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Abstract

An experimental and numerical study of the two-dimensional response of crushable foam to low velocity
impact is undertaken. Rigid polyurethane foam blocks are subjected to normal impact by gravity-driven
impactors of di!erent geometries, at velocities ranging from 2 to 4 m/s. The impactors comprise a rectangular
block, a wedge-tipped block and a cylinder. Quantities measured during impact are the impactor deceler-
ation, velocity and displacement, and the energy dissipated. The e!ects of impact velocity and geometry on
the deformation and energy absorbed are studied. A two-dimensional numerical model is proposed to
simulate the gross deformation induced in the impact process. It employs a lumped mass approach and is
formulated in terms of "nite deformation. Appropriate equations of motion, stress}strain relations, failure
criteria and failure patterns are developed. Results generated by this model exhibit good correlation with
experiments, thus substantiating its validity. The proposed model demonstrates advantages over traditional
"nite element approaches, in that it accommodates severe deformation and extensive structural failure
without the problems of excessive mesh distortion and untenable time step reduction which accompany "nite
element simulations. ( 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

Cellular materials are made up of interconnected networks of solid struts or walls interspersed
by voids. They are commonly used in shock absorption applications such as packaging and
cushioning because of their e!ectiveness in absorbing impact energy and mitigating collision
damage while limiting force levels. In these applications, cellular materials are usually subjected to
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Nomenclature

A(i, j) connection between node (i, j) and (i#1, j)
B(i, j) connection between node (i, j) and (i, j#1)
C Rayleigh damping factor
d impactor displacement
E Cauchy}Green strain tensor
*E(t) energy dissipated at time t
F deformation gradient tensor
I unit matrix
I number of horizontal elements (mass points)
J number of vertical elements (mass points)
K Young's modulus
m mass of node
M mass of impactor
n unit normal to a face
p pressure
R radius of cylinder
S, s initial, deformed face of an element
t time
T force on a face
u node position
*t integration time step
*<(t) volume crushed at time t
= width of impactor
*X width of element
*> height of element
Z thickness of specimen
a, b arti"cial damping coe$cients
c shear strain
ee engineering strain
e
d

strain at the onset of densi"cation
e
l

maximum compressive strain
e
t

tensile breaking strain
e
y

compressive yield strain
j stretch
l ratio of transverse to longitudinal deformation
o density of polyurethane foam
q shear stress
p Cauchy stress tensor
pe engineering stress
& the second Piola}Kircho! stress
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Table 1
Physical and mechanical properties of polyurethane foam

Properties of polyurethane foam

Density (kg/m3) 25.6
Elastic modulus (MPa) 2.78
Shear modulus (MPa) 0.84
Plateau stress (MPa) 0.12
Compressive yield strain 5%
Strain at onset of densi"cation 80%
Maximum tensile strain 5%
Maximum shear strain 10%

low-velocity impacts associated with drops and low-speed bumps. Impacts occur in arbitrary
directions and the geometry of the colliding object can be complex, thus giving rise to a multi-
dimensional load situation. To analyse such cases, an understanding of the response of a material
to uniaxial loading is insu$cient; there is a need to examine behaviour under multi-axial loads.

The present study focuses on the two-dimensional impact response of crushable polyurethane
foam, particularly with regard to the deformation induced and the energy dissipation character-
istics. Rigid steel impactors of three geometries* rectangular, cylindrical and wedge-tipped* are
dropped from various heights onto foam blocks. The resulting deformation and damage pro"les
are noted and the dynamic response of the impactor, in terms of velocity, acceleration, displace-
ment and kinetic energy lost, are analysed. In conjunction with the experiments, a two-dimensional
lumped mass numerical model [1] is proposed to describe the impact response. The model is
formulated in terms of "nite deformation and accommodates severe deformation and extensive
structural failure, which are usually experienced by crushable foam. Numerical results obtained
from this model are then compared with experimental results.

2. Polyurethane foam under investigation

The polymeric foam used in this study is fabricated by blending together two constituents
* Daltofoam and Suprasec * in the presence of a blowing agent. This produces a rigid
polyurethane foam with a density of 25.6 kg/m3. Microscopic examination of the resulting internal
structure reveals that it comprises both open and closed cells, the latter accounting for the major
portion. The average cell size is about 0.6 mm. Static mechanical properties of the foam are
determined via uniaxial compression, uniaxial tension and simple shear tests (Table 1). Uniaxial
compression of foam specimens engenders three phases of response * initial linear elasticity,
a protracted plastic collapse plateau and "nal densi"cation (Fig. 1). Such behaviour is common to
cellular materials [2,3]. A prominent feature is that there is a drop in stress at the commencement
of the plateau phase. Compression, followed by unloading and then by tensile loading (Fig. 1),
shows that the compressive stress decreases sharply during unloading before the specimen sustains
a tensile load. A small applied tension is su$cient to cause it to recover most of its original volume
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Fig. 1. Stress}strain response for uniaxial tension, and
compression with unloading.

Fig. 2. Stress}strain relationship for simple shear.

before the specimen breaks. This demonstrates that once crushed, the material is incapable of
sustaining any signi"cant tensile load. The stress}strain relationship for simple shear is essentially
linear (Fig. 2).

