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Material similarities in long-rod penetration mechanics
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Abstract

The process of long-rod penetration into thick metallic targets is examined through a series of two-
dimensional simulations. The aim of the research presented here is to uncover the inherent material
similarities in this process. In particular, the search is for non-dimensional parameters which account for the
depth of penetration, such as the density ratio, and the relative strengths of penetrator and target. The
simulation results are in accord with existing empirical data, shedding more light on the penetration process
and emphasizing the di$culties in achieving an overall normalization procedure for this process. ( 2001
Elsevier Science Ltd. All rights reserved.

1. Introduction

The penetration of long-rod penetrators into thick metallic targets is a very complex process
which has been intensively researched over the past 40 yr, both by armor and warhead designers.
The research advanced through several routes; empirical data, gathered by scaled and full-scale
experiments, numerical simulations, and engineering models which focus on a single mechanism
operating during the process. The early 1D models identi"ed three penetration stages of which the
"rst (entrance) and last are very short and transient in nature, while the main penetration is
achieved through a long, quasi-steady-state process (see [1}6]). Recent advances in analytical
approaches focus on 2D modeling, taking into account the mushrooming of penetrator head
(see [7], for example). Two-dimensional simulations are also extremely useful in following the
penetration process in order to understand the relative importance of each of the physical
parameters involved (see [8}14], for example).
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Nomenclature

P penetration depth
L penetrator length
D penetrator diameter
o
P

penetrator density
o
5

target density
H hardness
Y yield strength
a hydrodynamic limit Jo

P
/o

5
R
5

target resistance to penetration
V
C

critical (minimum) velocity for penetration
V
0

impact velocity

In addition, several attempts have been made, over the past three decades, to account empirically
for the experimental penetration results through formulas of the sort:
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in which the normalized penetration depth (P/L) is expressed in terms of non-dimensional
parameters, made from rod and target properties (densities, hardness or strength), as well as the rod
aspect ratio (L/D). The most popular of these empirical approaches is due to Lanz and Odermatt
[15], which has been modi"ed by Rapacki et al. [16] to the form:
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where S is a target strength form which is expressed in terms of the Brinell hardness of the target.
A concise summary of the more successful empirical approaches is given in [17].

The purpose of the work presented here is to highlight some of the material similarities in the
penetration process, by using 2D numerical simulations. Since, as mentioned above, the process is
quite complex, one can only follow these similarities through numerical simulations, by varying
each parameter at a time. Empirical data cannot achieve this, since the materials used experi-
mentally for both rods and targets, di!er from each other by more than a single parameter.

2. Numerical simulations

The 2D simulations were performed with the PISCES 2DELK code described in [9,10], using 11
cells on the radius of the penetrator in order to ensure convergence of the results. The simulated
targets were large enough to ensure their semi-in"nite nature, by using #ow boundary conditions.
Impact velocities were varied in the 0}7km/s range, in order to cover the relevant range of interest
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in armor}anti-armor design. Penetrator densities were varied in the 4.5}19.3 g/cm3 range. Most
simulations were performed for aluminum targets (o

5
"2.73 g/cm3), with only a minor portion for

denser targets (7.1 g/cm3). The yield strengths of rods and targets ranged between 0 and 3Gpa, and
0.4 and 1.2GPa, respectively. These values cover most of the relevant range of materials strength
encountered in the "eld.

