =0.3 ;  tangent modulus, 
E T = 250 MPa;  static yield stress, ao = 292 MPa;  and rupture strain, eru p = 0.30. Note 
that ao differs slightly from that quoted in Section 2 for the early experiments, but the 
effect on the mode I predictions would be negligible. A few calculations were carried out 
using ao = 273 MPa (recent test value), but the mode II impulse values decreased by only 
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a few percent. Note also that the above er,p value is slightly lower than the static value 
quoted in Section 2 to partially account for strain rate effects [ 14]. 

A series of calculations were carried out using both grids and various time steps to check 
on numerical convergence. For the present calculations it was found that time steps of 
l and 0.5/~s were adequate for the I x l and 2 x 2 grids, respectively, the finer grid clearly 
requiring the smaller time step. 

5. RESULTS AND DISCUSSION 

5.1. Predictions 

The analysis was carried out for a sequence of impulses from 5 to 40 Ns in steps of 5 Ns. 
The results from the two finite element grids exhibited essentially the same trends, the 
main difference being that the coarse grid results were somewhat on the stiff side. Hence 
it was concluded that the 2 x 2 grid results were of engineering accuracy, and therefore 
only these are presented in the following. 

An example time history response plot is shown in Fig. 4 for the plate centre for an 
impulse of 15 Ns which is 25% below the first mode II failure encountered at 20 Ns. It 
can be seen that the midpoint displacement increases in an approximately linear fashion 
to a maximum value, after which the plate responds with elastic vibrations of very small 
amplitude. This has also been observed experimentally [4,10,11 ]. This means that the vast 
majority of the initial kinetic energy imparted to the plate by the loading has 
been dissipated by plastic work. As a result the difference between the maximum and the 
permanent deflection was generally quite small. 

The significant effect of strain rate is shown clearly in Fig. 4. Firstly, the maximum 
displacement was reduced from 27.6 to 17.8 mm and secondly, the associated time of 
occurrence was reduced from about 190 to 120/Js when strain rate effects were included. 
The plate deformation history was also affected significantly as shown by the centreline 
profile plots in Fig. 5. Note the two profiles shown at the time of 86 ps which corresponds 
to the cross on Fig. 4. At this time, the central displacements are approximately equal, but 
the distributions are distinctly different. The non-strain rate profile has a larger slope near 
the boundary and a longer developed length. As a result, mode II failure was actually 
predicted for this profile at that time, whereas it was not for the other one even at the 
maximum displacement. 

The predicted strain rate, the dynamic yield stress and the time of occurrence for first 
yield in the plate are plotted versus impulse in Fig. 6. The strain rates are surprisingly 
high, ranging from 640 to 3160s -1 as the impulse increases from 5 to 40Ns,  and 
consequently the corresponding dynamic yield stresses are also very high, ranging from 
800 to 900 MPa. The time for first yield is seen initially to decrease rapidly with increasing 
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impulse but apparently reaches an approximate plateau at high impulses. Note that all 
these times are much less than the load duration of 15 ps. 

Some example transient profiles are shown in Fig. 7 for an impulse of 20 Ns, the level 
at which mode II failure was first encountered. The early time profiles are essentially flat 
over the central area of the plate as would be expected for impulsive theory. However, it 
is noted that at 15/~s, the load duration time, the deflection is already about one plate 
thickness, which would be missed by impulsive theory. As indicated in Fig. 7, mode II 
failure was predicted at 101 ps with a central displacement of 20.0mm, whereas the 
maximum displacement (essentially mode I) of 23.2 mm would have occurred at 121.5/~s 
if there was no failure. 