3. Impact deformation of foam blocks

3.1. Experimental arrangement

Foam specimens are subjected to impact deformation using the drop-tower arrangement shown
in Fig. 3. The impactor is attached to a slider block connected to a lifting carriage which raises the
assembly to the desired height. At the required height, the impactor and sliding block are
uncoupled and fall under gravity between two vertical guides. The impact velocity is measured by
a pair of diode lasers sited along the path of the impactor, just above the specimen. Sequential
interruption of the laser beams by the falling impactor triggers the starting and stopping of
a counter-timer. The impact velocity is determined from the elapsed time and the spacing between
the laser beams. Deceleration of the impactor is obtained via a piezoelectric accelerometer rigidly
mounted onto the top of the slider block. The accelerometer output is fed to a charge ampli"er and
captured by a digital storage oscilloscope. The digitised data is then transferred via #oppy disc to
a personal computer for post-processing, to yield impactor velocity, displacement and energy as
functions of time. A square grid is also marked onto the front face of specimens, to facilitate
visualisation of resultant deformation patterns and to aid calculation of the volume of material
crushed.

Three impactors are used* a rectangular block, a cylinder and a wedge-tipped block (Fig. 4).
The rectangular block has a width of 5 cm and a height of 10 cm; the cylinder has a radius of 5 cm
and makes circumferential contact with the specimens. The wedge-tipped impactor has a 903wedge
angle and a 5 cm wide shank. All three impactors have a common mass of 6 kg. The foam block
specimens used are rectangular and measure 200 mm in width, 100 mm in height and are 57 mm
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Fig. 3. Experimental arrangement for drop tests.

thick. The impactors have the same thickness as the specimens, thus ensuring essentially two-
dimensional loading when they strike at velocities ranging from 2 to 4 m/s. To facilitate the ensuing
discussion, impact by the rectangular block, the cylinder and the wedge-tipped impactor are
denoted respectively by RB-impact, C-impact and WT-impact. The following de"nitions are also
employed:

Impact duration* time from the commencement of contact to the instant the impactor velocity
reduces to zero.
Deceleration plateau * average deceleration during the plateau phase of the impactor deceler-
ation response.

3.2. Impact by a rectangular block (RB-impact)

Foam specimens were subjected to impact by the rectangular block at three impact velocities
* 2.46, 3.03 and 3.60 m/s. The impactor deceleration, velocity and displacement histories are
shown in Fig. 5. Common to all the deceleration responses is an initial peak followed by
a protracted plateau phase where the deceleration #uctuates about a mean value, and a "nal
gradual decline at the end of impact. Table 2 shows the values of several characteristic parameters.

The initial deceleration peak arises from inertial resistance of the specimen and is a feature
peculiar to impact loading. This resistance is greatest at the commencement of impact, when the
material beneath the impactor is impulsively accelerated to a common velocity with the impactor.
As expected, the initial deceleration peak increases with impact velocity, but the time taken to reach
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Fig. 4. Impactor geometries: (a) rectangular block, (b) cylinder and (c) wedge-tipped block.

Fig. 5. Response to impact by a #at-ended impactor: (a) deceleration history, (b) impactor velocity and (c) impactor
displacement.

it decreases; it is also the highest deceleration experienced* 20% to 30% higher than the plateau
level. The increase in the peak deceleration with impact velocity shows that the loading rate has an
e!ect on the dynamic response of polyurethane foam. This result concurs with the earlier "ndings
of Gibson and Ashby [2] and of Shim et al. [4}6].

The protracted plateau phase which follows the initial peak essentially dominates the impact
response. During this phase, the deceleration #uctuates about a mean value of about 70 m/s2 and
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Table 2
Values of characteristic parameters (rectangular impactor)

Impact velocity (m/s) 2.46 3.03 3.60

Initial deceleration peak (m/s2) 90 97 102
Occurrence of initial peak (ms) 2.9 2.0 1.8
Deceleration plateau (m/s2) 72 74 75
Impact duration (ms) 37 42 48
Maximum impactor displacement (cm) 4.6 6.5 8.6

increases slightly with impact velocity. The fact that an increase in impact velocity generates only
a small increase in the deceleration plateau suggests that sensitivity of the material compliance to
strain rate is not signi"cant beyond the initial phase, for the small velocity range (2}4 m/s) in the
present study. Deformation in the specimen corresponds to compression of foam material beneath
the #at-ended impactor front and shearing of material along its two vertical sides. These generate
resistance to motion, with the former constituting the dominant component. Friction on the lateral
vertical faces is negligible, as there is almost no sideways-acting normal force. Static compression
tests have shown that the material under investigation exhibits an essentially constant stress after
yielding. Since the frontal contact area does not change during impact, the resistance generated
against a #at-nosed impactor is also essentially invariant. This accounts for the deceleration
plateau during crushing. Assuming a uniform stress distribution across the frontal face of the
impactor, its magnitude can be estimated from the deceleration plateau:

p
p
"

Ma
p

A
"

6]70
0.05]0.057

"0.147 MPa (1)

where p
p

denotes the stress at the impactor front, a
p

the average deceleration in the plateau phase
and A the cross-sectional area of the impactor. It is noted that this approach to estimation of the
stress yields a higher value than that obtained from static compression (0.12 MPa). The di!erence is
attributed to a combination of strain-rate e!ects and neglect of the contribution of shearing at the
sides.

