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Taylor impact test for ductile porous materialsFPart 1: theory
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Abstract

Taylor tests have been commonly employed to determine dynamic yield stress of solids at a high strain
rate. In this paper, the original Taylor model is extended in order to provide a theoretical basis for testing
ductile porous materials. The key difference between solids and porous materials in this respect is that
porous materials are compressible and their density changes with the compressive strain. Calculations have
been made for porous materials with a relative density that is a linear function of compressive strain e; i.e.,
r=r0 ¼ 1 þ ae: The final length of the projectile after impact, L1=L; is plotted against parameter r0U

2=Y
(see Fig. 9) and this plot is used in a Taylor test to determine the dynamic yield stress. The mean strain rate
of the test can be estimated from Eqs. (21) or (22). In a companion paper (Int J Impact Eng), experiments
for dynamic yield stress of porous materials will be reported based on the present theoretical analysis.
r 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction

Early in 1948, Taylor [1] and Whiffen [2] made investigations into the mushrooming of flat
nosed cylindrical projectiles impinging rigid surfaces to study the effect of high strain-rates on
dynamic yield strength of metals. The theoretical analysis by Taylor is well known as the Taylor
model, and the corresponding Taylor test has become a standard procedure to determine
dynamic yield stress of materials. In a Taylor test, strain-rate can reach as high as 104 s�1, which is
in the regime achievable between a Split–Hopkinson pressure bar and plate impact shear
experiments.

Subsequently, several analyses for the Taylor test have been proposed in order to modify or to
simplify the Taylor model. All these analyses are essentially based on the simple model employed
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by Taylor, in which all plastic deformation is assumed to occur in a plastic wave front that moves
towards the rear end of the projectile. Hawkyard et al. [3,4] reconsidered the Taylor model from
the energy equilibrium rather than the momentum equilibrium across the plastic wave front
adopted by Taylor. The mean dynamic yield stress evaluated by the energy equilibrium method
was found to be higher than that by Taylor’s theory, by 15% for mild steel, 20% for lead and 50%
for copper. However, for armour plates, the mean dynamic yield stress evaluated by the energy
equilibrium method was lower than by Taylor’s theory by 4%. More recently, Jones et al. [5]
proposed an elementary theory for the Taylor test. This elementary theory was based on an
additional assumption that the speed of the plastic wave front is proportional to that of the
undeformed section of the projectile.

In the original Taylor model, it was assumed that the material of the projectile is
incompressible, i.e., its total volume does not change. The present paper extends Taylor’s theory
for the case of compressible materials, such as porous metals and metal foams. This research is
particularly motivated by the recent development of porous materials and their potential
applications in impact engineering due to their high energy absorption capacity. An important
feature of porous material is that its density increases with compressive strain. This is a key point
in the present analysis. The purpose of this paper is to provide an analysis that can be used in a
Taylor test to determine the dynamic yield stress of ductile porous materials at a high strain-rate.
Experiments for two porous materials at various strain-rates will be reported in a companion
paper [6].

2. Problem and assumptions

Consider a short flat-nosed cylindrical projectile striking a flat rigid anvil at a normal angle with
an initial velocity U (see Fig. 1(a)). Before impact, the projectile is of cross sectional area A0;
length L and material density r0: Here a simplified deformation model of the projectile is used,
similar to that employed by Taylor. The following five assumptions are made.

1. The pore size of the projectile material is much smaller than the diameter of the projectile;
hence the material of projectile can be treated as a continuum.

