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Summary--We developed an analytical model to predict the performance of eroding long rods 
that penetrated metallic targets at normal incidence with impact velocities above 2.0 km/s. The 
model predicted cavity diameter, penetration depth and penetration velocity as functions of projectile 
velocity. Post-test observations and dynamic, in-material X-ray photographs guided the develop- 
ment of the model. The flash X-ray photographs indicated that the nose of a projectile 
mushroomed upon penetrating into a target, and then the mushroom head maintained its diameter 
and nearly hemispherical shape throughout the primary quasi-steady penetration stage. This 
observation suggested that we could use the results of spherical cavity-expansion analysis on 
non-deforming projectiles to calculate target resistance against the penetration of eroding rods. To 
verify the model, we conducted terminal-ballistic experiments with 4340 steel rods penetrating into 
6061-T651 aluminum targets and Teledyne X21-C tungsten rods penetrating into 4340 steel targets 
at impact velocities between 2.0 and 3.1 km/s. The model predictions were in good agreement with 
the data. 
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parameters to define radial stress on projectile nose 
cross-sectional areas of ejecta, projectile and mushroom head during and at the end of 
primary stage 

= 1/2(Ap + Am) 
phase velocity of longitudinal wave in projectile 
penetration depths in primary stage, from projectile and ejecta in secondary stage, and from 
target expansion at cavity base 
diameters of mushroom head and projectile 
Young's moduli of projectile and target 
axial compressive forces on ejecta and P-M and M-T interfaces 
average axial compressive force on M T interface during transient stage 
residual length of undeformed projectile 
current and initial projectile lengths 
mass fluxes in primary and transient stages 
mushroom head, penetrator and target regions 
masses of ejecta and projectile 
strain-hardening exponent 
current time and time duration for primary stage 
penetration velocities of mushroom head during and at the end of primary stage 
dimensionless penetration velocity for u 
current, initial and end of primary stage projectile velocities 
ejecta velocities during and at the end of primary stage 
dimensionless velocities for v, v i and v e 
rates of plastic work done in transforming projectile material in primary and transient stages 
yield strengths of projectile and target and their dimensionless version 
ultimate tensile strength of projectile and its dimensionless version 
yield strength of elastic, perfectly plastic target material 
parameters to define axial force on mushroom head 
dimensionless current projectile length 
dimensionless cross-sectional areas of ejecta and mushroom head 
sliding-interface friction coefficient 
Poisson's ratio for projectile 
densities for projectile and target 
Hugoniot elastic limit for projectile and its dimensionless version 
dimensionless time durations for t and t l 
pitch and yaw angles 
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()p the basis of Anderson and Bodner's [1] extensive survey of terminal ballistics with 
rigid and deformable projectiles, activities in this subject area can generally be categorized 
as empirical formulation, analytical modeling, and numerical code simulation. Thc 
empirical formulation approach is based on extensive testing, which becomes very expensive 
in parametric studies, and the numerical code simulation usually requires huge computer 
resources to solve all the governing equations over a spatial grid at successive time 
increments. There has thus been considerable interest in obtaining intermediate solutions 
by developing analytical models based on conservation principles and simplifying assump- 
tions. 

Alekseevskii [2] and Tate [3,4] developed models that described high-velocity penetra- 
tion with eroding long rods and modified jet theories [5] to include material strengths of 
the rod and target. These so-called "modified hydrodynamic models" received wide 
attention and were generally good predictors of the general characteristics of the 
penetration event. Hohler and Stilp [6,7] conducted a series of terminal-ballistic experi- 
ments with steel and tungsten rods penetrating into aluminum and steel targets and 
found reasonably good agreement between their data and the model predictions. Forrestal 
et al. [8] launched steel rods into simulated geological targets and demonstrated a favorable 
comparison between model predictions and the data. However, these modified hydro- 
dynamic models do not resolve the effective strengths of the rod and target within 
the context of the theories. 

In his latest work, Tate [9,10] developed a flow-field model to describe the transient, 
primary quasi-steady, and after-flow phases of penetration for incompressible materials. 
Through this model, he established the relationships between the strength factors in the 
modified hydrodynamic model [3,4] and the dynamic yield strengths of materials. His 
model prediction and test data agreed favorably on crater diameter and penetration depth. 