The predicted failure profiles for a sequence of impulses are shown in Fig. 8. For impulses 
of 10 and 15 Ns, the corresponding profiles are permanent deformation ones (mode I). As 
the impulse is increased from zero, the permanent deflection increases for the case of mode I 
failure, but the deformed profile retains a characteristic shape. For 20 Ns and above, 
mode II failure is predicted and the plotted profiles represent the instantaneous deformation 
shapes at the times of first failure in each case. As mode II failure begins to occur, the 
plate does not have time to reach the mode I characteristic shape. The central portion of 
the plate remains relatively flat, and the deformations become more concentrated near the 
boundary. 

The corresponding numerical results for the failure strain proportions and time to failure 
are presented in Table 1 for increasing impulse. It is seen that as the impulse increases, 
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the proportion of bending to total strain increases towards a plateau around 76%. The 
time to failure decreases monotonically with increasing impulse as expected. 

The maximum strain distributions along the boundary are shown in Fig. 9 for impulses 
of 20, 25, 30 and 40 Ns. Note that the 40 Ns curve shows an over-shoot greater than 0.30 
near the boundary. This is interpreted as a numerical modelling error due to insufficient 
refinement of the finite element grid and has been discounted herein. The interesting 
observation from these curves is that for an impulse of 20 Ns, mode II failure will occur 
first at the centre of each side. However, for higher impulses the failure will occur 

T A B L E  1. F A I L U R E  S T R A I N  P R O P O R T I O N S  A N D  T I M E S  T O  F A I L U R E  

Impulse (Ns) 20 25 30 35 40 
Bending 
eblemax (%) 58 68 75 76 76 
Membrane 
~o/~m,, (%) 42 32 25 24 24 
Time (ps) 101 58 38 30.5 26.5 
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simultaneously along the central region of each side, the extent of which will increase rapidly 
with increasing impulse. For example at 30 Ns, the failure would extend over 60% of the 
side. It is also interesting to note in passing that these strain distributions are very similar 
in shape to the deformation profiles shown in Fig. 8. 

5.2. Experiments 
The limited experiments performed in 1992 were undertaken primarily to provide some 

insight into the initiation of mode II failure. It was also of interest to make some comparison 
with the circular plate results of Teeling-Smith and Nurick [6].  Of importance is the 
repeatability of such experiments and in this regard it is noted that the recent mode I 
experiments indicate favourable repeatability compared with the initial experiments, as will 
be discussed in Section 5.3. 

Figure 10 shows a series of photographs of some of the test specimens, and all the recent 
experimental measurements are summarized in Table 2. In Fig. 10(a) examples of the 
largest mode I deformations are shown. On close examination of the boundary lines, there 
is evidence of a shear lift of the top surface (the silver line in the photographs), while there 
was no visible tearing on the boundaries of the loaded surface. Hence these cases were 
designated as mode I. 

During the initiation of mode II when tearing begins along a side, the following was 
observed. 

(i) Tearing occurred along one side, two sides or four sides before any of the comers 
were torn out as shown in Fig. 10(b). These cases are designated as II-1, II-2 and 
II-4 respectively, in Table 2. 

(ii) In the cases where some of the corners were torn out, the specimen rotated about 
the other corners as shown in Fig. 10(c). These cases are not included in Table 2. 

For mode II failure, some of the trends observed for circular plates by Teeling-Smith 
and Nurick [6]  were also observed for the square plates. For example, as the impulse 
increases from low to'high values, the midpoint deflection reaches a maximum and then 
decreases again. In the present tests, the maximum midpoint deflection for mode II ranges 
from 25.1 to 26.5 mm (15.7 to 16.6 deflection-thicknesses) for impulses ranging from 21.8 
to 25.0 Ns. As the impulse increases above 25 Ns, the midpoint deflection decreases as 
shown in Fig. 10(d), and the plate response approaches mode III failure. 

During mode II failure (including initiation) the experiments revealed a "pulling-in" of 
the mid-sides of the plate. This "pulling-in" apparently results from the deformation of 
the plate which continues during the time between first tearing of the sides (mode II-4) 
and full tearing out of the corners (mode II). As the impulse increases to higher values, 
the effect of "pulling-in" appears to decrease as illustrated in Fig. 10(d). 