Fig. 1. A rigid-plastic projectile striking a rigid flat anvil at speed U: (a) before impact; (b) intermediate stage of

deformation; and (c) final stage of deformation.
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2. At time t during an intermediate stage of deformation, a steep-fronted plastic wave moves away
from the anvil into the projectile at an absolute speed v (see Fig. 1(b)). The cross-sectional area
across this wave front suddenly jumps from A0 to A, and the projectile changes its density from
r0 to the current value, r:

3. The material, which has just passed through the plastic boundary, is brought to rest in a very
short length; so a particle within the plastic deformed region remains stationary. The
undeformed section of the projectile has an instantaneous absolute speed u:

4. The stress in the plastic deforming part of the projectile is constant, equal to the flow stress Y :
5. The relative density r=r0 is a function of compressive strain only; it is independent of the strain

rate.

3. Analysis

Essentially, Taylor’s model is a problem with propagating strong discontinuity in velocity. The
role of strong discontinuity in velocity has been discussed by Prager [7] for plates, by Hill [8] for
three-dimensional continua, and by Zhang et al. [9] for beams. At a discontinuous surface,
physical parameters must satisfy two basic equations: (1) the mass conservation equation, and (2)
the momentum equation or dynamical equation in which a strong discontinuity in velocity is
directly related to discontinuous stress resultants across the travelling surface. From the
assumptions (1) and (2), rigid material of undeformed section of the projectile moves across the
wave front with a speed ðuþ vÞ: The mass conservation equation across the plastic wave front is

rAv ¼ r0A0ðuþ vÞ: ð1Þ

At the wave front, the net force is YðA� A0Þ; the rate at which mass crosses the plastic wave
front is r0A0ðuþ vÞ; and the jump in velocity at the plastic wave front is u: The momentum
equation across the plastic wave front is

r0A0ðuþ vÞu ¼ YðA� A0Þ: ð2Þ

The longitudinal engineering compressive strain at any point is defined as

e ¼ 1 �
A0r0

Ar
: ð3Þ

Eliminating v from Eqs. (1) and (2), and using Eq. (3) to eliminate A0r0 and Ar; we obtain

r0u
2

Y
¼ e

r0

rð1 � eÞ
� 1

� �
: ð4Þ

The rate of change in undeformed length of the projectile is

dx

dt
¼ �ðuþ vÞ: ð5Þ

Considering the deceleration of the undeformed section of the projectile under retarding force
YA0; the equation of motion for the undeformed portion of the projectile is

du

dt
¼ �

Y

r0x
: ð6Þ
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Eliminating A0r0 and Ar from Eqs. (1) and (3), it is found that uþ v ¼ u=e: From Eqs. (5) and
(6) we have

dx

du
¼

r0xðuþ vÞ
Y

¼
r0xu

Ye
: ð7Þ

Integrating Eq. (7) by considering Eq. (4)

lnðxÞ2 ¼
Z

1

e
d e

r0

rð1 � eÞ
� 1

� �� �
þ C; ð8Þ

where C is an integration constant, and it can be determined from the initial condition. The
rate of change in the length of the plastic zone is dh=dt ¼ v; and from Eqs. (5), (1) and (3),
we have

dh

dx
¼ �

v

uþ v
¼ �1 þ e:

Consequently

h ¼ �
Z x

L

ð1 � eÞ dx: ð9Þ

The length of the plastic zone h can be obtained by numerical integration from Eq. (9).
It is clear that for a ductile porous material the relative density r=r0 varies with compressive

strain in a non-linear fashion. However, for the sake of simplicity, it is approximated here to be a
linear function of compressive strain e (see Fig. 2):

r=r0 ¼ 1 þ ae; ð10Þ

where a is a relative density parameter, which can be obtained from a quasi-static compression
test. Substituting Eq. (10) in Eqs. (4) and (8) we have

r0u
2

Y
¼ e

1

ð1 þ aeÞð1 � eÞ
� 1

� �
ð11Þ

Fig. 2. Relative density versus compressive engineering strain.
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and

lnðxÞ2 ¼
Z

1

e
d e

1

ð1 þ aeÞð1 � eÞ
� 1

� �� �
þ C;

¼
Z

1

e

1

ð1 � eÞð1 þ aeÞ
þ

e

ð1 � eÞ2ð1 þ aeÞ
�

ae

ð1 � eÞð1 þ aeÞ2
� 1

� �
deþ C;

¼
1

1 þ a
1

1 � e
þ

a

1 þ ae
� lnð1 � eÞ � a lnð1 þ aeÞ

� �
þ C:

ð12Þ

After a Taylor test, the compressive strain e in the plastic deformation zone of the projectile
decreases with distance from the contact surface. It has a maximum value, e1; at the contact
face and is zero at the interface between the deformed and undeformed sections of the
projectile.