This paper develops an analytical model to predict the performance of eroding long rods 
penetrating into metallic targets. The model is based on conservation principles similar to 
Taylor's momentum-conservation theory [11] and Hawkyard's energy-conservation theory 
[12] on flat-ended projectiles impacting a flat, rigid target, and post-test observations 
and dynamic, in-material X-ray photographs guided the model development. Figure 1 
shows two post-test X-ray photographs of a sectioned 6061-T651 aluminum target [shot 
No, 4-0997) and a sectioned 4340 steel target (shot No. 4-1048). A relatively straight cavity 
tunnel is shown with a constant cross section except near the bottom section where tapering 
occurs. In addition, two sequential, dynamic, in-material X-ray photographs of a 4340 
steel rod penetrating into 6061-T651 aluminum target (shot No. 4-0997) demonstrate that 
the eroding rod penetrates with a nearly hemispherical, mushroomed tip (Fig. 2). These 
observations suggested that despite rod erosion, we could use the mode of rigid-rod 
penetration to calculate the target resistance against the penetration of eroding rods. 
Analytically, this was carried out by using the results of the spherical cavity-expansion 
analysis on non-deformining projectiles [ 13,14]. 

Eichelberger and Gehring [15] described the high-velocity impact in terms of four 
successive phases : transient, primary, secondary and recovery. We adopted a similar scheme 
and divided the penetration process of eroding rods into three stages: transient, primary 
and secondary (Fig. 3). The recovery phase is not included in this penetration model. In 
the transient stage, a stable mushroom forms at the front of the rod. During the primary 
stage, quasi-steady penetration by the stable mushroom head occurs. The secondary stage 
begins when the rod erosion process terminates and the remains of the projectile penetrate 
as a rigid rod. The overall modeling scheme and the simplifying assumptions in the model 
are discussed in the next section. 
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Flo. 1. Post-test, X-ray photographs: (a) aluminum target (shot No. 4-09971. and (b) steel target 
(shot No. 4-1048}. 

To verify the model, accompanying material property tests and terminal-ballistic 
experiments were conducted. Kawahara used the large-strain, compression-test techniques 
[16] to obtain stress-strain data at two strain rates of 10 -1 and 1 0 - 4 S  -1 for Teledyne 
X21-C tungsten to about 165% true strain, and 4340 steel and 6061-T651 aluminum to 
about 100% true strain. The test results indicated that 4340 steel and 6061-T651 aluminum 
are comparatively strain-rate independent, but Teledyne X21-C tungsten is very sensitive 
to strain rates. Figures 4, 5 and 6 show the stress-strain data obtained at a strain rate of 
10-1 s-1 for these three materials. We also conducted terminal-ballistic experiments with 
4340 steel rods penetrating into 6061-T651 aluminum targets and Teledyne X21-C tungsten 
rods penetrating into 4340 steel targets at impact velocities above 2.0 km/s. The model 
predictions were in good agreement with the data from these two projectile/target systems. 

MODELING SCHEME WITH ERODING LONG RODS 

Terminal ballistics with eroding rods is a very complicated process. When a projectile 
strikes a target at a very high velocity, both undergo very large plastic deformation at 
very high strain rates. At the same time, intense wave motions occur across the interface 
between projectile and target and at the target boundaries. This paper attempts to 
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Fl(;. 2. Time-sequence, in-process X-ray photographs {~f a steel rod penetrating into an aluminum 
target at 3.09 k m s  {shot No. 4-0997): (a) time al 16.2/is and Ib) time at 31.2/(s. 

P pp, Ap, Lp ) P pp Ap Lp J Ju_~_~ / 

(i) (ii) 

(iii) ( iv) 

FIG. 3. Sequential stages of penetration process: (i) pre-impact; (it) transient mushroom formation; 
(iii) primary quasi-steady penetration; and (iv) secondary rigid-rod penetration. 
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FIG. 4. Stress-strain data for Teledyne X21-C tungsten at a strain rate of 10-1 s-1. 
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FIG. 5. Stress-strain data for 4340 steel at a strain rate of 10-1 s-1 and the power-law data-fit 
with E = 206.8 GPa, Y = 1.207 GPa and n = 0.051. 

comprehend this complicated phenomenon by developing an analytical model of the 
essential characteristics of the process. 

As previously mentioned, the penetration process consists of three successive stages: 
transient mushroom formation, primary quasi-steady penetration, and secondary rigid-rod 
penetration. With reference to Fig. 3, when a long rod strikes a target at normal incidence 
with a very high velocity, vi, the projectile and target materials experience an initial shock 
phase during which the projectile tip mushrooms while the remainder stays undeformed. 
In the transient stage, the mushroomed region attains a penetration velocity, u, and grows 
to a maximum cross-sectional area, Am, without ejecta forming at its end. In the following 
primary stage, the projectile is assumed to maintain its velocity, vl, while the mushroom 
head travels at the penetration velocity u and retains its diameter and nearly hemispherical 
shape. At the same time, an ejecta emerges at the periphery of the mushroom head and 
travels at a velocity v e. The primary stage continues until the rod decelerates to a critical 
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velocity vcr (defined in a later section), and then the mushroom head becomes unstable 
and rod erosion stops. 