The nearly constant deceleration in the plateau phase gives rise to a linear decrease in impactor
velocity during this phase (Fig. 5b). Its slope is nearly identical for all three impact velocities,
because this is de"ned by the value of the deceleration plateau. Impact duration and maximum
impactor displacement increase with impact velocity. The impactor attains zero velocity and
maximum displacement when the deceleration plateau ends. After this, the impactor reverses its
velocity and start to rebound, unloading the material and causing the "nal decrease in the
deceleration response. Rebound of the impactor is not signi"cant, but shows that there is some
degree of elastic recovery associated with the crushed material. This is also evident from the
displacement history (Fig. 5c), which exhibits a small reduction in displacement corresponding to
the "nal decrease in deceleration (Fig. 5a).

The "nal deformation induced in specimens impacted at three velocities is shown in Fig. 6.
A common feature is that gross deformation is localised within a single zone beneath the impactor
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Fig. 6. Final deformation (rectangular block): (a) v
0
"2.46 m/s, (b) v

0
"3.03 m/s and (c) v

0
"3.60 m/s.

face. This region of severe crushing is rectangular and has a distinct boundary with the undeformed
material surrounding it. The ratio of the height of the crushed material to the impactor displace-
ment is about one third and this value decreases with impact velocity, indicating that a higher
impact velocity induces more severe deformation. At the lower boundary of the zone of crushing,
there is an abrupt change in the state of the material from being densi"ed to being elastic,
a characteristic discontinuity front also noted in other studies [e.g. 7,8]. It is observed that the
material beneath the impactor is pushed out of plane, showing that deformation is not strictly two
dimensional. For impact velocities of 3.03 and 3.60 m/s, foam fragments are ejected as gas
contained within cells is compressed and expelled at an explosive rate.

3.3. Impact by the cylinder (C-impact)

The impact velocities attained by the cylindrical impactor, 2.32, 2.94 and 3.32 m/s, di!ered
slightly from those of the rectangular block. Fig. 7 shows impactor deceleration as a function of
time. As with RB-impact response, the deceleration-time relationship also demonstrates three
phases* an initial increase to a magnitude of about 60 m/s2, followed by mild #uctuations about
this level and a "nal decline. Table 3 presents the values of several characteristic parameters.

During impact, the contact area increases from a line to a maximum value corresponding to half
the circumference of the impactor. This contrasts with the constant contact area in the case of
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Fig. 7. Deceleration of cylindrical impactor. Fig. 8. Pressure between foam block and impactor.

Table 3
Values of characteristic parameters (cylindrical impactor)

Impact velocity (m/s) 2.32 2.94 3.32

Plateau deceleration (m/s2) 60 64 65
Impact duration (ms) 40 47 53
Maximum impactor displacement (cm) 4.8 7.0 9.0

RB-impact. Accordingly, the amount of material coming into contact with the impactor increases
with the depth of indentation, unlike that in RB-impact, where the contact area assumes a "nite
value immediately upon impact. The graded increase in contact area precludes the occurrence of
a sudden initial encounter with inertial resistance, as observed in RB-impacts. This constitutes
a major di!erence between the two types of impact. In concurrence with RB-impacts, there is also
a slight increase in the deceleration plateau with impact velocity, con"rming that strain rate e!ects
are not signi"cant in this range of impact velocities. The dependence of impact duration and
maximum indentation on impact velocity follows that of RB-impacts.

The deceleration plateau level of about 60 m/s2, is smaller than that in RB-impacts and
resistance to deformation arises essentially from compression of material and some friction. This
resistance is smaller because the curved surface of the impactor does not generate shearing of
material. A curved geometry also means that for any given instantaneous impactor velocity,
crushing of material (normal to the impactor surface) occurs at a smaller rate compared to
deformation by a #at-ended impactor. Material in contact with the impactor is compressed into the
plateau phase of its stress}strain response. By assuming a uniform pressure on the contact surface,
an estimate of the resultant upward resistance f (neglecting friction) is given by (Fig. 8):

f"!P
s

p ds (2)
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Fig. 9. Final deformation (cylindrical impactor): (a) v
0
"2.32 m/s, (b) v

0
"2.94 m/s, (c) v

0
"3.32 m/s, and (d) cavity after

removal of impactor (v
0
"2.94 m/s).

where p denotes the interfacial pressure and s the area of contact. By noting that the deceleration
plateau is achieved when approximately half the cylinder has indented the specimen,

p"!

f
:
s
ds

"

Ma
p

A
"

6]60
0.05]0.057

"0.126 MPa (3)

where the area A is de"ned by the impactor diameter and thickness. It is found that this yields
a pressure of 126 kPa, which is quite close to the static plateau stress of 120 kPa, indicating that the
resisting force can be estimated by assuming that the contact pressure is equal to the plateau stress.
This estimate can be made more accurate if the small enhancement in the plateau stress arising
from strain rate e!ects is accounted for.

Visual examination of specimens (Fig. 9) reveals that gross deformation is concentrated within
a thin layer surrounding the path of the impactor. Most of the deformation occurs beneath the
impactor, while the amount of lateral deformation is small. The majority of specimens were split
into two halves by a vertical crack which extends downwards from the tip of the impactor. A closer
examination (e.g. Fig. 9d) shows a large single fragment of severely crushed material at the bottom
of the indentation cavity. Also, the lateral faces exhibit a coarse appearance, arising from compac-
tion of crushed material which has assumed a powdery texture. Moreover, small tensile cracks
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Fig. 10. Distribution of normal and tangential velo-
city components (cylindrical impactor).

Fig. 11. Deceleration of wedge-tipped impactor.

occur near the top surface. These observations contrast with that of a single deformation zone
beneath the impactor in RB-impacts.