At the instant of impact, the length of undeformed section of the projectile is x ¼ L and the
initial strain at the contact face is e ¼ e1; and so Eq. (12) becomes

ln
x

L

� �2

¼
1

1 þ a
1

1 � e
þ

a

1 þ ae
� lnð1 � eÞ � a lnð1 þ aeÞ

�

�
1

1 � e1
�

a

1 þ ae1
þ lnð1 � e1Þ þ a lnð1 þ ae1Þ

�
:

ð13Þ

When the projectile is brought to rest, x ¼ X and e ¼ 0 (see Fig. 1(c)), and the final length of
the undeformed section of the projectile, X is

ln
X

L

� �2

¼ 1 �
1

1 þ a
1

1 � e1
þ

a

1 þ ae1
� lnð1 � e1Þ � a lnð1 þ ae1Þ

� �
:

ð14Þ

The time after initial impact, t; can be determined from Eqs. (6) and (11)

t ¼ �
Z

r0x

Y
du ¼ �

Z
r0x

Y

ffiffiffiffiffiffi
Y

r0

s
d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e

1

ð1 þ aeÞð1 � eÞ
� 1

� �s
;

ð15Þ

when t ¼ 0; u ¼ U and e ¼ e1; from Eq. (11), we have

r0U
2

Y
¼ e1

1

ð1 þ ae1Þð1 � e1Þ
� 1

� �
: ð16Þ

Eliminating r0=Y from Eqs. (15) and (16), the non-dimensional time is

tU

L
¼ �

e1
ð1 þ ae1Þð1 � e1Þ

� e1

� �1
2

�
Z e1

e

x

L

e=½ð1 � eÞ2ð1 þ aeÞ� þ 1=½ð1 � eÞð1 þ aeÞ� � ae=½ð1 � eÞð1 þ aeÞ2� � 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e=½ð1 � eÞð1 þ aeÞ� � e

p de:

ð17Þ
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This deformation process of the projectile ends at time Tf ; and its non-dimensional form is
found from Eq. (17)

TfU

L
¼ �

e1
ð1 þ ae1Þð1 � e1Þ

� e1

� �1
2

�
Z e1

0

x

L

e=½ð1 � eÞ2ð1 þ aeÞ� þ 1=½ð1 � eÞð1 þ aeÞ� � ae=½ð1 � eÞð1 þ aeÞ2� � 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e=½ð1 � eÞð1 þ aeÞ� � e

p de:

ð18Þ

At time Tf ; the distance of the plastic boundary from the target plate is found from Eq. (9) (see
Fig. 1(c)), that is

hf ¼ �
Z X

L

ð1 � eÞ dx: ð19Þ

The final length of the projectile after impact is

L1 ¼ X þ hf : ð20Þ

4. Numerical procedure

Calculations have been carried out for several values of the initial strain e1 and relative density
parameter a: The procedure for a numerical solution is as follows, which is repeated for different
values of initial strain:

1. For an assumed initial strain e1; select a strain step equal to, say, De ¼ e1=20:
2. Using Eq. (13), calculate the non-dimensional length of the undeformed section of the

projectile, x=L; for the range of e from 0 to e1; while the final length of the undeformed section
of the projectile x=L is worked out from Eq. (14). The small increment of non-dimensional
length Dðx=LÞ is recorded for each step De:

3. With the aid of x=L obtained from the last step, numerically integrate Eq. (9) for the non-
dimensional length of the plastic zone h=L for the range of e from 0 to e1; and the small
increment of the non-dimensional length Dðh=LÞ is recorded for each step De: The final length
of hf is found.