The following secondary stage is marked by the rigid-body penetration of the residual 
portion of projectile with velocity uc, and the ejecta tube with velocity (v c)cr. If the penetrator 
length is depleted to the length of its radius at a velocity higher than v~r, the momentum 
imparted to the target by the penetrator may be sufficient to generate additional penetration 
through cavity growth [17]. 

To simplify the penetration process, several assumptions are used in the model. The 
major ones are discussed here, while others are elaborated in the formulation of the model 
in the next section: 

(1) The projectile is long enough to allow the growth of a stable mushroom head and 
to sustain the primary quasi-steady penetration stage. 

(2) The target is infinitely wide and thick to eliminate any complications from the 
interaction with physical boundaries. 

(3) No thermal effect is considered in the model. Thus, the model neglects the heat 
energy loss, and the effect on material properties from temperature increases in the 
penetration process. 

(4) When the mushroom head grows to its maximum cross-sectional area, A m , it is 
hemispherical and fully in contact with the target. 

(5) The density of the projectile remains the same in its mushroomed and rigid portions 
as well as in the ejecta. 

(6) In the transient mushroom formation stage, the Hugoniot elastic limit for the 
projectile is used to simulate roughly the average shock effects on the projectile from 
the moment of impact to the instant when the mushroom is fully developed. Only 
approximate solutions are produced by this simplistic approach because it applies 
the Hugoniot elastic limit at the hemispherical mushroom where the flow is not 
unidirectional, and it neglects the subsequent reduction of shock effects due to 
rarefaction waves. 

F O R M U L A T I O N  O F  E R O D I N G  L O N G - R O D  M O D E L S  

A long rod with initial length, Lp, cross-sectional area, Ap, density, pp, and flow stress, 
lip, impacts a semi-infinite target with density, p,, and flow stress, Y,, at normal incidence. 
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The incident velocity, v i, is high enough to cause the projectile to deform upon impact. 
The projectile undergoes the transient, primary, and secondary penetration stages before 
it is brought to rest at the bottom of the cavity in the target. Figure 3 illustrates the 
penetration process. The penetration stages are detailed in the following subsections. 

Transient stage 

Figure 3(ii) shows the penetration process at the end of the transient stage when the 
hemispherical mushroom head has grown to its maximum cross-sectional area A m with 
diameter D m. The mushroom head travels at a velocity u while the rod velocity remains 
at v i. To establish a flow equation to account for the dynamic state of the mushroom head, 
an energy balance is set up to equate the kinetic energy lost in forming the mushroom 
head to the plastic work done in mushrooming the projectile and against target resistance. 
For clarity, separate formulations are put forth for the target and the mushroom regions. 

Target T. As previously mentioned, a stable, hemispherical mushroom head allows the 
use of the penetration models for rigid, long rods based on spherical cavity-expansion 
approximations to calculate the axial force on the interface between the mushroomed 
portion of projectile and the target, M T. The present effort focuses on metal targets whose 
material behavior is modeled as elastic-plastic with power-law strain-hardening. Then, 
according to the results of Forrestal et al. [14], the axial force Ftt, averaging over the 
period from the moment of impact to the instant of a fully developed mushroom, is expressed 
as:  

Fit =/tYt(a + flu2), (1) 

where A is the average cross-sectional area of mushroom head in this period and is assumed 
to be equal to: 

= 1/2(Ap + Am), (2a) 

and 

= A(1 + #n/2) (2b) 

fl = 1/2B(pt/Yt)(1 + ~n/4). (2c) 

Here/~ is the sliding-interface friction coefficient, and A and B are the parameters derived 
from the spherical cavity-expansion model to define the radial stress on the projectile nose 
[-13]. To model the target as a compressible and elastic strain-hardening material, the 
spherical cavity-expansion results can be accurately expressed with A =4.2448 and 
B = 1.0336 for the 6061-T651 aluminum target, and A = 4.0720 and B = 1.0124 for the 
4340 steel target. 

Mushroom head M. In Fig. 3(ii), a flow equation is established to describe the dynamic 
state of the mushroom head by balancing the kinetic energy lost in forming the mushroom 
head with the plastic work done in deforming the projectile and against target resistance. 
The energy balance takes the following form: 

1/2rht(vi 2 - u 2) = ~, + Fttu, (3) 

where rh t is the mass flux of the projectile and defined a s :  

~lt = ppApl)i, (4a) 

and I~ t is the rate of plastic work done in deforming a cylindrical section of P with 
cross-sectional a r e a  Ap into a hemispherical shell of M with cross-sectional a r e a  A m. TO 
account for the continuous growth of the mushroom region during this stage, the 
hemispherical shell is assumed to undergo radial expansion in the deformation process, 
resulting in an approximate expression for I)v't: 

l)l/t = (0" HEL)p-4U In (2"4~ • (4b)  
\ Ap,] 
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Here the Hugoniot elastic limit for the projectile (¢9-HEI)p iS used to simulate approximulel~ 
the average shock effects and is related to Yp through ref. [18]: 

] - -  Vp 
Yw !51 

(°H~L)P = 1 - 2% 

where Vp is the Poisson's ratio for the projectile, which is assumed to be elastic, perfectly 
plastic with flow stress Yp. 