A qualitative analysis of the impact process elucidates the deformation observed. Resolution of
the velocity at points along the impactor surface into normal and tangential components is shown
in Fig. 10. The normal component is largest at the lowest point and decreases with angular
disposition from the vertical, reducing to zero at the horizontal diameter of the cylinder. Variation
of the tangential component is the reverse of this. Compression of material is mainly accounted by
the normal component, while friction accompanies the tangential component. Consequently, the
severity of compression in the material varies around the cylindrical surface* from a maximum at
the bottom to a minimum at the horizontal diameter. This explains the distribution of deformation
observed in specimens. The coarse appearance of the cavity sides arises mainly from friction and
the rubbing of crushed material which follows the impactor as it moves downwards. A combination
of radial compression and friction produces shearing, which is evident from the distorted grid.

3.4. Impact by the wedge-tipped impactor (WT-impact)

Foam specimens were struck by the wedge-tipped impactor at three impact velocities * 2.10,
2.86 and 3.60 m/s. Fig. 11 shows the impactor deceleration history. As with RB-impacts and
C-impacts, there are three phases in the deceleration response.

In the initial phase, the deceleration increases linearly, a contrast with the nonlinear response in
C-impacts. The reason is evident* a wedge-tipped impactor possesses a linearly increasing width,
thus producing an accompanying linear increase in contact area as it penetrates the target.
Consequently, the resisting force varies in like manner. The increase in projected contact area
terminates when the wedge-tip becomes completely embedded in the target and this corresponds to
an impactor displacement of 2.5 cm. Consequently, the deceleration concludes its rise and attains
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Fig. 12. Final deformation (wedge-tipped impactor): (a) v
0
"2.10 m/s, (b) v

0
"2.86 m/s, (c) v

0
"3.60 m/s, and (d) cavity

after removal of impactor (v
0
"2.86 m/s).

a plateau level (Fig. 11). As with C-impacts, there is no initial peak in the deceleration because the
increase in resistance is gradual. An increase in impact velocity yields a slight increase in the
deceleration plateau.

The deceleration plateau which has a value of about 60 m/s2, is smaller than that in RB-impacts
but approximately the same as that in C-impacts. Indentation of the target occurs more easily with
a wedge-tipped impactor than a #at-ended one and resistance to deformation in the former arises
mainly from compression of the material in contact with the two inclined faces. The pressure on the
contact area can be estimated in the same way as that for C-impacts and this yields a similar value
of about 126 kPa. One notable observation is that for an impact velocity of 2.10 m/s, the
deceleration in the plateau phase remains essentially constant, but for impact velocities of 2.86 and
3.60 m/s, it decreases slightly towards the end of this phase. This arises from the occurrence of
splitting in the specimen (Fig. 12), which reduces the area of contact.

Impacted specimens (Fig. 12) exhibit a resultant cavity with a wedge-like pro"le and a crack
which runs from the wedge tip. The distorted grid shows that gross deformation is a combination of
compression and shearing, occurring within a zone surrounding the sides of the cavity. There is
hardly any plastic deformation in front of the wedge tip, a stark contrast with RB-impacts and
C-impacts, where the most severe crushing occurs beneath the impactor. A closer examination of
the cavity (Fig. 12d) reveals that the surfaces in contact with the wedge tip appear smooth, while the
sides are relatively coarse. Small tensile cracks are found on the top of the specimen, near the cavity.
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Table 4
Values of characteristic parameters (wedge-tipped impactor)

Impact velocity (m/s) 2.10 2.86 3.60

Plateau deceleration (m/s2) 61 66 68
Impact duration (ms) 40 49 59
Maximum impactor displacement (cm) 4.6 7.5 11

The observed deformation pro"le is a result of the following process. Upon impact, deformation
initiates at the wedge tip. Penetration of the impactor causes separation of the material beneath the
tip into two portions, giving rise to a `Va-shaped indentation. As penetration proceeds, material in
the vicinity of the inclined faces of the impactor undergoes compression at a rate de"ned by the
component of the impactor velocity normal to its two faces. Compression of material at any given
location in these two zones increases until it slides past the connection between the wedge and
shank of the impactor. Consequently, deformation within these inclined zones demonstrates
a linear variation in thickness* from zero at the wedge tip to a maximum at the widest portion.
The thickness of deformed material adjacent to the shank of the impactor remains essentially
constant. Material surrounding the impactor also undergoes shearing, because of friction at the
area of contact. This shows up via distortion of the grid scribed onto the specimen.

When a vertical crack is initiated below the wedge tip, the material directly in front of it is pushed
apart by the two inclined faces. Resistance to motion is dictated by the area of contact between the
foam block and these faces; widening of the crack opening at the wedge tip means that there is less
and less material in contact with the impactor around that location. Hence, the resistance decreases
and this is manifested by the gradual decrease in the deceleration curves (Fig. 11). There is a distinct
edge where the wedge connects to the shank of the impactor and movement of material past this
generates a roughness to the contacting surface, resulting in the loss of smoothness observed in the
surfaces along the impactor shank.

Table 4 presents the values of characteristic parameters and these show trends similar to those
observed in impacts by rectangular and cylindrical impactors.