Since we were interested in a wide range of impact velocities, we used the simple von-Mises yield
criterion, which is most adequate for the hypervelocity impact range (V

0
'2 km/s). As was shown in

[11], the addition of more realistic yield surfaces, which include failure thresholds, temperature and
strain rate e!ects, in#uences only the low velocity region (around 1.5 km/s). Thus, whenever high
impact velocities are of interest, a von-Mises criterion is adequate, especially if one wishes to follow
the in#uence of the yield strength on the process. We did not include the issue of the superiority of
depleted uranium (DU) over tungsten alloy (WA) penetrators (see [18]). This issue is related to the
adiabatic shear failure mechanism of DU which `sharpensa the penetrator head rendering a more
e$cient penetration process. The issue was dealt with in [19], where we demonstrated how to
account for the data by using a proper failure criterion for the penetrator material. One should note
that this superiority of DU over WA manifests itself only in the 1}2 km/s range of impact velocities
(on steel targets). Moreover, the di!erence in penetration e$ciency between the two materials,
amounts to 10}15%, at most. In contrast, the work presented here is aimed at a wider range of
trends in the penetration characteristics of di!erent materials, which is derived from their more
basic physical properties, as outlined above.

3. Zero strength rods

3.1. The ewect of target strength

In order to simplify the investigation process, it is best to start with zero strength rods impacting
a "nite strength target. Our "rst three sets of simulations were for zero strength, L/D"10 steel rods
(o

P
"7.85 g/cm3), impacting aluminum target (o

5
"2.73) with three yield strengths (Y

5
"0.4, 0.8

and 1.2GPa).
Fig. 1a shows the results of these simulations in terms of the normalized penetration P/aL versus

impact velocity. The addition of a"Jo
P
/o

5
, to the more common parameter P/L, is a convenient

way to present the results, since the high-velocity end should tend to the hydrodynamic limit for all
pairs of rod and target. One should note the familiar shape of these penetration curves with the
linear, and very steep initial rise, followed by the asymptotic trend at the higher velocities, towards
the hydrodynamic limit of penetration. Fig. 1a shows the familiar e!ect of target strength on the
normalized penetration, and, in particular, the existence of a minimum (critical) impact velocity,
which is needed to penetrate the target, as was "rst suggested in [1], for 7075 aluminum targets.
This critical velocity (V

C
) is also an important feature of the 1D penetration model of Alekseevskii

[3] and Tate [4,5]. Its relation with target resistance to penetration R
5

is given in these works
[1,3}5] by

<
C
"S
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Fig. 1. (a) Normalized penetration versus impact velocity for di!erent target strengths (L/D"10 steel rods impacting
aluminum targets), (b) expansion of the low velocity range.

where R
5
is an increasing function of target strength, ranging empirically between 3Y

5
and 6Y

5
. For

example, the data in [1], for the critical velocities of the various rods (gold, tin, copper, aluminum
and magnesium), resulted in a value of R

5
"1.8$0.1GPa for the 7075 Al target (about 3.5 times its

yield strength). Thus, V
C

would be a natural candidate for the process of velocity normalization
(V/V

C
), particularly since some of the empirical attempts mentioned above [15}17] use expressions

of the sort o
P
V2/2S, which are equivalent to (V/V

C
)2.

In order to determine accurate V
C

values for the three targets in our simulations, we expanded
the low-velocity portion of Fig. 1a, as shown in Fig. 1b. Straight lines through the simulation
results resulted in following values: V

C
"0.55, 0.76 and 0.88 km/s, for the Y

5
"0.4, 0.8 and 1.2GPa

targets, respectively. Using these values for V
C
, we obtain the non-dimensional representation of

our simulation results (P/aL versus V/V
C
), as shown in Fig. 2. This normalization procedure is,

clearly, quite e!ective as far as the target strength is concerned. Moreover, using Eq. (3), we obtain
the following values for the target resistance to penetration R

5
"1.18, 2.26 and 3.03GPa for

Y
5
"0.4, 0.8 and 1.2GPa, respectively. These R

5
values result in the following values for the ratio

R
5
/Y

5
"2.95, 2.8 and 2.5, which indicate a decreasing trend in this ratio with increasing target

strength.
The "rst thing to note is that these values of R

5
/Y

5
(in the range of 2}3) are somewhat lower than

the values recommended by Tate [4,5], for the empirical resistance to penetration, R
5
"(5}6)Y

5
.