4. The non-dimensional time tU=L is numerically integrated from Eq. (17) for the range of e from
0 to e1; and the small increment of the non-dimensional time DðtU=LÞ is recorded for each step
De: The non-dimensional time Tf is found finally.

5. The non-dimensional travelling speed of the plastic wave v=U is calculated by dividing Dðh=LÞ
by DðtU=LÞ: The non-dimensional speed of the undeformed section of the projectile u=U is
calculated by the formula u=U ¼ �½ðDx=LÞ � ðDh=LÞ�=½DtU=L�:

6. The final length of the projectile after impact is calculated from Eq. (20), and the non-
dimensional parameter r0U

2=Y is calculated from Eq. (16).
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5. Results and discussion

Calculations are made for initial strain e1 ¼ 0:3; 0:5 and 0.7, and for relative density parameter
a ¼ 0; 0:5; 0:8 and 1. The relationship between the non-dimensional time Ut=L and the non-
dimensional length of the undeformed section of projectile x=L; and that between Ut=L and the
non-dimensional length of the plastic zone h=L are shown, respectively, in Fig. 3 for e1 ¼ 0:3;
Fig. 4 for e1 ¼ 0:5 and Fig. 5 for e1 ¼ 0:7: The tip of the curves in each figure corresponds to the
value of the final length of the undeformed section of the projectile x=L and the final distance of
the plastic boundary from the target plate ðhf=LÞ at time Tf : From Figs. 3–5, it is found that for a
given initial strain e1; the final length of the undeformed section of the projectile x=L increases
with increase in the relative density parameter a: Also, the final distance of the plastic boundary
from the target plate hf=L decreases with increasing the relative density parameter a: It seems that
for a given value of the initial strain e1; when the value of the relative density parameter is high,
plastic deformation is concentrated in the small vicinity of impact face.

The relationship between the non-dimensional time Ut=L and the non-dimensional velocity of
the undeformed section of projectile u=U is shown in Fig. 6(a) for e1 ¼ 0:3; Fig. 7(a) for e1 ¼ 0:5

Fig. 3. Length of undeformed section of projectile and propagation of plastic boundary for initial strain e1 ¼ 0:3:

Fig. 4. Length of undeformed section of projectile and propagation of plastic boundary for initial strain e1 ¼ 0:5:
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and Fig. 8(a) for e1 ¼ 0:7: The slope of the curves in these plots show the decelerations of the
undeformed section. The rate of the deceleration is increasing with time, especially for a large
value of the initial strain. Non-dimensional velocity of propagation of the plastic wave against the
non-dimensional time is shown in Fig. 6(b) for e1 ¼ 0:3; Fig. 7(b) for e1 ¼ 0:5 and Fig. 8(c) for

Fig. 5. Length of undeformed section of projectile and propagation of plastic boundary for initial strain e1 ¼ 0:7:

Fig. 6. Velocity of undeformed section of projectile and plastic wave velocity for initial strain e1 ¼ 0:3:

Fig. 7. Velocity of undeformed section of projectile and plastic wave velocity for initial strain e1 ¼ 0:5:
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e1 ¼ 0:7: For a small value of the relative density parameter, say a ¼ 0 or 0.5, the propagation
velocity of the plastic wave steadily increases with time. However, for a large value of the relative
density parameter, such as a ¼ 0:8 or 1, the propagation velocity of the plastic wave falls after a
certain period of time. For a given initial strain e1; this drop of the propagation velocity of the
plastic wave for materials with a large value of a means that plastic deformation zone is more
localised than with a small one, which has been shown in Figs. 3–5.