3.5. Energy absorption characteristics

In general, crushable polyurethane foam dissipates impact energy via plastic deformation,
breakage of cell walls and viscous damping. However, the primary mechanism is gross crushing
and the amount of energy dissipated by fracture and internal damping is small. From the
stress}strain curve for uniaxial loading (Fig. 1), the energy per unit volume absorbed by tensile
failure, i.e. the area under the tensile portion, is 0.5p

t
e
t
"3.47]103 J/m3, while the energy

absorbed through crushing can attain a value of 9.6]104 J/m3* 27 times larger. This implies that
estimation of the energy absorption capacity can essentially be done by considering compressive
deformation alone. Hence, the relationship between the volume crushed and the energy absorbed
warrants examination.

For a rectangular impactor, the volume crushed at time t is:

*<(t)"d=Z (4)
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Fig. 13. Relationship between volume of material crushed and energy absorbed: (a) rectanglular block, (b) cylinder and
(c) wedge-tipped impactor.

For the cylinder:

*<(t)"G
[cos~1(1!d/R)R2!(R!d)J2Rd!d2]Z, d)R,

nR2Z/2#(d!R)2RZ, d'R.
(5)

For the wedge-tipped impactor:

*<(t)"G
d2Z, d)=/2,

d=Z!=2Z/4, d'=/2,
(6)

where *<(t) is the volume crushed at time t, d the impactor displacement,= the width of impactor;
Z the thickness of specimen and R the radius of cylinder.

The loss in kinetic energy, evaluated from experimental data, is

*E(t)"1
2
[Mv2

0
!Mv(t)2]. (7)

The curves depicting energy absorbed with respect to the volume of material crushed (Fig. 13)
appear to be linear, regardless of the impactor geometry. The slopes of the lines are presented in
Table 5 and the values vary within a small range* 1.3}1.6]105 J/m3 or 10% from the mean value
of 1.45 J/m3, although the magnitudes for impact by a rectangular block are marginally higher. The
signi"cance of this observation is that an estimate of the volume of material crushed by impact can
be made a priori. The slightly larger values for impact by a rectangular block shows that there is

716 V.P.W. Shim et al. / International Journal of Impact Engineering 24 (2000) 703}731



Table 5
Ratio of energy absorbed to volume of crushed material

Impactor type Rectangular block Cylinder Wedge tipped

Velocity (m/s) 2.46 3.03 3.60 2.32 2.94 3.32 2.10 2.86 3.60
Energy/Vol(]105 J/m3) 1.50 1.56 1.60 1.32 1.43 1.46 1.34 1.36 1.40

a small degree of dependence of energy absorbed on impactor geometry. It is also observed that for
a given impactor, the increase in energy absorbed with volume of material crushed, generally
increases slightly with impact velocity, signifying a strain-rate e!ect. There is a small degree of
reversal at the end of the curves in Fig. 13; this corresponds to unloading, when part of the elastic
energy in a specimen is returned to the impactor which rebounds.

4. Two-dimensional numerical model

A two-dimensional numerical model is formulated to describe the experimental responses
observed. The proposed approach utilises a lumped mass method [9], whereby a block of material
is discretised by node points representing individual volumes of material. Interactions between
a node and its neighbours are accounted for by de"ning `connectionsa that represent its interfaces
which transmit stresses. Equations of motion for each mass point are then established and solved
using a "nite di!erence algorithm. Strains at a node are calculated from the coordinates of the
surrounding nodes; these also determine the stresses on the interfaces. Failure criteria and possible
combinations of `connectiona breakage are incorporated to model the occurrence of damage.

4.1. Discretised representation of material

A block of cellular material is modelled as a lattice of mass points (Fig. 14), each representing
a volume of material (de"ned by the dashed lines) measuring *X by *>. There are I]J points and
their spatial distribution corresponds to the density of an actual block of foam. A generic point
interacts with its four neighbouring nodes via common interfaces which transmit normal and shear
stresses. In the present model, this mutual in#uence can be viewed as constituting a `connectiona
between nodes. Each nodal mass has four connections except for those on the boundary. The
reaction of a mass point to loading is the averaged response of the material volume it represents.
This discrete mass strategy reduces the complexity of analysis compared with traditional "nite
element methods.

4.2. Equations of motion

For a continuum in the absence of body forces, the motion of any point in its current
con"guration is described by

ouK"+ ) p (8)
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Fig. 14. Two-dimensional spatial discretisation of
material.

Fig. 15. Element of material (a) before and (b) after deforma-
tion.

where o is the density, u the position of the point and p the Cauchy stress tensor. Fig. 15 depicts an
element of material (i, j) with an original volume d<, which deforms to a volume dv. The faces
S
1
, S

2
, S

3
and S

4
of the original element become s

1
, s

2
, s

3
and s

4
, respectively. Integrating the

equation of motion over the volume and invoking Gauss' theorem results in

P ouK dv"P (+ )p) dv"P (n ) p) ds"
4
+
k/1
P
sk

(n(k) ) p(k)) ds (9)

where n is the unit outward normal vector and the superscript refers to the associated face. It is
assumed that the density within each element and the stress on each face are uniform, thus allowing
Eq. (9) to become

muK"
4
+
k/1

(n(k) ) p(k))s
k

(10)

where m is the mass of the element. In component form, the equations of motion are

mxK"
4
+
k/1

¹(k)
x
"

4
+
k/1

(p(k)
11

n(k)
x
#p(k)

21
n(k)
y

)s
k
, (11a)

myK"
4
+
k/1

¹(k)
y
"

4
+
k/1

(p(k)
12

n(k)
x
#p(k)

22
n(k)
y

)s
k
, (11b)

where the force components ¹(k)
x

and ¹(k)
y

are illustrated in Fig. 16.