This apparent discrepancy could be explained by the fact that deep penetration results should be
described by a higher resistance to penetration, as compared with the threshold (free surface)
penetration resistance. Thus, it is anticipated that R

5
, as determined from the threshold penetration,

should be lower than R
5
values from deep penetration. A strong justi"cation for these consider-

ations can be obtained from the spherical cavity expansion analysis of Forrestal and his colleagues
[20,21]. Their analysis, taking into account the dynamic radial stresses (p

3
) at the penetrator}target

interface, reduces to the following expression at the limit of low penetration velocity:

p
3
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"

2
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Fig. 2. The non-dimensional representation of the numerical results in Fig. 1 for the three target strengths.

Fig. 3. (a). Data for WA, L/D"10, rods impacting steel targets (taken from [17]), (b) normalized representation of the
data.

where E is the target's Young modulus. This expression results in values of p
3
/>

5
"3.8}3.1 for the

targets in our simulations (Y
5
"0.4}1.2GPa), which are not very far from the values we obtained

above for this ratio.
In order to demonstrate the applicability of our scheme for normalization, consider the data of

Hohler and Stilp, for WA rods impacting steel targets, as quoted in [17]. Fig. 3a represents two sets
of these results (for target hardnesses of 180 and 388 Brinell). Extrapolating the linear portion of
these data to zero penetration depth results in the following values for V

C
"0.55, 0.75 km/s.

Normalizing the data in Fig. 3a through V/V
C

results in the non-dimensional representation shown
in Fig. 3b. One can clearly see the strength of this procedure, as both sets of data fall on a single
curve when the proposed normalization is applied. Using these values for V

C
in Eq. (3) we obtain
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Fig. 4. Di!erent rod densities impacting aluminum targets.

R
5
"2.6 and 4.8GPa, for the 180 and 388 Brinell hardnesses, respectively. Typical values of yield

strengths for steels, at such hardnesses, are 0.6 and 1.3GPa, respectively. Thus, the ratio R
5
/Y

5
has

values of 4.3}3.7 in this case. These values are higher than the values we "nd for aluminum targets,
but they are in excellent agreement with the cavity expansion model (Eq. (4)), since E"200GPa for
steel results in p

3
/Y"4.3 and 3.8 for these targets, respectively.

Concluding this section, we have shown that the critical impact velocity (V
C
), as de"ned by

Eq. (3), can serve as a normalizing parameter for the impact velocity (V/V
C
). The strength of the

target and the density of the rod determine V
C
. For "nite strength rods, we shall use the same V

C
, as

will be shown later on.

3.2. The ewect of rod/target density ratio

The next set of simulation was performed with two di!erent rod densities (o
P
"15 and

4.5 g/cm3). The L/D"10 rods, impacting 0.4GPa aluminum target, had zero strength, as before,
with all their physical properties (other then density) equal to those of steel. This way we ensure the
fact that only density is varied, as explained earlier. The results of these simulations, together with
those for the steel rods from Fig. 1, are shown in Fig. 4. It is quite interesting to note that the three
sets converge to a single curve at high velocities in this representation of P/aL versus impact
velocity. This interesting result has an important consequence, considering the fact that the three
curves are quite di!erent at the 0}3km/s range of impact velocities. The conclusion we draw from
this behavior is that it will be very di$cult, if not impossible, to normalize these results with
a simple scheme like the one proposed above. Using the above scheme for determining V

C
, we "nd

the following values of V
C
"0.4, 0.55 and 0.72 km/s for the rods with o

P
"15, 7.85 and 4.5 g/cm3,

respectively. These values result in (through Eq. (3)) a value of R
5
"1.18$0.02GPa for the 0.4GPa

target, in good agreement with Allen and Rogers [1] data for their 7075 Al, as far as the ratio R
3
/Y

5
is concerned (R

3
/Y

5
+3, in our case).