288 M. D. OLSON et al. 

t h l , ;  i 

(d) 
T 

r ' t 

FIG. 10. Photographs of test specimens. 

TABLE 2. EXPERIMENTAL RESULTS 

i t i~ ,  , 

Test Impulse Measured midpoint Deflection- **Failure 
no. (Ns) deflection (mm) thickness ratio mode 

13029203 9.9 12.4 7.8 l 
06029203 11.0 11.5 7.2 I 
07029201 13.0 15.0 9.4 l 
07029204 14.2 17.5 10.9 I 

*2404852 19.0 21.3 13.3 I1-1 
13029204 12.0 14.5 9.1 I 1-1 
07029205 14.2 15.7 9.8 I 1- I 
07029203 17.0 19.6 12.3 II- 1 
13029201 11.9 17.1 10.7 1I-2 
13029202 13.5 17.0 10.6 I 1-4 

10029201 23.6 25.1 15.7 II 
10029204 21.8 25.8 16.1 II 
10029205 25.0 26.5 16.6 II 
10029206 27.5 19.7 12.3 I I 
10029207 30.2 11.7 7.3 II-lll 

* This is the only experimental point of the original tests to exhibit tearing. 
**II-1,  II-2, 11-4 indicates initiation of mode II with tearing on one, two or four sides, respectively. 

II indicates specimens completely torn out. l l - l l I  indicates mode II tending towards mode II1. 
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5.3. Comparisons 
The majority of the experimentally measured times to maximum displacement for mode I 

ranged from 130 to 175/as with no particular trend with changing impulse [9].  The 
corresponding predictions ranged from 110 to 120 #s. Unfortunately there is no apparent 
explanation for the significant discrepancy here. However, the present predictions do agree 
with other theoretical results and the same discrepancy has also been observed for circular 
plates [9].  

Typical predicted and measured mode I centreline profiles are shown in Fig. 11 for an 
impulse of 15 Ns. The measured profile is very similar to that obtained for circular plates 
[6] ,  which was shown to be close to a sine wave. Upon comparing the profiles near the 
boundary, it is clear that the present finite element model does not capture the local 
concentrated deformation there. However, the overall profile and the maximum 
displacement are well represented. Furthermore, the predicted maximum slope, 0 . . . .  which 
is used in the failure strain model is indeed a good representation of the rotation at the 
boundary. 

The measured and predicted results for the permanent midpoint displacement as a 
function of impulse are shown in Fig. 12. The mode II prediction curve corresponds to 
first failure from the strain criterion of Section 3.2. Refined calculations show that this 
failure actually started at 19.2 Ns. The mode III dashed line, which comes from the 
approximate result also given in Section 3.2, represents an approximate bound. 

Most of the mode I experimental data are from the 1985 tests. However, the new data 
for this mode appear to agree well with the former ones, thus showing good repeatability. 
The mode I prediction curve seems to compare well with the experimental data. It is slightly 
on the high side because with the present modest model, the plate deflection is 
underpredicted over most of its area (Fig. 11) and slightly overpredicted at the centre. 

Note that the asterisks represent specimens which were torn completely out, whereas 
the other mode II data corresponds to partially torn specimens (Fig. 10 and Table 2). It 
is clear that there is considerable overlap between the latter and the mode I data. Such 
overlap was also observed in the circular plate case [6] ,  but here it is much more extensive. 
Some of this overlap is probably due to asymmetries in loading and geometry. Further 
the nature of the expected failure may make the square configuration more sensitive to 
imperfections than the circular case. That is, the present theory predicted a rapid increase 
in the failure side length with impulse. Hence a small asymmetry in the load distribution 
could conceivably cause premature tearing on the side with highest loading. 