4.3. Strain under large deformation

To accommodate the large deformation usually experienced by cellular materials, the analysis
needs to be cast in terms of "nite deformation and the two-dimensional form of the right
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Fig. 16. Schematic representation of forces on node (i, j).

Cauchy}Green strain tensor is employed:

E"

1
2

(FT )F!I)"
1
2 A

F2
11

#F2
21

!1 F
11

F
12

#F
21

F
22

F
11

F
12

#F
21

F
22

F2
12

#F2
22

!1 B (12)

where F is the deformation gradient tensor. The components of F are calculated from the positions
of neighbouring nodes. For example, with reference to Figs. 15 and 16, F for face s

1
is approxi-

mated by:

F(1)
11

"

x(i, j)!x(i!1, j)
*X

, (13a)

F(1)
12

"

x(i, j#1)!x(i, j!1)#x(i!1, j#1)!x(i!1, j!1)
4*>

, (13b)

F(1)
21

"

y(i, j)!y(i!1, j)
*X

, (13c)

F(1)
22

"

y(i, j#1)!y(i, j!1)#y(i!1, j#1)!y(i!1, j!1)
4*>

. (13d)

This is accurate as long as the element volumes are su$ciently small. During deformation, the
undeformed area dA"dX]dY is related to its value in the deformed state by:

da"dx]dy"(F ) dX)](F )dY)"det(F)(F~1)T )dA (14)

where det(F) is the determinant of F.
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Fig. 17. Uniaxial compression.

4.4. Simplixed stress}strain relationship

To ensure that the strain and stress measures are work conjugate, the Cauchy}Green strain
tensor E is employed in conjunction with the second Piola}Kircho! stress tensor R [10]. The
relationship between E and R is derived from mechanical tests on crushable foam specimens, via
uniaxial loading and simple shear. Such experiments yield the relationships between engineering
stress and engineering strain, which are then converted to the quantities E and &.

For uniaxial loading (Fig. 17), the engineering stress pe and engineering strain ee are described by

pe"P/A
0

(15a)

ee"l/l
0
!1"j!1 (15b)

where P is the load, A
0

the initial area and j the stretch in the loading direction. In the transverse
direction, the stretch is 1!lee, where l is the ratio of transverse to longitudinal deformation. For
many cellular materials, the dimension in the transverse direction remains essentially constant
under uniaxial loading; i.e. l is approximately zero. Hence,

F"A
j 0

0 1B. (16)

Substitution of (16) into (12) yields the Cauchy}Green strain tensor:

E"A
(j2!1)/2 0

0 0B. (17)

The accompanying Cauchy stress tensor for unaxial loading is

p"A
p
11

0

0 0B"A
pe 0

0 0B (18)

from which the relationship between p and & can be established using [10]:

+"det(F)F~1 ) p ) (F~1)T. (19)
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Hence, the Second Piola}Kircho! stress tensor in terms of engineering stress, for uniaxial loading is

+"A
pe/j 0

0 0B. (20)

Similarly, the Cauchy}Green strain tensor for uniaxial loading can be expressed in terms of
engineering strain using Eqs. (17) and (15b):

E
11

"ee#(ee)2/2. (21)

Simple shear experiments (Fig. 18) provide the relationship between engineering shear stress
q and engineering shear strain y. The current position of a particle located initially at (X, >) is given
by x"X#c> and y">. Consequently, the associated deformation gradient tensor is

F"A
1 c

0 1B (22)

from which E is calculated:

E"

1
2 A

0 c

c c2B. (23)

The preceding expression shows that under shear, the components of E, i.e. E
12

and E
21

, are half
the engineering shear strain c. Leigh [11] demonstrated that under simple shear, the Cauchy stress
tensor can be written as

p"A
acq q

q bcqB,
where a and b are functions of c. For the foam material in the present investigation, c(0.15 and cq
is therefore small compared to q. Hence,

p+A
0 q

q 0B. (24)

Consequently, the second Piola}Kircho! stress is

+"A
!2cq q

q 0B. (25)

Since &
12

and &
21

are actually the engineering shear stress q, the relationship between &
12

and
E
12

can be obtained from shear tests and the use of Eqs. (23) and (25).
An inherent limitation in the present analysis is that the normal and shear components are

derived separately and therefore possible interaction between them is not accounted for. This may
not be consistent with actual situations where coupling between the two may occur. In this study,
the manner and extent to which the normal and shear components interact have not been
examined, and hence accuracy of the numerical simulations is expected to improve when this is
clari"ed.
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Fig. 18. Simple shear. Fig. 19. Modelling of stress}strain relationship.

4.5. Stress}strain relationship

As described in the preceding section, the proposed model utilises "nite deformation measures
* the second Piola}Kircho! stress and Cauchy}Green strain * and these are computed from
their engineering stress and strain counterparts. The stress}strain relationship for the latter
quantities are determined from experimental tests. Figs. 1 and 2 show the engineering stress}strain
relationships for quasi-static uniaxial loading and simple shear; these are now idealised by
mathematical equations. For uniaxial loading, a three-segment curve "t is employed (Fig. 19). The
initial linear segment represents recoverable elastic deformation; this is followed by a constant
compressive stress that approximates the plateau phase; the "nal steep increase in stress corre-
sponding to densi"cation of crushed material is captured by an exponential expression; i.e.

p"G
Ke, e3[e

y
, e

t
) elastic,

Ke
y
, e3[e

d
, e

y
) plastic,

Ke
y

exp[a(e!e
d
)/(e

l
!e)b], e3(e

l
, e

d
) densification,

(26)

where K is the Young's modulus (2.78 MPa), e
t
the tensile breaking strain (5%), e

y
the compressive

yield strain (!5%), e
d

the densi"cation strain (!80%), e
l

the maximum compressive strain
(!95%), a the constant that de"nes the curve shape (0.5) and b constant that de"nes the curve
shape (1.0).