We used the stress-strain data for 4340 steel and 6061-T651 aluminum at a strain rate 
of 10- 1 s-  1 (Figs 5 and 6) to represent their stress-strain behavior under ballistic conditions 
because they are strain-rate independent. However, this extrapolation scheme could not 
be used for Teledyne X21-C tungsten because of its high sensitivy to strain rates. Ekbom 
et al. [19] conducted tensile tests at strain rates of 400 and 0.01 s-~ on cold-worked 
tungsten samples and found a 30% increase in yield strength at these two rates. In this 
model, we extended their test results from a tensile to compressive load condition and 
increased the compressive yield strength of Teledyne X21-C tungsten (Fig. 4) by 60% to 
account for the dynamic effect from extremely high strain rates under ballistic conditions. 
This assumption is mere speculation that will have to be verified by dynamic material 
test data. 

We introduce a set of dimensionless variables: 

fi~ = A r n / A  p, V i = l~i/c O, U ~- u / c  0,  6p  = (O'HEL)p/Ep,  Y, = Y , / E p ,  {6) 

where Ep is Young's modulus for the projectile and c o = (Ep/pp) 1/2 is the phase velocity 
of the longitudinal wave in the projectile in an unstrained condition. With (1), (4) and (6t, 
Eqn (3) transforms to: 

U 
Vi  2 - -  U 2 - (1 + ).)[#p In(1 + 2) + Y,(~ + / 3 c 2 o U 2 ) ]  = 0 .  (7) 

v, 

Equation (7) consists of two unknowns, U and 2, to be determined in conjunction with 
the conservation equations developed in the primary stage of penetration. 

Primary stage 

In the primary stage of penetration, the rod travels at a velocity v that is initially vi at 
the time of impact, and the mushroom head with a cross-sectional area A m is in a state 
of quasi-steady penetration with velocity u. At the same time, an ejecta forms a thin shell 
at the edge of the mushroom head. The ejecta travels at a velocity Ve and has an annular 
cross section with area Ae. Figure 3(iii) shows the characteristics of this stage. 

Tar(jet T. From the results derived from the rigid-rod penetration model based on 
spherical cavity-expansion approximations [14], the axial force Ft on the M T interface 
is expressed as: 

F, = AmY,(~ + fib/z), (8) 

where a and/3 are defined in (2). 
Mushroom head M. The flow field shown in Fig. 3(iii) is very similar to the one discussed 

by Wright and Frank [20]. By taking the M T interface as the reference frame, the rigid 
portion of the projectile travels at (v - u) while the ejecta flows at (re + u). Applying the 
conservation laws of mass, momentum, and energy with respect to this reference frame, 
we get the following equations: 

Mass: Ap(v -- u) - Ae(v + + u) = 0; (9) 

M o m e n t u m :  ppAp(V-u l2+ppAe( l : e+Ul2+Fp+Fe-Ft=O;  (10) 

and 

Energy: l / / 2 v h ( v - u ) 2 - 1 / 2 r h ( v e + u ) 2 + F p ( v - u ) - F ~ ( t ~ + u ) - l ; V p l = O ,  111) 

where rh is mass flux, l~p~ is the rate of plastic work done in transforming a given mass 
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of P with cross-sectional area Ap into an equal mass of ejecta with cross-sectional area A e, 
and Fp, Fe and Ft are the axial compressible forces on the P - M  interface, the ejecta, and 
the M - T  interface, respectively. These quantities are defined as: 

rh = ppAp(v  - u) = ppAe(v  ~ + u), (12a) 

I/~Zpl = YPm In (2Am~ (12b)  
Pp \ A e / l '  

Fp = YpAp, (12c) 

Fe = YpuAe, (12d) 

and Ft is defined in (8). 
Throughout the deformation process, it is assumed that the volume of the M region 

remains roughly unchanged and the projectile material of the P region flows continuously 
into the M region and eventually appears as ejecta. Therefore, two deformation steps are 
involved in calculating Wpl: the first step accounts for the deformation of a given mass of 
projectile with Ap to an equal mass of mushroom with A m, and the second further deforms 
this mass to an identical mass of ejecta with A e. Since the material in M is stationary with 
respect to the chosen reference frame, no plastic work is done in the first step. Therefore, 
only the second step is used in (12b) to calculate approximately l)¢pl. In (12d), the material 
in the ejecta is assumed to be breaking away from the mushroom head M and thus 
experiencing a stress level of Ypu, the ultimate tensile stress. 