Since the density ratio does not seem to follow the simple normalization scheme suggested
above, we checked whether, at least, a constant density ratio will result in normalizable results. This
is a vital point, since, if the answer if positive, one can use experimental results of a given rod/target
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Fig. 5. (a) Normalized results for two sets of rod/target pairs having the same density ratio, (b) experimental data from
[6] for two rod/target pairs with equal density ratio.

pair to deduce the penetration data for another pair with the same o
P
/o

5
value. In order to check

the validity for these assumptions, we performed an extra set of simulations with gold rods
(o

P
"19.3 g/cm3), impacting an `e!ective steela target (o

5
"7.086 g/cm3), which has all the phys-

ical parameters of aluminum (except for its density, of course). The density ratio of this rod/target
pair is equal to that of steel rod on the aluminum target. Target strength was kept at 0.4GPa and
the simulation results yielded a value of V

C
"0.35 km/s, in this case. This V

C
value results in the

same R
5
value (1.18GPa) for this target, exactly as for the aluminum target, which con"rms the

dependence of R
5
on Y

5
alone (as in Eq. (4)). Fig. 5a shows the normalized results for these two cases

(the 7.086 g/cm3 target is designated by AS), and one can clearly see that in this case the simple
normalization does work. In order to compare our results with existing data, we show in Fig. 5b the
data of Perez [6] for two di!erent rod/target combinations having the same o

P
/o

5
ratio. Although

the data is represented in a di!erent representation (P/L versus impact velocity), it is clear that the
same conclusion holds for these two pairs. Thus, we conclude this section by asserting that our
simple normalization procedure is applicable in cases of equal density ratios (o

P
/o

5
). For example,

data for tungsten penetrators impacting steel targets (o
P
/o

5
"1.5}1.6), should be very similar to

data for steel rods impacting aluminum targets (o
P
/o

5
+1.7).

4. Finite strength rods

In order to investigate the in#uence of rod strength on the shape of the penetration curves we
performed two sets of simulations with gold and steel rods having strengths in the range of
0}2GPa. The target, in all of these simulations, was aluminum with a strength of 0.4GPa. The
results of these simulations are presented in Figs. 6a and b. There are several interesting features to
note in these "gures. First, one can observe the changes in the shapes of the penetration curves as
the rod strength increases. In particular, with increasing rod strength the curves become more
S-shaped compared with the relatively straight curves obtained for the zero-strength rods. This is
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Fig. 6. (a) Simulation results for "nite strength gold rods, impacting 0.4GPa aluminum targets, (b) simulation results for
"nite strength steel rods, impacting 0.4GPa aluminum targets.

a well-known phenomenon, resulting from the deceleration of the rear part of the rod by the action
of elastic waves which reverberate along its rigid part during penetration (see [11]). Although both
sets of simulations show a similar behavior, it is clear that it would be extremely di$cult to
normalize them with a simple scheme like the one presented above. For example, the high strength
(2.0GPa) gold rod results in a clear maximum in the penetration curve which is similar to the
maxima obtained in the 1D model of Alekseevskii [3] and Tate [4] for very strong rods impacting
relatively soft targets. The strong steel rod, on the other hand, does not show a maximum in the
penetration curve. Higher rod strength is needed to achieve such a maximum in the penetration of
steel rods to an aluminum target. Thus, it seems that a simple strength ratio for the rod and target
will not be enough to achieve the normalization of Eq. (1). The tendency of the di!erent curves, in
each set, to converge towards a common limit at the high-velocity end, is also a very interesting
phenomenon. It is suggested that the asymptotic limits be chosen according to the results of the
1.2GPa gold rod and the 2.0GPa steel rod. It seems that the complex interplay between rod
density and its strength results in a kind of equilibrium at these strength values for steel and gold,
leading to a relatively constant penetration depth at high impact velocities. These limits are weakly
density dependent, as one can see from Figs. 6a and b, with the higher density ratio (gold versus Al)
resulting in a somewhat lower limit. As we shall see later, these limits are L/D dependent, so the
results shown here are representing only the L/D"10 rods.