Unloading in the initial elastic and "nal densi"cation stages is assumed to re-trace the loading
path. In the stress plateau, unloading is assumed to be elastic, with a slope equal to the Young's
modulus (Fig. 19); if a tensile load is applied after the compressive stress is removed, it is assumed
that the stress}strain path follows a straight line towards a fracture point de"ned by a tensile strain
of e

t
/2, half the tensile breaking strain. This assumption approximates the experimental observa-

tion in Fig. 1 that tensile loading after unloading from a compressive state results in a roughly
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Fig. 20. (a) Connection A(i, j) and its neighbouring connections, (b) failure via a broken connection below A(i, j) and (c)
failure via broken connections below and above A(i, j).

linear stress}strain response with a very low sti!ness. The shear stress}strain relationship is
assumed to be linear and de"ned by the shear modulus G ("0.84 MPa) and the failure shear strain
c
t
("10%).

4.6. Material failure

Material failure is represented by the breaking of a connection between adjacent masses, via
tension or shear. The tensile and shear failure strains, e

t
and c

t
, are determined experimentally.

Upon failure, the shear stress on an a!ected face is set to zero. However, a normal stress may exist if
two separated faces are compressed against each other. This is accommodated by tracking the
maximum compressive strain for each face. If the approach of two adjacent faces exceeds this strain,
a compressive normal stress is induced.

Computation of the deformation gradient associated with a connection between two masses is
a!ected by the breakage of neighbouring connections. Consider the connection A(i, j) between the
nodal masses (i, j) and (i#1, j) in Fig. 20a. Breakage of the neighbouring connection B(i#1, j!1)
corresponds to material failure illustrated in Fig. 20b. Hence, calculation of the deformation
gradient tensor F for connection A(i, j) is modi"ed to exclude the broken connection:

F
11

"

x(i#1, j)!x(i, j)
*X

, (27a)

F
12

"

x(i#1, j#1)!x(i#1, j)#x(i, j#1)!x(i, j)
2*>

, (27b)

F
21

"

(y(i#1, j)!y(i, j)
*X

, (27c)

F
22

"

y(i#1, j#1)!y(i#1, j)#y(i, j#1)!y(i, j)
2*>

. (27d)

V.P.W. Shim et al. / International Journal of Impact Engineering 24 (2000) 703}731 723



If neighbouring connections above and below the connection A(i, j) are broken, as depicted in
Fig. 20c, the tensile normal and shear stresses (p

22
and p

21
) on the faces associated with the broken

connections B(i, j) and B(i#1, j!1), are set to zero. Consequently, the only non-zero stress
associated with connection A(i, j) is p

11
.

4.7. Damping characteristics

Cellular materials are often viscoplastic and therefore exhibit internal damping. As part of the
impact energy can be dissipated via damping, it is reasonable to incorporate a damping term into
the equations of motion to preclude extraneous vibration. Rayleigh damping is assumed to apply
and the damping factor comprises a linear combination of the mass m and Young's modulus K, i.e.

C"am#bK (28)

where a and b are damping coe$cients. Assuming that the damping force is proportional to the
velocity, the revised equations of motion are

mxK"!Cx5 #
4
+
k/1

¹(k)
x

, (29a)

myK"!Cy5 #
4
+
k/1

¹(k)
y

. (29b)

5. Simulation of impact response

The proposed numerical model was used to simulate the experimental responses observed in the
deformation of foam blocks by impactors of the three pro"les described. With respect to boundary
conditions, the bottom face of a specimen is constrained from moving vertically. The impactor is
assigned initial velocities corresponding to the impact speeds recorded in the tests. A fourth-order
Runge}Kutta integration scheme is developed to solve the governing equation (29a). To ensure
stability and convergence of the numerical results, the integration time-step was made su$ciently
small. The values of the governing simulation parameters are listed in Table 6 and a simulation
time limit of 50 ms is used.

5.1. Comparison between numerical and experimental results

Fig. 21a}c shows comparisons between the predicted and experimental results for the deceler-
ation of a #at-ended rectangular block at three impact velocities. The predicted deceleration curves
demonstrate a three-phase response similar to that observed in experiments and the e!ect of impact
velocity on impact duration also concur with experiments. However, the numerical results do not
exhibit an initial peak and shows less #uctuation in the plateau phase. One reason for the former is
that strain rate e!ects are not accounted for in the numerical model. Simulation of the development
of deformation for impact at 3.03 m/s is presented in Fig. 22, which shows that only material
beneath the impactor undergoes gross crushing; the degree of severity decreases with proximity
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Table 6
Values of simulation parameters

Parameter

Arti"cial damping coe$cient, a 0
Arti"cial damping coe$cient, b 1]10~6 m s
Width of elemental volume, *X 0.5 cm
Height of elemental volume, *> 0.5 cm
Number of horizontal elements (mass points), I 40
Number of vertical elements (mass points), J 20
Integration time step, *t 1]10~7 s

Fig. 21. Deceleration}time response for impact by a rectangular block at (a) 2.46 m/s, (b) 3.03 m/s and (c)
3.60 m/s.

from the impact end and there is a distinct boundary with surrounding undeformed material. These
results are in close agreement with those observed in experiments (viz. Fig. 6).