At this point, we introduce additional dimensionless variables: 

V = rico, V e =/;e/CO, t/ = Ae/Ap, Yp = Yp/Ep, Ypu = Ypu/Ep, (13a) 

and 

cop = V -  U, coe = V, + U. (13b) 

With (6) and (13a,b), the conservation equations (9-11) become: 

and 

coe = COp~t~, 

(l  + 1//7)(/) 2 + Yp -t-- t/Ypu - )~YtE @ + / ~ c 2 ( g i  - cop)2] = 0, 

(14) 

(15) 

(16) 

For a given V i and an assumed 2, COp can be expressed explicitly in terms oft/from (16): 

op 11) + (1 1/t/2) 1/2. (17) 

The negative square root of COp is not considered because cop is always positive. 
Substituting (17) into (15) yields an equation containing a single unknown t/ that can 

be found iteratively. Then we can calculate cop from (17) and coe from (14). The flow 
equation in (7) is used to check the assumed value of 2. An iterative procedure is followed 
to find the value of 2 that satisfies the flow equation. 

P e n e t r a t o r  P. Throughout the primary stage, the rod velocity, v, and the penetration 
velocity, u, slowly decelerate while the rod length, Lp, is steadily consumed in the rod 
erosion process. We can find the time dependence of these quantities by applying the 
conservation equations of mass and momentum, which are: 

d 
d t  ( p p A p L  ) = - ppAp(v  - u) (18) 
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and 

d 
dt  ([.~pApLU) = -- ppApt~(L:-  l~) -- YpAp. (It)) 

where L is the current rod length at time t and d / d t  is time derivative. For rigid-rod 
systems, the conservation principles of momentum and energy produce the same equation 
via (19). Two new dimensionless variables are introduced: 

"' = L//Lp and r = to t / ,L  p. t20) 

With (13a) and (20), the conservation equations (18) and (19) are reduced to the following 
dimensionless form: 

d 3, 
= - ( V -  U) (21) 

dr 

and 

dV 
4 ,  - -  - -  - Yp. (22) 

dr 

From the previous subsection, we can find a U for every feasible V. Therefore, U can be 
expressed as a function of V 

Substitution of (23) into (21) yields' 

d7 

dr 

U = f(V).  (231 

= - [ V  - f ( V  )]. (24) 

It should be noted that the mushroom a r e a  A m that depends on V is also involved in 
calculating the functional dependence of U on V. Therefore, this model indirectly accounts 
for the effect of shrinking cavity size in the penetration process. Now there is a system of 
two ordinary differential equations given in (24) and (22). The initial conditions at time 
r = 0 are 7(0) = 1 and V(0) = V i. The numerical solutions for 7(r) and V(r) can be obtained 
through any standard ODE solver. We used the program D E R K F  developed by Shampine 
and Watts [21]. 

The depth of penetration d~ in the primary stage of penetration is obtained by integrating 
u . d t  from 0 to t x, where tl is the time duration either to consume the rod length to the 
length of its radius or to decelerate the projectile to a velocity vet below which rod erosion 
stops. In terms of dimensionless variables: 

d 1 = Lp U dr, (25) 

where rl  = Cot l /Lp .  Both t I and V~r are obtained from the numerical solutions of the model. 
H y p e r v e l o c i t y  pene t ra t ion .  When the impact velocity vi of the projectile is very high (e.g. 

> 4 km/s), the projectile/target system approaches a state of jet flow. Under this condition, 
the velocity terms become more dominant than terms with all other quantities, and the 
solutions can be further simplified. 

In the presence of the dominating velocity terms, the energy conservation equation in 
(16) is reduced to yield: 

q = 1. (26) 

Then, with (13a) and (14), we get the following simple relationship for various velocities: 

Vo = V~ - 2U. (27) 

simplified expression for the cavity area is obtained through the momentum A 
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conservation equation in (15): 

2(V i - U)  2 

)~ - F,(~ + flc~U2)" (28) 

In the next section, the numerical solutions will indicate that the U solutions are weak 
functions of Vi for the range of Vi under consideration (4 km/s ~< Vi ~< 7 kin/s). Then Eqn 
(28) predicts that the cavity diameter is approximately a linear function of impact velocity. 
This functional relationship was observed by Hohler and Stilp [22], Silsby [23] and Naz 
[24] from their terminal-ballistic experiments. 

Equation (28) allows the functional dependence of U on Vi to be implicitly expressed 
through the flow equation in (7): 

(1 - qJ)(I - qJ + 2~02) 4~O(1 - ~j)26p 
[2A ~'t + Bt/j2 VZ,(Pt/Pp)] 

~ -  U/V i. 