The main di$culty with "nite strength rods, as far as our normalization scheme is concerned, is
that the critical velocities, as de"ned above, diminish with increasing penetrator strength. Also,
with the addition of rod strength, it is more complicated to determine these velocities and the
results become non-physical when V

C
tend to zero (rigid body penetration). Thus, it may seem that

a di!erent normalization factor is needed for the case of "nite strength rods. In order to gain some
insight into this issue we performed an additional set of simulations with 2.0GPa gold rods and the
AS target (o

5
"7.086 g/cm3) with a strength of 0.4GPa. The results of these simulations, together

with those for the equivalent 2.0GPa steel rods on 0.4GPa aluminum targets, are shown in Fig. 7a.
The two sets of simulations have equal o

P
/o

5
values, as well as the same strengths for the rods and
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Fig. 7. (a) Simulation results for 2.0GPa rods impacting 0.4GPa targets, (b) normalized results.

Fig. 8. (a) Simulation results for the two sets of steel rods on aluminum targets with the same rod/target strength ratio, (b)
normalized results.

the targets. The "rst thing to note is the similar shape of the two sets of results which enhances our
claim that with equal density and strength ratios these results are normalizable. However, the
penetration curve for gold rods on AS targets is shifted leftwards, as compared with that for the
steel rods on aluminum target. In order to bring these two sets together we used the same
normalization scheme, dividing V by V

C
"J2R

5
/o

P
, as before. This time we do not assign the same

meaning to V
C

(critical velocity) but, rather, use it as a normalization parameter. Since both targets
have the same yield strength (0.4GPa) they have the same R

5
value (1.18GPa). Thus, the

normalization factors (V
C
) are, as before, 0.55 and 0.35 km/s for the steel and gold penetrators,

respectively. Fig. 7b shows the simulation results after this normalization with P/aL versus V/V
C
,

from which it is clearly evident that our simple normalization scheme is still e!ective.
In order to further investigate the validity of this scheme for higher strengths, we performed

another series of simulations with L/D"10 steel rods, with a strength of 1.6GPa, impacting
0.8GPa aluminum targets. The results of these simulations are shown in Fig. 8a together with the
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Fig. 9. (a) Simulation results for zero strength steel rods, impacting aluminum (0.4GPa) targets, (b) simulation results for
2.0GPa steel rods, impacting aluminum (0.4GPa) targets.

results for 0.8GPa steel rods impacting 0.4GPa aluminum targets (from Fig. 6b). These two
sets are related by a factor of 2 in their respective strength (targets and rods). The critical velocity
for the stronger target is 0.77 km/s, 1.4 times the critical velocity of the softer target. Fig. 8b shows
the normalized results of these two sets which fall on a single curve suggesting that, as far as
rod/target strengths are concerned, the signi"cant parameter is their strength ratio rather than
their di!erence.

5. The e4ect of L/D

The aspect ratio of the rod (L/D) plays a major role in determining its ballistic e$ciency, as was
"rst demonstrated in [22] and later analyzed in [9,11,12]. It turns out that with longer rods the
speci"c penetration (P/L), at a given velocity, decreases asymptotically. Thus, even for very high
L/D values (20}30) one can "nd appreciable di!erences for P/L at ordnance velocities (around
1.5 km/s). In order to fully appreciate the in#uence of L/D, with the purpose of presenting the results
in a non-dimensional form, several sets of simulations with di!erent L/D values were performed.
The additional simulations were performed for L/D"3}30 steel rods impacting aluminum targets.
The simulations were performed for both zero strength and 2.0GPa steel rods on 0.4GPa
aluminum targets, since for this combination a relatively #at penetration curve is obtained at high
velocities . The results of these simulations are shown in Figs. 9a and b where one can clearly see the
asymptotic convergence of the normalized penetration with increasing L/D ratios. The tendency of
the results to converge is in good agreement with the data of Hohler and Stilp [22] who used
L/D"10, 20 and 30 rods (tungsten alloy) on steel targets, and with the simulations in [11] for the
same materials. The di!erence between our results for L/D"20 and 10 rods is smaller than the
di!erence between L/D"10 and 5 rods. This result contrasts the assumption of several workers
(see [12]) who use a logarithmic function of the sort