Simulation results for the deceleration of a cylindrical impactor at three impact velocities are
shown in Fig. 23, together with data from experiments. The initial increase in deceleration is
nonlinear, corresponding to the progressive increase in contact area. As observed in experiments,
there is also a plateau-like phase containing #uctuations and a "nal decline. (It was noted that the
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Fig. 22. Simulation of deformation development for impact by a rectangular block (<
0
"3.03 m/s; impact dura-

tion"40.2 ms).

#uctuations in the plateau phase however are not caused solely by material behaviour, but are also
a!ected by the mesh density and the number of neighbouring nodes assumed to have an in#uence
(connection) on a mass point.). Generally, there is good correlation between the numerical and
experimental results. Fig. 24 shows the simulation of deformation and failure development for an
impact velocity of 3.32 m/s. The predicted deformation pro"le shows very good agreement with
actual observations; deformation is con"ned to the vicinity of the impactor path, with the most
severe crushing situated beneath the impactor. A crack which causes the specimen to split also
occurs, in line with experimental observations in Fig. 9.

For impact by the wedge-tipped impactor (Fig. 25), the predicted deceleration shows a somewhat
linear increase with time, the slope increasing with impact velocity. It can be seen that although
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Fig. 23. Deceleration}time response for impact by a cylinder at (a) 2.32 m/s, (b) 2.94 m/s and (c) 3.32 m/s.

there are #uctuations in the plateau phase, the deceleration level there also exhibits a decrease with
time* a response that is observed in experiments as a result of splitting of the specimen (Fig. 12)
discussed earlier. Numerical results for the evolution of damage corresponding to impact at
2.86 m/s is shown in Fig. 26 and bears close agreement with actual tests (Fig. 12). Deformation is
concentrated around the pro"le of the impactor and a crack initiates from the wedge tip, causing
the specimen to split.

6. Conclusions

Blocks of crushable polyurethane foam were subjected to low-speed impact indentation
at velocities ranging from 2 to 4 m/s by impactors of three geometries * a rectangular block,
a cylinder and a wedge-tipped block. Experimental results show that the crushing force, re#ected
by the impactor deceleration, exhibits three phases * an initial increase, a plateau and a
"nal decline. With a rectangular block, there is an initial sharp peak which is absent in the response
of the other two impactors, showing that this phenomenon depends on the area of initial contact,
a function of impactor geometry. Resistance to deformation associated with the plateau phase is
dictated by the width of the impactor and less dependent on the geometry of the impactor nose. The
accompanying force level can be estimated reasonably accurately and easily by assuming a uniform
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Fig. 24. Simulation of deformation development for impact by a cylinder (<
0
"3.32 m/s).

pressure against the contact area, equal to the stress plateau in static compression tests.
Examination of the energy dissipated reveals that it has a linear relationship with the volume
of material crushed, regardless of impactor geometry; the latter only has some in#uence on
the slope, which varies from 1.3 to 1.6]105 J/m3. The essentially linear dependence of energy
absorbed on material crushed facilitates a priori estimation of the amount of foam required to
dissipate a given impact energy. Some strain rate e!ect is evident from variation in the initial
peak value for impact by the #at-ended impactor, the deceleration plateau level and the energy
absorbed. However, strain rate e!ects are small for the range of impact velocities in the present
study.

Visual examination of specimens after impact shows that the resulting deformation pro"le is
governed by impactor geometry. With a rectangular block, deformation is concentrated in a single
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Fig. 25. Deceleration}time response for impact by a wedge-tipped impactor at (a) 2.32 m/s, (b) 2.86 m/s and (c)
3.60 m/s.

region beneath the impactor. With a cylinder, a small amount of lateral deformation is observed,
although the bulk of deformation again occurs beneath the impactor. For the wedge-
tipped impactor, material surrounding the tip is pushed apart by the two inclined faces and thus
deforms as they press against and slide along the sides of the impactor; there is relatively little
deformation beneath the wedge tip. A common feature for all impactors is that gross deformation is
con"ned to their immediate vicinity and there is a well-de"ned boundary with undeformed
material. One phenomenon absent from impacts by a rectangular block is the splitting of
specimens; cylindrical and wedge-tipped impactors initiate a crack by the lateral pushing apart of
material, demonstrating that the impactor nose pro"le has a dominant e!ect on the occurrence of
splitting.

A two-dimensional lumped mass numerical model was formulated to describe the impact
response of cellular materials. Ease of analysis was facilitated by assuming that the e!ects of shear
and normal stress are uncoupled and that a simple criterion for material failure and separation is
adequate. Although these constituted a greatly simpli"ed perspective, the good correlation ob-
tained between numerical and experimental results demonstrate that the proposed model is able to
capture the essentials of the observed behaviour. Further re"nement of the assumed constitutive
relations and failure mechanisms is envisaged to yield improvements in the representation of actual
physical response and widen the scope of applicability.
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Fig. 26. Simulation of deformation development for impact by a wedge-tipped impactor (<
0
"2.86 m/s; impact

duration"48.3 ms).
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