Calculated values of the non-dimensional final length of the projectile L1=L and the non-
dimensional final length of the plastic deformation zone hf=L ¼ ðL1 � XÞ=L are plotted in Fig. 9
against the parameter r0U

2=Y for the relative density parameter a ¼ 0; 0.5 and 1. For a given
value of parameter r0U

2=Y ; both L1=L and ðL1 � XÞ=L decrease with the relative density
parameter a: Since the final length of the projectile L1 is easy to measure in a Taylor impact test,
L1=L versus r0U

2=Y curve is used in determining parameter value of r0U
2=Y for a given value of

L1=L; from which the dynamic yield stress is calculated.

Fig. 8. Velocity of undeformed section of projectile and plastic wave velocity for initial strain e1 ¼ 0:7:

Fig. 9. Final projectile overall length and deformed length for several values of the relative density parameter.
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The value of the strain rate is estimated as follows. The reduction in projectile length is ðL�
L1Þ; and this is entirely confined to the material with an initial length ðL� XÞ: The mean plastic
strain is therefore ðL� L1Þ=ðL� XÞ: The mean rate of strain is defined as

’eem ¼
ðL� L1Þ
ðL� XÞ

1

Tf
: ð21Þ

Taylor [1] suggested a simple method to estimate the mean strain rate on the assumption that the
deceleration of the projectile is uniform. As the duration of deformation process is 2ðL� L1Þ=U;
the mean rate of strains estimated by Taylor is

’eemT ¼
U

2ðL� XÞ
: ð22Þ

Calculated values of the non-dimensional mean strain rate ’eemL=U and ’eemTL=U are listed in
Table 1. From the above discussion for Figs. 6–8, the rate of deceleration for the undeformed
section of the projectile is not uniform, but is increasing with time. Hence Eq. (22) underestimates
the mean strain rate. From Table 1, it can be seen that the discrepancy in mean strain rate
estimated from Eqs. (21) and (22) increases with the initial strain e1; and it decreases with the
relative density parameter a: For a large value of the initial strain, say e1 ¼ 0:7; the mean strain
rate from Eq. (21) is 27.6% higher than that from Eq. (22) for a ¼ 0; and it is 10.8% for a ¼ 1:

6. Conclusions

In this paper, the Taylor model has been extended in order to provide a theoretical basis for
determining, by means of a Taylor test, dynamic flow stress of ductile porous materials at high
strain rates. Calculations have been made for porous materials, of which the relative density is
assumed to be a linear function of compressive strain e; i.e. r=r0 ¼ 1 þ ae: It is found that, for a

Table 1
Mean strain rate ’eemL=U and ’eemTL=U

Initial strain Relative density parameter
’eemL

U

’eemTL

U

’eem � ’eemT

’eemT
(%)

e1 ¼ 0:3 a ¼ 0 1.64 1.54 6.5
a ¼ 0:5 2.66 2.57 3.6
a ¼ 0:8 4.27 4.18 2.1

a ¼ 1 7.20 7.10 1.5

e1 ¼ 0:5 a ¼ 0 1.00 0.88 13.8
a ¼ 0:5 1.39 1.28 8.1
a ¼ 0:8 1.87 1.77 5.5

a ¼ 1 2.45 2.36 4.2

e1 ¼ 0:7 a ¼ 0 0.77 0.60 27.6
a ¼ 0:5 0.88 0.75 17.4
a ¼ 0:8 1.02 0.91 13.0

a ¼ 1 1.16 1.05 10.8
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given value of the initial strain e1; when the value of a increases, plastic deformation tends to be
confined within a narrow section near the impact surface. The curve of L1=L versus r0U

2=Y in
Fig. 9 is used in the present modified Taylor test to determine the dynamic flow stress. The mean
strain rate can be estimated from Eqs. (21) or (22). For a high value of the initial strain e1; the
mean strain rate predicted from Eq. (22) is about 10% lower than that from Eq. (21).
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