1 [- 4(1 - ~O)z V? -] 
n L 2 A f +  B~bzV?(--pt/pp)J =0 (29a) 

(29b) 

This equation states that in the hypervelocity regime, the penetration velocity is a function 
of impact velocity, density ratio, and material strengths of projectile and target. This result 
differs from the conclusion derived from modified hydrodynamic theory, which predicts 
that the penetration velocity depends on the impact velocity and the density ratio of 
projectile and target [3]. The penetration depth for a rod of length Lp is: 

q, 
dl/Lp - . (29c) 

1 - ¢ ,  

Secondary stage 
The projectile continues to erode in the quasi-steady penetration mode until either its 

length is consumed to the length of its radius or it decelerates to a critical velocity v,. 
Then the mushroom head becomes unstable, and the remaining portions of the rod and 
the ejecta penetrate in a rigid-body mode at velocities u ,  and (re),, respectively. This stage 
is illustrated in Fig. 3(iv). Perez [25] discussed rigid-body penetration at the termination 
of the rod erosion process. 

In this paper, the remnant of the rod and the shell of ejecta are treated as separate 
entities in calculating the depth of penetration. It is further assumed that the sum of masses 
for the rod Mp and the ejecta M e equals the mass of the original projectile. The rod mass 
Mp is estimated from the assumed hemispherical shape of a mushroom head with area 
(Am), and an undeformed rod of length lr attached to its end. Following the results derived 
by Forrestal et al. for rigid-rod penetration [14], we get the following expressions for the 
depth of penetration from rod d2 and ejecta d3: 

d 2 - 2fl(Am)~Yt In 1 + U~r (30a) 

and 

d3-2fl(Am)crytln 1 ~ (v~)2r . (30b) 

If the rod length is consumed to the length of its radius before the rod velocity drops 
to vcr, the cavity will grow because of momentum imparted to the target by the projectile 
to provide an additional penetration depth d 4. According to Matuska and Osborn [17], 
if the mushroom head with diameter Dr. penetrates at a velocity u, d4 can be estimated as: 

_1 D U( Pt '~ 1/2 
d 4 -  ~ m k ~ t t }  , (30c) 

where £t is the yield strength of target material that is assumed to be elastic, perfectly plastic. 



The total depth of penetration for the entire process is: 

t[----d 1 + d :  ~d  3 q-d 4. 131! 

TERM1NAL-BALLISTI(? EXPERIMENTS 

A 50/20-mm, two-stage, light-gas gun [26] was used to launch 4340 steel rods into 
6061-T651 aluminum targets and Teledyne X21-C tungsten rods into 4340 steel targets at 
normal incidence with impact velocities between 2.0 and 3.1 km/s. Two in-process X-ray 
photographs were taken for each experiment with aluminum targets using 600-KeV llash 
X-ray equipment. Typical flash X-ray photographs are shown in Fig. 2. These transient 
X-ray photographs were used to determine cavity diameter~ rod length and penetration 
depth during the primary stage of penetration. 

Pr(~/eetiles 

All projectiles had spherical noses. The 6.2-g 4340 steel rods had a diameter of 3,81 mm 
and a length-to-diameter ratio of 18. The Teledyne X21-C tungsten rods had a mass of 
13.69 g with a diameter of 4.57 mm and a length-to-diameter ratio of 10. The stress-strain 
data for these two materials are shown in Figs 4 and 5. However, when used as rod 
materials, they were assumed to be elastic, perfectly plastic. Their material properties are 
listed in Table la. 

Targets 

Both 6061-T651 aluminum and 4340 steel targets were treated as elastic strain-hardening 
materials. The stress-strain data for steel and aluminum are shown in Figs 5 and 6, 
respectively. The properties for these two target materials are listed in Table lb. The 
aluminum target had a 10.2-cm-square cross section and a length of 22.9 cm, while the 
steel target was a cylinder with a diameter of 20.3 cm and a length of 15.2 cm. 

Measurements 

The impact velocity of the projectile was determined within 1% accuracy by the projectile 
interrupting two continuously monitored laser beams. Pitch angle ~bl and yaw angle 4~2 
were obtained from orthogonal flash X-ray views of the projectile taken just before the 

TABLE IA. MAI'ERIAL PROPERTIES OF PROJECTILES 

Teledyne 
Properties 4340 Steel X21-C Tungsten 

Yield strength, l~p (GPa) 1.600 3.530 
Ultimate tensile strength, Ypu (GPa) 1.345 1.387 
Young's modulus, Ep (GPa) 206.8 296.5 
Density, pp (kg, m 3 ) 7810 17650 
Poisson's ratio, % 0.32 0.32 