It is clear from Fig. 12 that most of these partially torn data points occur at lower 
impulses than the mode II failure prediction. In this sense, the prediction is nonconservative. 
On the other hand, the prediction does provide a lower bound for the completely torn-out 
data. Further, the steep slope of the prediction seems to be confirmed quite well by the 
steep slope of this data. 

Finally, it is noted that the critical impulse is sensitive to the choice of rupture strain. 
For example, the maximum strain calculated for the permanent deformation from the 
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FIG. 12. Permanent deflection versus impulse (legend refers to Table 2). 

impulse of 15 Ns was 0.204. Hence, reducing the rupture strain from 0.30 to 0.204 would 
lower the critical impulse from 19.2 to under 15 Ns, and this would yield a much more 
conservative prediction. There is evidence that the rupture strain could be as low as 0.20 
for the high strain rates encountered here [14] .  

6. CONCLUSIONS 

Results from an experimental and numerical investigation of the deformation and rupture 
of blast loaded clamped square plates have been presented. In the experiments, the plates 
exhibited essentially the same modes of failure, I (permanent large deformation), I I (tensile 
tearing) and III  (shear rupture) as previously observed for circular plates. 

In the analysis, the prediction of mode II was based on a strain criterion. This failure 
was predicted to occur first at the middle of the side boundaries at a critical impulse. For  
higher impulses, this failure was predicted to occur s i m u l t a n e o u s l y  along the central port ion 
of the side boundaries, the extent of which increases with impulse. The limited experimental 
evidence provided herein appeared to confirm the predictions. However, more experiments 
are needed and these are currently being planned. The results of these will be reported 
together with refinements to the model. 

The current failure analysis has been predominantly concerned with mode II. An attempt 
to predict mode III  failure using a simplified extension of mode III  beam failure resulted 
in an approximate impulse of 47 Ns. This is comparable to the 50 Ns result of the 
experiments on circular plates of equal area. 

One weak part of the analysis is that pertaining to strain rate effects. Clearly more 
experimental work is needed to improve the strain rate models especially at the high rates 
of strain encountered herein. 
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APPENDIX:  PLATE ELEMENT SHAPE FUNCTIONS 

The displacement  fields within the plate element  are given by 

( L t ( r l ) ~ T ~ U t o ]  ( L l ( t / ) ] V ~ u 1 3 ]  

u = ,=t ~ N'~u' + sin 2 n ~ L 2 ( q ) ~  ]ux t  ( + s i n 4 n ~ L 2 ( q ) ~  ~ u t 4 (  

( L 3 ( q ) J  k u , 2 )  L L 3 ( q ) J  t u , s J  

( L , ( ~ ) ]  r ( V , o ~  ( L x  ( r / ) ] ' ( v , 3  ] 

k L 3 ( ¢ ) )  [.Vl2) [ .L3(~/))  { . v l s )  

IHI'   TIw5 l   ' 'ITIW 1 
w ~=, ] '( ))t42(¢)t )Wxst 

(A1) 

(A2) 

+ 4~(~)4~(,r)w9 

(A3) 

where u, v, w are the d isplacements  in the rectangular  x, y, z coord ina te  directions,  
respectively, x and y being in the plane and z normal  to it. ¢ and q are the nondimens iona l  
equivalents  of x and y, respectively. L~ are quadra t ic  Lagrange  in terpola t ion  polynomials ,  
H~ are cubic Hermi t ian  polynomia ls  and ~b is the first v ibra t ion  mode  of a fully fixed beam. 
The in-plane d isplacement  shape functions N~', N~' are products  of the Lagrange  
polynomials ,  while N7  are products  of the Hermi t ian  polynomials ,  ffj represent the variables 
associated with out-of=plane bending at the corner  nodes. Also, u~, v~ represent  the in-plane 
nodal  variables and it is noted that  the extra  ones labelled U~o, ut~ . . . . .  v~5 are actual ly  
the ampl i tudes  of the t r igonometr ic  (sine) functions used to model  the in-plane 
displacements.  