P/¸"f (<)#K ln(¸/D) (5)

370 Z. Rosenberg, E. Dekel / International Journal of Impact Engineering 25 (2001) 361}372



Fig. 10. Penetration and erosion histories for two impact velocities of L/D"10 steel rods in aluminum targets.

to represent the L/D dependence of P/L. This functional dependence results in the same di!erence
between P/L for L/D"5 and L/D"10 as that between L/D"10 and L/D"20, in contrast with
the simulation results shown in Fig. 10b. Moreover, these simulations show that the normalized
penetrations of L/D"20 and 30 are very close, as in [11]. Thus, one can state that a rod can be
considered long if its aspect ratio is larger than about 25.

Since L/D"3 belongs to the group of short penetrators, we do see a continuous shift in the
shape of the penetration curve from short to long rods. In particular, we see the decreasing trend of
ballistic e$ciency with increasing aspect ratio (L/D). The main cause for the higher normalized
penetration of the shorter rods is the contribution from the secondary penetration phase (see [2]).
This is the transient phase at the end of the rod erosion process in which the target material
continues to expand because of the momentum imparted by the projectile. The amount of this extra
penetration is strongly dependent on target strength and impact velocity. For short penetrators,
this extra penetration is substantial, adding a large contribution to P/L. In order to demonstrate
the e!ect of this secondary penetration, we present the penetration and rod length histories for
L/D"10 steel rods (Y

P
"0) impacting an aluminum target at two velocities 2.5 and 5km/s (see

Fig. 10). It is quite clear that with the 2.5 km/s impact, both penetration and rod erosion processes
come to an end almost simultaneously, at about t"110ls. This is not the case for the high-velocity
shot where rod erosion is over by t+50ls, while the penetration process goes on until t+80ls.

6. Conclusions

2D numerical simulations were performed in order to investigate material similarities in the
process of long-rod penetration. In particular, the possibility of reducing the depth of penetration
versus impact velocity curves to non-dimensional forms, was explored. It was shown that for the
simple case of zero-strength penetrators, with a constant penetrator/target density ratio, it is
possible to obtain a normalized curve for P/aL versus V/V

C
, where a"Jo

P
/o

5
and V

C
is the critical
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velocity for penetration. Once the penetrator strength is added, the picture is much more complic-
ated, with di!erent shapes for the penetration curves. Still, for simple cases, with constant density or
strength ratios, one can use V

C
as a normalizing parameter to obtain a non-dimensional repres-

entation of the results, at least for the ideal material explored here. For the more general cases, the
strength of the penetrator and its density play a complex role in determining the shape of the
penetration curves, excluding the possibility of a simple normalization process. It was also found
that the asymptotic limit of penetration does not depend on penetrator and target strength, but
rather on their density ratios, as expected. However, contrary to the accepted knowledge, this limit
can exceed the classical square root of the density ratio by a signi"cant amount, which is strongly
dependent on the penetrator's aspect ratio. As was demonstrated here, the values of these limits
converge to the theoretical value of Jo

P
/o

5
, with increasing L/D ratios reaching it at L/d+25. As

a "nal remark we would like to mention, again, that all the work presented here was for the
idealized case in which yielding follows a simple von-Mises criterion. The real cases of fracture,
adiabatic shear and thermal softening, were not considered here. The aim of this study was to
understand the complex relations among material properties which govern deep penetration
processes. Still, our conclusions should be helpful for both experimentalists who try to minimize the
number of experiments they have to perform, and to theoreticians who search for empirical
formulas and/or analytical models to account for the data.
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