TABLE lB. MATERIAL PROPERlIES OF TARGEI'S 

6061-T651 
Properties Aluminum 4340 Steel 

0.345 1.207 Yield strength, Y, (GPa) 
Yield strength for elastic, perfectly 

plastic material, ~'t (GPa) 0.460 1.560 
Young's modulus, E~ (GPa) 68.95 206.8 
Density, Pt (kg/m3) 2710 7810 
Strain-hardening exponent, n 0.054 0.051 
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TABLE 2. 4340 STEEL RODS INTO 6061-T651 ALUMINUM TARGETS 
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Shot t,~ ~b 1, ~b 2 Cavity diameter (mm) Penetration depth (mm) 
number (km/s) (°) Data Prediction Data Prediction 

4-0995 2.12 1.0, 0.0 7.60 7.43 93.7 99.2 
4-0992 2.66 0.0, 3.5 10.75 10.36 122.1 108.7 
4-0997 3.09 0.5, 0.0 11.48 12.29 134.9 112.7 

TABLE 3. TELEDYNE X21-C TUNGSTEN RODS INTO 4340 STEEL TARGET 

Shot t,~ q~l, oh2 Cavity diameter (mm) Penetration depth (mm) 
number (km/s) (°) Data Prediction Data Prediction 

4-1046 2.07 3.0, 2.5 9.71 10.72 56.2 41.2 
4-1044 2.46 8.0, 6.5 13.17 65.5 47.3 
4-1048 3,01 3.5, 1.5 13.89 16.48 70.5 54.3 
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FIG. 7. Cavity diameter versus impact velocity, v~: (a) aluminum target, and (b) steel target. 

impact. Figure 2 shows two in-process X-ray photographs for a steel rod impacting an 
aluminum target at 3.09 km/s (shot No. 4-0997) to obtain measurements of transient 
penetration depths. Final penetration measurements were made using flash X-ray views of 
thin slices of the targets. Two such X-ray photographs are shown in Fig. 1. Tables 2 and 
3 summarize the launch conditions and the test data for the two sets of terminal-ballistic 
experiments. 

C O M P A R I S O N  O F  P R E D I C T I O N S  A N D  M E A S U R E M E N T S  

The eroding rod model predicts cavity diameter D m as  a function of impact velocity v i. 
Such predictions are plotted in Fig. 7(a,b) for 6061-T651 aluminum and 4340 steel targets, 
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respectively. These figures indicate a linear increase of cavity diameter with impact velocity 
as has been observed by Hohler and Stilp [22], Naz [24] and Perez [25]. Since the 
projectile/target interface is probably lubricated by a layer of melted projectile and target 
materials, the effect of sliding friction at the interface is assumed negligible and tx = 0.00 
is used for all calculations in this paper. As shown in Fig. 7(a,b), the model prediction of 
cavity diameter for the aluminum target is in reasonable agreement with test data; but the 
model overpredicts the cavity diameter for steel targets, and the difference increases with 
impact velocity. In Tables 2 and 3, the maximum cavity diameter is recorded for each 
impact velocity. The cavity diameter was not reported for shot No. 4-1044 because the 
cavity tunnel was not straight as a result of the large pitch and yaw angles at impact. 
However, this poor launch condition did not seem to affect the penetration depth. 

When a projectile deforms upon entering a target, its performance is significantly 
influenced by the penetration velocity. Figure 8(a,b) shows the linear variation of 
penetration and ejecta velocities with projectile velocity for aluminum and steel targets, 
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FIG. 9. Penetration velocity, u, versus impact velocity, v~, in the hypervelocity regime: (1) steel rod 
in aluminum target, (2) tungsten rod in steel target. 

respectively. The ejecta in an aluminum target flows in the same direction as penetration (i.e. 
- re )  for a projectile velocity below 3.2 km/s, but this velocity reduces to 2.2 km/s for steel 
targets. The model has a lower-bound velocity, the critical velocity vet, below which there 
is no acceptable solution. Physically, the model predicts that the projectile will deform 
but may be unable to sustain a stable mushroom head at velocities below v,. The critical 
velocities were found to be 1.96 and 1.75 km/s for the aluminum and steel targets, 
respectively. 

In the hypervelocity regime, the penetration velocity of a steel projectile in an aluminum 
target increases with impact velocity, but it levels off at about 6.5 km/s and decreases at 
higher impact velocities (Fig. 9). Similar variation in the penetration velocity of a tungsten 
projectile in a steel target is also shown in Fig. 9, and the point of inflection occurs at an 
impact velocity of approximately 5.0 km/s. As indicated in (29a), the model includes 
material strengths of the projectile and target in predicting the penetration velocity in the 
hypervelocity regime. The results in Fig. 9 show a significant deviation from the predictions 
of modified hydrodynamic theory, which states that the penetration velocity increases 
linearly with impact velocity. The slowing down of the penetration velocity at an extremely 
high impact velocity is partially the result of the unrealistically large cavity diameter 
predicted by the model. A more sophisticated cratering model similar to the work done 
by Ravid et ah [27] may help improve the accuracy of predictions on cavity diameter. 

Figure 10 shows the time history of projectile and penetration velocities in the primary 
penetration stage for a steel rod impacting an aluminum target at 2.66 km/s. This stage 
lasts 56/as, during most of which the projectile velocity v decelerates steadily and the 
penetration velocity u remains fairly constant. However, abrupt deceleration in projectile 
velocity occurs in the last few microseconds of this stage. The present version of the model 
provides a reasonably accurate prediction in the quasi-steady stage of the penetration 
process, but cannot adequately deal with the rapid deceleration afterward. 

Measured and predicted penetration depths are compared in Tables 2 and 3 for the 
aluminum and steel targets, respectively. The agreement is better for the tests with aluminum 
targets than those with steel targets. A possible explanation of the differences may be that 
we underestimate the strength of tungsten projectiles at the impact condition of high strain 
rates and large deformation. As a result, the cavity diameters are overpredicted, leading 
to consequent underprediction on the penetration depth. 

The time histories of the penetration of steel rods into aluminum targets are shown in 
Fig. ll(a,b,c). Reasonably good agreement between the data and model predictions is 
achieved for the three tests. The instantaneous length of undeformed projectile during the 



33 \ .  K IA k zlt/d ..\ J. l~ll.kt Io~' ,kl  

I l r r ! 

E ..¢ 
>- 
I--. 

o ..J i,1 / 

tJ 

0 1 I I I 
0 10 20 30 40 50 60 

TIME (,us) 

FIG. 10. Projectile velocity, L,, and penetration velocity, u, versus time for 4340 steel rod penetrating 
into 6061-T651 a luminum target at 2.66 km/s.  

(b) v i ~ 2.66 km/s 
(SHOT NO. 4-0992) 

50 

E 25 

Z 
O 0 
k- 

O -25 
O. 

-50 

-75 
0 

75 

50 

2s 

o 

-25 

-50 

-75 

(a) vi = 2.12 k m / s  
(SHOT NO. 4-0995) 

I P 

J . . . .  

I I 
20 40 

TIME (/Js) 

(c) v i 3.09 km/s 
(SHOT NO. 4-0997) 

I I 

I 1 

0 20 40 

TIME (,us) 

60 

5O 

2s 

z 
o o 

-25 

-50 

-75 

75 75 

1 I 
20 40 

TIME (ps) 

6O 

l • DATA 
MODEL PREDICTION 
FRONT END OF ROD 
BACK END OF ROD 

60 

FIG. 11. Time history of the position of 4340 steel rod penetrating into 6061-T651 a luminum target: 
(a) vi = 2.12 km/s  (shot No.  4-0995), (b) ui = 2.66 km/s  (shot No.  4-0992), and (c) t, i = 3.09 km/s 

(shot No. 4-0997). 



An analytical model on penetration of eroding long rods into metallic targets 339 

primary penetration stage is also shown in these figures. The amount of rod erosion 
increases with impact velocity. 

C O N C L U S I O N  

An analytical model was developed to predict the performance of eroding long rods 
penetrating into metallic targets at impact velocities above 2.0 km/s. The penetration 
process with eroding rods was divided into three stages: transient mushroom formation, 
primary quasi-steady penetration and secondary rigid-rod penetration. We used the results 
from the spherical cavity-expansion analysis for rigid rods to calculate the target resistance 
against penetration. To verify the model, terminal-ballistic experiments were conducted 
with 4340 steel rods impacting 6061-T651 aluminum targets and Teledyne X21-C tungsten 
rods penetrating into 4340 steel targets. We compared measured and predicted cavity 
diameter, penetration velocity and penetration depth. Reasonably good agreement was 
obtained for these comparisons. 

The model covered the entire penetration process with eroding rods from the instant of 
impact to the final arrest of the projectile at the bottom of the cavity in the target. In light 
of the complexities of the penetration process, many approximations and assumptions were 
used in the development of the model to describe the process to reduce the problem to a 
manageable level. Even though some of these assumptions were not well polished, 
reasonably accurate engineering solutions were derived from the model. 

There are several ways to channel future research and development efforts to refine the 
model. A few important areas are 

(1) In the transient mushroom formation stage, the shock effects caused by impact and 
their subsequent reduction due to rarefaction waves were not accurately modeled. 
A transient phase model similar to the work done by Ravid et al. [27] should be 
developed to improve the accuracy of the cavity diameter predictions. 

(2) It is crucial to obtain accurate stress-strain data for projectile and target materials 
at or near the ballistic conditions of high strain rate and large deformation, especially 
for strain-rate sensitive materials such as Teledyne X21-C tungsten. 

(3) There is no adequate data base for the penetration process at moments close to the 
transition from primary to secondary penetration. Experimental observations with 
in-process, flash X-ray photographs will help promote understanding the transition 
mechanism and guide the modeling effort. 
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